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Abstract Based on measurements along boreholes, a characterization of the Earth’s crust elastic
heterogeneity is presented. We investigate its impact on Coulomb stress distribution and earthquake
magnitude scaling. The analysis of elastic modulus distribution at various borehole locations in diﬀerent
regions reveals universal fractal nature of elastic heterogeneity. By applying a homogeneous far-ﬁeld stress
to a representative model of elastic rock heterogeneity, we show that it causes strong Coulomb stress
ﬂuctuations. In situ ﬂuctuations of Coulomb stress are mainly controlled by in situ elastic moduli.
Fluctuations caused by surrounding heterogeneities are only of minor importance. Hence, the fractal
nature of elastic heterogeneity results in Coulomb stress ﬂuctuations with power law size distribution. As a
consequence, fault sizes and magnitudes of earthquakes scale according to the Gutenberg-Richter
relation. Due to the universal fractal nature of elastic heterogeneity, the b value should be universal.
Deviation from its universal value of b ≈1 occurs due to characteristic scales of seismogenic processes,
which cause limitations or changes of fractal scaling. Scale limitations are also the reason for observed
stress dependency of the b value. Our analysis suggests that the Gutenberg-Richter relation originates from
Coulomb stress ﬂuctuations caused by elastic rock heterogeneity.

1. Introduction
Sonic well logs provide in situ measurements of physical properties and their ﬂuctuations in the Earth’s crust.
The analysis of collected log data has contributed to the characterization of elastic rock heterogeneity, since
it proved its fractal nature [see, e.g., Leary, 1997; Dolan et al., 1998; Goﬀ and Holliger, 1999]. Stress measurements along boreholes show that stress in the Earth’s crust shows signiﬁcant spatial heterogeneity [see, e.g.,
Brudy et al., 1997; Hickman and Zoback, 2004; Day-Lewis et al., 2010]. Consistently, a stress inversion study
using earthquake mechanisms by Rivera and Kanamori [2002] suggests that stress unlikely is uniform in orientation or magnitude. Moreover, results of stress orientation analysis from borehole breakouts argue for a
fractal nature of existing stress ﬂuctuations [Day-Lewis et al., 2010]. Even though it is evident that elastic heterogeneity of rocks naturally results in a ﬂuctuating stress ﬁeld, its impact on stress in rocks has not yet been
characterized. Does elastic heterogeneity have a signiﬁcant inﬂuence on stress at all? If so, does the fractal distribution of elastic moduli cause stress variations with power law size distribution? This would be of
great importance, since it has been shown that fractal ﬂuctuations result in power law scaling of earthquake
magnitudes, expressed by the Gutenberg-Richter relation [Gutenberg and Richter, 1954; Huang and Turcotte,
1988]. In this paper, we analyze relations between elastic rock heterogeneity, stress ﬂuctuations, and the
Gutenberg-Richter b value of earthquakes. We start with a characterization of the Earth’s crust elastic heterogeneity by analyzing sonic logs along the Continental Deep Drilling Site (KTB) main hole. Using derived
parameters of elastic modulus distribution, we simulate an elastically heterogeneous 3-D random medium
characterized by a power spectrum of ﬂuctuations of power law type. The simulated medium is statistically
equivalent to the log data and represents the rock surrounding the borehole.
We apply an externally homogeneous far-ﬁeld stress and compute stress ﬂuctuations inside the model. The
externally applied stress ﬁeld is determined from smoothed stress proﬁles along the KTB main hole [see
Ito and Zoback, 2000]. In the next section, we interpret the occurring stress ﬂuctuations in terms of fracture
strength variations by determining the distribution of Coulomb failure stress (CFS) as a measure of fracture
strength in rocks. In the ﬁnal part, we analyze the scaling behavior of fracture strength distribution represented by the CFS. Aki [1981] describes the assemblage of faults by the concept of fractals and shows
that the Gutenberg-Richter relation is equivalent to a fractal distribution of fracture sizes. The power law
exponent of fault size distribution is equivalent to the b value of earthquakes, describing the ratio between
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small- and large-magnitude earthquakes. Assuming that rupturing, once it is initiated (e.g., by an increase in
stress or pore pressure), takes place inside isosets of Coulomb failure stress (CFS ≤ constant), we determine
the scaling exponent of resulting fracture sizes and compare it to the b value. To characterize solely the inﬂuence of measurement-based elastic rock heterogeneity, we restrict the analysis to a static view and exclude
assumptions about dynamic interaction of fractures; that is, we neglect stress ﬂuctuations caused by possible seismic events on corresponding critically stressed isosets. Our modeling of the stress distribution in 3-D
heterogeneous elastic structures is a minimum-assumption ﬁrst-principle approach. It takes into account
any type of interaction (i.e., multiple scattering) between elastic heterogeneities.
Laboratory studies [Mogi, 1962; Scholz, 1968; Amitrano, 2003], observations [Schorlemmer et al., 2005], and
modeling [Huang and Turcotte, 1988] suggest that the b value is not universal. Generally, a positive relation to the degree of rock heterogeneity complexity and an inverse relation to the level of diﬀerential
stress is observed. The fractal dimension of elastic modulus distribution can be related to the degree of
material heterogeneity complexity, because it describes the relation between large- and small-scale correlated structures. Therefore, we investigate if the range of theoretically possible fractal dimensions of elastic
heterogeneity can explain observed b value variations.
Day-Lewis et al. [2010] ﬁnd that the scaling behavior of physical property heterogeneity derived from well
logs is universal. We investigate the scaling behavior of elastic heterogeneity at diﬀerent drilling sites to
analyze if the scaling of elastic rock heterogeneity and resulting CFS ﬂuctuations in our model can be considered as universally valid. Thereafter, we discuss the importance of the ﬁnding that the fractal dimension
of elastic heterogeneity measured from well logs at various drilling sites seems to be universal. Finally, we
analyze relations between stress level and b value resulting from our model and argue that deviation of the
b value from its universal value of b ≈ 1 results from characteristic scales of seismogenic processes, which
cause limitations or changes of fractal scaling.
The analysis presented in this paper will lead to the following main ﬁndings: Elastic rock heterogeneity
is of fractal nature and causes strong Coulomb failure stress ﬂuctuations with power law size distribution. The fractal scaling of the Coulomb stress ﬂuctuations, in turn, explains the emergence of earthquake
magnitude scaling according to the Gutenberg-Richter relation. Because the fractal dimension of elastic
heterogeneity, determined from log data at various drilling sites in diﬀerent regions, is more or less universal, the b value should be universal. Deviations of the b value from its universal value of b ≈ 1 result
only from characteristic scales of seismogenic processes, which cause limitations or changes of fractal scaling. Scale limitations are also the reason for observed stress dependency of the b value. These ﬁndings are
unaﬀected by instrumental and measurement eﬀects on the fractal dimension, because we can expect a
statistically similar impact at diﬀerent analyzed locations. Hence, the universality issue should remain
mainly untouched.
We start the analysis by characterizing elastic rock heterogeneity of the Earth’s crust based on sonic
log measurements.

2. Characterization of Elastic Heterogeneity in the Earth’s Crust
In this section, we characterize elastic heterogeneity of the Earth’s crust by analyzing sonic log data collected
along the Continental Deep Drilling site KTB-1 main hole located in southeastern Germany [see, e.g., Pechnig
et al., 1997]. We evaluate the depth section between 4450 m and 6017 m in the crystalline basement. This
section is selected for the analysis, because ﬂuid injected during an injection operation in the year 2000
stimulated the rock formation at this depth and induced numerous seismic events [see Baisch et al., 2002].
The occurrence of seismic events indicates that the state of stress in this depth section is close to a critical
one causing brittle failure of rocks.
Figures 1a and 1b show shear (𝜇) and bulk (K ) moduli computed from 4 m averaged P and S wave travel time
and density logs along the KTB-1 main hole. We averaged the raw data (sampled at 0.152 m) in 4 m intervals to eliminate inherent averaging of the logging process over the active length of the tool (≈ 1 m) and to
reduce high-frequency noise. The distributions of 𝜇 and K with depth are highly heterogeneous. Two narrow layers of paragneisses cut the metabasitic basement in depth sections 5210–5310 m and 5540–5640 m
[Pechnig et al., 1997]. The moduli in these depth sections are characterized by lower mean values, resulting
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Figure 1. Characterization of elastic heterogeneity along the KTB main hole. (a, b) Shear and bulk moduli computed from 4 m averaged P and S wave travel time and density logs
along the KTB-1 main hole. Grey shaded areas indicate gneiss layers [see Pechnig et al., 1997], which we exclude from the analysis. (c, d) Probability density function (PDF) of 𝜇 and K
obtained from Figures 1a and 1b. (e) Cross plot of 𝜇 and K values. (f ) Cross plot of simulated random number pairs representing shear and bulk moduli. (g, h) Power spectral density
function (PSDF) of 𝜇 and K log data.

in nonstationary statistics of the distribution. We exclude these layers from our analysis to ensure statistical
stationarity of elastic parameter distribution.
We now determine the statistical parameters describing the distribution of shear and bulk moduli and create a random medium, which is statistically equivalent to the log data. This medium will represent the rock
surrounding the borehole. Since we exclude the paragneiss layers from our analysis, the model will represent elastic heterogeneity occurring in one single type of rock. Figures 1c and 1d show the probability
density functions (PDF) of shear and bulk moduli. We determine best ﬁtting Gaussian distributions to obtain
mean values (< 𝜇 >= 35.0 GPa, < K >= 70.7 GPa) and standard deviations (𝜎𝜇 = 3.4 GPa, 𝜎K = 7.1 GPa).
Similarities between the distributions of 𝜇 and K with depth are visible in the logging data (see Figures 1a
and 1b). This indicates a positive relation between both moduli. To analyze this relation in more detail, we
present a cross plot of 𝜇 and K in Figure 1e. The moduli indeed show a positive relation, which we quantify
by calculating Pearson’s correlation coeﬃcient Pc given by the covariance of 𝜇 and K divided by the product of their standard deviations. The moduli show a strong positive correlation quantiﬁed by Pc𝜇,K = 0.64.
We then apply the obtained mean values, standard deviations, and the correlation coeﬃcient to simulate
correlated random number pairs representing bulk and shear moduli. A cross plot of simulated moduli is
presented in Figure 1f. Random assignment to a 3-D medium consisting of 100×100×100 equally sized cells
results in two related spatially uncorrelated media (see Figure 2a). These media represent the distribution of
elastic moduli in space.
However, real rocks show spatial correlations of elastic properties. Data analysis from various drilling sites
suggests unbounded fractal scaling of the Earth’s crust heterogeneity. This is expressed in power law (k−𝛽 )
dependence of the log data’s power spectra on the wave number k [Leary, 1997]. The scaling exponent 𝛽 is
given by
𝛽 = 2H + E,

(1)

where E is the Euclidean dimension and H is the Hurst exponent, which can be related to the fractal
dimension D of the log data by [see, e.g., Dolan et al., 1998]
D = (E + 1) − H.
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Figure 2. Random medium realizations. (a) Related spatially uncorrelated media representing shear (top) and bulk (bottom)
moduli. The media result from a random assignment of simulated shear and bulk modulus pairs shown in Figure 1f. The spatial correlation according to a PSDF of power law type results in media with fractal dimension of (b) D𝜇,K = 3.1, (c)
D𝜇,K = 3.5, and (d) D𝜇,K = 3.87. The media shown in Figure 2d represent the rock surrounding the KTB-1 borehole and are used for further modeling. The ﬁgure shows that the fractal dimension D is a measure for the degree of rock
heterogeneity complexity.

In general, H can show values in the range 0 ≤ H ≤ 1. Roughness of a fractal distribution is related to H,
where higher values of H correspond to smoother distributions.
The power spectral densities of shear and bulk modulus logs at the KTB (see Figures 1g and 1h) possess
power law dependence on the wave number in the complete range. Power law exponents 𝛽 , which are
determined by the slope of the power spectral density in the double logarithmic representation (Figures 1g
and 1h), are given by 𝛽𝜇 = 1.29 (H𝜇 = 0.145) for shear modulus and 𝛽K = 1.24 (HK = 0.12) for bulk modulus.
Because these values are obtained from 1-D sonic logs, the Euclidean dimension of a line (E = 1) is used for
computation of the Hurst exponents according to equation (1). The low values of H are in agreement with
observations of Day-Lewis et al. [2010]. They observe that a power law exponent of 𝛽 ≈ 1 is typical for physical property scaling derived from sonic well logs at various sites. The observed low values of H stand for a
high degree of heterogeneity complexity of elastic properties.
We now use the determined Hurst exponents to spatially correlate the simulated distributions of 𝜇 and
K shown in Figure 2a. Because the power law exponents of K and 𝜇 can be considered as equivalent, we
apply fractal scaling according to a Hurst exponent H = 0.13 to both media. The value of H = 0.13 corresponds to the mean value of H𝜇 and HK . Since we do not have any information about elastic property
scaling in horizontal direction, we assume that Hurst exponents in vertical and horizontal direction are the
same. Even though the Hurst exponent in sedimentary rocks may vary from vertical to horizontal direction,
it should be approximately equal in the granite basement. Spatial correlation is obtained by ﬁltering the
media in the wave number domain. More precisely, the Fourier transforms of spatially uncorrelated shear
and bulk modulus distributions are multiplied by the square root
√ of the fractal power spectral density function PSDF(k) = k−𝛽 , in the wave number domain, where k = kx2 + ky2 + kz2 is the wave number. Since we
assign a distribution to a 3-D medium, the Euclidean dimension is given by E = 3. Considering the relation
of 𝛽 = 2H + E and the computed Hurst exponent of H = 0.13, we apply a power law exponent of 𝛽 = 3.26
to spatially correlate the media. By taking the inverse Fourier transform, we obtain the fractal random media
in the spatial domain. Considering the relation D = (E + 1) − H, the resulting distributions of 𝜇 and K (see
Figure 2d) are characterized by a fractal dimension of D𝜇,K = 3.87.
The simulated media (see Figure 2d) are representing the distribution of 𝜇 and K around the borehole,
because they are statistically equivalent to the log data; that is, they show the same mean values, standard
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Figure 3. Stress modeling results: Normal stress component in y(𝜎1e ), z(𝜎2e ), and x(𝜎3e ) directions. The color bars are scaled to ±20% of
the externally applied stresses. The directions of externally applied principal stresses are shown at the top of the ﬁgures. Due to elastic
heterogeneity, stress strongly ﬂuctuates inside the medium.

deviations, and correlation coeﬃcient between K and 𝜇. Moreover, the values along any 1-D proﬁle in the
simulated media possess a fractal dimension of 1.87 (H = 0.13), which is equivalent to the fractal dimension
of the log data. In general, the fractal dimension of a distribution applied to a 3-D medium (E = 3) is in the
range of 3 ≤ D ≤ 4. This becomes clearer by considering that the fractal dimensions of a distribution applied
to a line (E = 1), for instance, well log data, can possess fractal dimensions of 1 ≤ D ≤ 2.
Again, we note that ﬁelds of elastic properties are heterogeneously distributed in the real three-dimensional
space (E = 3) by their power spectra (i.e., their spatial correlation functions). These ﬁelds represent fractals in a space of the embedding dimension 4. The fourth dimension is given by the color in our ﬁgures.
Corresponding fractals have fractal dimension between 3 and 4. The fractal dimension of the media simulated according to the well log data along the KTB main hole are characterized by a fractal dimension of
D𝜇,K = 3.87. Figures 2b and 2c show fractal media characterized by lower fractal dimensions of D𝜇,K = 3.1
and D𝜇,K = 3.5, respectively. The ﬁgure illustrates that the fractal dimension describes the relation of smallto large-scale structures and can be related to the degree of rock heterogeneity complexity.

3. Stress Fluctuations in Elastically Heterogeneous Rocks
In this section, we analyze stress ﬂuctuations resulting from elastic rock heterogeneity and establish relations between stress ﬂuctuations and elastic properties. Therefore, the medium realization of elastic moduli
(Figure 2d) is used as input to a ﬁnite element stress analysis model. We use the commercial software package ABAQUS. An externally homogeneous far-ﬁeld stress is applied to determine the distribution of stress
inside the elastically heterogeneous rock model. Compressive stresses are always deﬁned positive in the
following. We consider smoothed stress proﬁles reported by Ito and Zoback [2000]: SH = 0.045 MPa/m,
SV = 0.028 MPa/m, and Sh = 0.02 MPa/m. The stress proﬁles are derived from hydraulic fracturing tests,
breakouts, and drilling-induced fractures along the KTB main hole. A strike-slip stress regime is prevailing, and the diﬀerential stress is increasing with depth [Brudy et al., 1997]. We calculate eﬀective principal
stresses, considering a hydrostatic pore pressure gradient of 0.0115 MPa/m, reported by Huenges et al.
[1997] along the KTB main hole up to a depth of 9.1 km. The principal stress components of the externally
applied stress ﬁeld are deﬁned at the corresponding boundary surfaces of the model medium as follows:
𝜎1e = 180.9 MPa = 𝜎yy , 𝜎2e = 89.1 MPa = 𝜎zz , and 𝜎3e = 45.9 MPa = 𝜎xx . These values correspond
to maximum horizontal, vertical, and minimum horizontal eﬀective principal stresses at a depth of 5.4 km.
Again, we note that we consider this depth since a ﬂuid injection in the year 2000 induced seismic events
in this depth range. By evaluation of the ABAQUS model, we obtain the full stress tensor in each model cell.
Figure 3 shows the resulting normal stress components in y(𝜎1e ), z(𝜎2e ), and x(𝜎3e ) directions. In the case of
an elastically homogeneous medium the stress components would coincide with the externally applied
stresses 𝜎1e , 𝜎2e , and 𝜎3e in all cells of the model. It means that the stress inside a homogeneous medium
is independent of the elastic properties of the medium. However, as soon as the medium becomes elastically heterogeneous, stress ﬂuctuations occur, which are controlled by the deviations of elastic properties
from their mean values. We ﬁnd that elastic heterogeneity has a signiﬁcant inﬂuence on stress magnitudes,
which vary by up to more than ±20% of the externally applied stresses. We note that the directions of
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Figure 4. (a) Spatial distribution of Coulomb failure stress resulting from elastic heterogeneity derived from the KTB-1 main hole. (b)
Histogram of CFS. Elastic heterogeneity of rocks causes Coulomb stress ﬂuctuations of signiﬁcant magnitude.

normal stresses shown in Figure 3 do not exactly correspond to principal stress directions. We ﬁnd that due
to elastic heterogeneity the orientation of principal stresses show small variations up to ±6◦ .

4. Fluctuations of Rock Strength
We now analyze the inﬂuence of elastic heterogeneity on fracture strength of rocks. The strength of fractures can be described by the Coulomb failure stress (CFS) associated with the Mohr Coulomb failure
criterion according to the following [see, e.g., Jaeger et al., 2007]:
CFS = −𝜏 + 𝜇(𝜎n − pp ) + S0 ,

(3)

where 𝜏 and 𝜎n are shear and normal stress acting on the fault plane. S0 is the cohesion, that is, the shear
stress necessary to initiate failure in absence of normal stress, pp is the pore pressure, and 𝜇 is the coeﬃcient
of internal friction. A fault is in a stable state if CFS > 0. A fault is unstable if CFS ≤ 0, and failure occurs if
CFS = 0. We assume that the rock is able to fail in optimal orientation for failure in each model cell. It means
that each cell can be considered as the location of a fracture optimally oriented for failure. Furthermore, we
assume a friction coeﬃcient of 𝜇 = 0.9 and cohesionless fractures (S0 = 0). To analyze solely the result of
measurement-based elastic rock heterogeneity on fracture strength, we keep friction and cohesion constant
in all model cells. Moreover, this is done because no direct measurements of heterogeneity of these parameters are available. Using the computed principal stresses in the individual model cells, we determine shear
and normal stress acting on optimal oriented fractures and resulting CFS according to equation (3). We note
that due to the rotations of principal stress components in the medium, the optimal orientation for failure in
the coordinate system of externally applied stresses is not exactly the same in all model cells.
Figure 4 shows resulting spatial distribution and histogram of computed CFS. We ﬁnd that elastic heterogeneity causes signiﬁcant CFS variations. Some parts of the medium are in direct vicinity to failure,
suggesting that already very small stress or pore pressure perturbations may cause brittle failure in rocks.
This ﬁnding is conﬁrmed by observed ﬂuid-injection-induced seismicity [see Baisch et al., 2002] and natural
seismic activity in the vicinity of the KTB [see Dahlheim et al., 1997]. Nevertheless, in the most stable parts of
the model CFS perturbations of up to 20 MPa are needed to initiate failure. This range of fracture strength
is in agreement with rock strength reconstructed from microseismicity in sedimentary and crystalline rocks
[Rothert and Shapiro, 2007]. Figure 5 shows a cross plot of bulk and shear modulus pairs that where assigned
to the model cells. The input is color coded according to the resulting CFS in the corresponding cells. The
ﬁgure illustrates that in situ elastic moduli, stress, and fracture strength ﬂuctuations are strongly related.
It has been shown that an elastic heterogeneity causes stress ﬂuctuations not only inside but also around
itself [see, e.g., Eshelby, 1957, 1959]. Hence, stress ﬂuctuations caused by elastic rock heterogeneity should
only follow the same power law scaling as elastic rock heterogeneity if the stress in a given point is solely
controlled by in situ elastic properties. Taking into account the distinct tendency of the color coding in
LANGENBRUCH AND SHAPIRO

©2014. American Geophysical Union. All Rights Reserved.

6

Journal of Geophysical Research: Solid Earth

10.1002/2013JB010282

Figure 5, it becomes clear that in situ stress
is mainly controlled by in situ elastic moduli,
where the strength of CFS ﬂuctuation is controlled by the deviation of elastic properties
from their mean values. Stress changes caused
by surrounding heterogeneities are existent
and visible by the scatter in the tendency of
color coding. However, this eﬀect seems to be
only of minor importance. In general, cells characterized by a low bulk modulus and a high
shear modulus are in a stress state close to failure. The fracture strength represented by the
CFS is systematically increasing with increasing
bulk modulus and decreasing shear modulus.
Failure will hence most likely occur in parts
Figure 5. Cross plot of elastic input moduli of stress modeling. The
markers are color coded according to the CFS in the corresponding cells. of a rock characterized by low bulk modulus
A clear relation between elastic input parameters and the Coulomb
and high shear modulus, while parts of high
stress ﬂuctuations is visible by the distinct trend of color coding. In
bulk modulus and low shear modulus will act
situ Coulomb stress is mainly controlled by in situ elastic moduli. Stress
changes caused by surrounding heterogeneities are existent and visias barriers for fracture propagation. The direct
ble by the scatter in the tendency of color coding. However, this eﬀect
relation between in situ elastic properties and
seems to be only of minor importance.
CFS suggests that elastic heterogeneity causes
stress ﬂuctuations of power law type. We analyze scaling behavior of CFS and its implications for earthquake
magnitudes scaling in the next section.

5. Earthquake Magnitude Scaling
Considering the fact that zones of failure in rocks are not continuous planes but exhibit self-similar fragmentation at all scales, Aki [1981] describes the assemblage of faults using the concept of fractals. Assuming that
3
M0 ∝ A 2 and log(M0 ) ∝ 32 M [see Kanamori and Anderson, 1975], where M0 is the seismic moment, A is the
fault area and M is the magnitude, the Gutenberg-Richter relation [see Gutenberg and Richter, 1954]
log(NM ) = a − bM

(4)

can be expressed in the following form [see Aki, 1981]:
log(NM ) = a − b log(A).

(5)

The constants a and b characterize earthquake productivity and the ratio between small- and
large-magnitude earthquakes, respectively. The Gutenberg-Richter relation in the form of equation (5) suggests that the power law exponent of fault size distribution is equivalent to the b value of earthquakes. We
now analyze if fracture sizes resulting from our model of elastic heterogeneity possess power law scaling
and a scaling exponent similar to the b value of earthquake.
Failure will occur in all critically stressed cells characterized by CFS ≤ 0. Causes of a CFS decrease are, for
instance, tectonic loading and an increase in pore pressure resulting from a ﬂuid injection or ascending
crustal ﬂuids. In the most simple case of a constant CFS decrease ΔCFS in the complete medium, the isoset
CFS(x, y, z) ≤ ΔCFS deﬁnes the number size distribution of faults and accordingly magnitude scaling. To
analyze solely the result of measurement-based elastic rock heterogeneity, we do not introduce assumptions about dynamic interaction of fractures during the failure process and assume that all faults are formed
simultaneously; that is, we neglect stress ﬂuctuations caused by possible seismic events on corresponding
critically stressed isosets. Our analysis is a minimum-assumption ﬁrst-principle approach. Each single closed
cluster of interconnected critically stressed cells represents one fault. In the previous section we have shown
that the CFS is strongly related to the fractal distribution of elastic properties. Therefore, the ﬂuctuations of
CFS should also possess fractal scaling. Consequently, scaling of fault sizes is explicitly deﬁned by the fractal
dimension Di of the isoset: CFS(x, y, z) ≤ ΔCFS. Again, we note that ﬁelds of elastic properties, distributed
heterogeneously in the real three-dimensional space (E = 3), are embedded in dimension 4. The fourth
dimension is given by the color in our ﬁgures. Corresponding fractals have fractal dimension between 3
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and 4. If the distribution of CFS resulting from ﬁelds of elastic properties shows fractal scaling, the range
of possible fractal dimensions of CFS distribution (DCFS ) is given by 3 ≤ DCFS ≤ 4. Fractal dimensions of
isosets CFS(x, y, z) ≤ ΔCFS are embedded in the real three-dimensional space. They have fractal dimensions
between 2 and 3. This is in agreement with Isishenko and Kalda [1991] who show that an isoset of a fractal distribution again is a fractal with fractal dimension of 1 unity less than the fractal distribution itself. The
basic deﬁnition of a fractal distribution is given by
N=

c
,
rD

(6)

where N is the number of objects with a linear dimension equal to or greater than r, D is the fractal dimension of the distribution, and c is a constant of proportionality [see, e.g., Huang and Turcotte, 1988]. Thus,
the number of clusters Nj characterized by a volume equal to or larger than a given volume Vj , that is, the
number of clusters consisting of j or more interconnected critically stressed cells, is given by
Nj = c Vj

−Di
3

Di
(7)
log(Vj ),
3
where Di = DCFS −1 is the fractal dimension of the isoset CFS(x, y, z) ≤ ΔCFS, and DCFS is the fractal dimension
of the CFS distribution. The constant c is given by the number of all clusters and is related to the a value of
the Gutenberg-Richter relation. Since the limits of the fractal dimension of the CFS distribution are given by
3 ≤ DCFS ≤ 4, Di is in the range of 2 ≤ Di ≤ 3. If we consider that failure takes place in all cells of a cluster, the
fault area is proportional to the number of cells. This assumption presumes very complex fracture surfaces.
Correspondingly, magnitudes will be proportional to the logarithm of the number of cells. Comparison of
equations (5) and (7) results in a b value given by
log(Nj ) = c −

b=

Di
D −1
= CFS
.
3
3

(8)

Accordingly, the b value will be in the range of 23 ≤ b ≤ 1, since the limits of the fractal dimension of CFS
are given by 3 ≤ DCFS ≤ 4. If the CFS distribution is characterized by a fractal dimension equivalent to the
fractal dimension of elastic modulus distribution (D𝜇,K = 3.87), fault sizes should scale with a b value of
D −1
b = 𝜇,K3 = 0.96.
Figure 6 presents the CFS histogram, fracture assemblage, and cumulative size distribution of critically
stressed clusters resulting from a uniform CFS decrease of |ΔCFS| = 5 MPa in the complete model medium.
The size distribution is derived by implementation of a ﬂood ﬁll algorithm. A decrease of 5 MPa is applied
to assure a statistically signiﬁcant number of failing cells. All cells characterized by CFS ≤ 0 contribute to
the fracture assemblage shown in Figure 6 (middle). As discussed above, the logarithm of the number of
cells in the individual clusters of critically stressed cells (x axis of Figure 6, right) represents earthquake magnitudes. Resulting fault sizes exhibit power law scaling. Furthermore, the power law exponent of fault size
scaling is remarkably similar to the b value of earthquakes, which is usually given by b ≈ 1. A b value of b ≈ 1
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Figure 7. Inﬂuence of the fractal dimension of elastic parameter distribution (D𝜇,K ) on fault size scaling. (a) Cumulative number size
distributions resulting from stress modeling with input fractal dimension D𝜇,K ranging from 3.1 to 3.9. The ﬁgure shows fault sizes
computed for CFS decrease of ΔCFS = 5 MPa. (b) Relation between input fractal dimension D𝜇,K and resulting b value. A positive
relation between the degree of heterogeneity complexity, expressed by the fractal dimension, and the b value is visible.

is also observed for magnitude scaling of microseismicity induced by a ﬂuid injection operation at the KTB
[see Dinske and Shapiro, 2012].
Our results prove that fractal ﬂuctuations of elastic moduli in the Earth’s crust cause signiﬁcant Coulomb
stress ﬂuctuations with power law size distribution. Earthquake magnitudes, determined by the resulting
fault size distribution, scale according to a power law with exponent close to 1. The Gutenberg-Richter relation of earthquake magnitude scaling originates from Coulomb stress ﬂuctuations caused by elastic rock
heterogeneity. The assumption of a fault area A proportional to the number of cells presumes very complex
fracture surfaces. Resulting b values can be interpreted as a lower limit. The upper bound of b values should
2
be given for even fracture surfaces given by Vj 3 = Aj , where Aj corresponds to the characteristic area of a critically stressed cluster. In this case the number Nj of characteristic areas equal to or larger than a given area Aj
−Di

is given by Nj ∝ Aj 2 . Correspondingly, the b value is given by b = D2i and according to the limits of the fractal dimension in the range of 1 ≤ b ≤ 1.5. The b value resulting from our model of elastic rock heterogeneity
(D𝜇,K = 3.87) would be given by b = 1.435 in this case. However, we will assume complex fracture surfaces
proportional to the number of cells of critically stressed cluster in the following and keep in mind that the
upper bound of b values is given by b = 1.5, which is still in the range of observed values. Moreover, proportionality between the number of cells of a cluster and earthquake magnitude is expected, because the
energy stored in a cluster is proportional to its number of cells.

6. Variability of b Value
Laboratory studies [Mogi, 1962; Scholz, 1968; Amitrano, 2003], observations [Schorlemmer et al., 2005],
and modeling [Huang and Turcotte, 1988] suggest that the b value is not universal. One observation of
laboratory experiments is a positive relation between the degree of specimen heterogeneity and the b
value. Figure 2 illustrates that the fractal dimension of elastic modulus distribution D𝜇,K is related to the
degree of rock heterogeneity complexity. D𝜇,K is directly linked to the power law exponent of the PSDF
and describes the ratio between small- and large-scale structures. Similarly, the b value describes the ratio
between small- and large-magnitude earthquakes. We now determine if the degree of elastic heterogeneity complexity (D𝜇,K ) can explain observed b value variations. Therefore, we apply PSDF with diﬀerent
power law exponents to the media shown in Figure 2a to simulate fractal media characterized by fractal
dimensions D𝜇,K in the range from 3.1 to 3.9. Stress modeling is performed as described in the previous sections. The cumulative number size distribution of critically stressed clusters is determined, and a
least square ﬁt is applied to determine the b value. Figure 7 shows in which way the b value depends on
the fractal dimension D𝜇,K of elastic property scaling. The obvious positive relation of b value and fractal
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dimension D𝜇,K conﬁrms the observed increase
in b value with specimen heterogeneity in the
laboratory. One might think about the posLocation
𝛽K
𝛽𝜇
sibility that observed b value variations of
KTB-1
1.24
1.29
earthquakes from one region to another are
Basel-1
0.83
1.06
caused by variations of the fractal dimension
SAFOD Main Hole
1.10
1.21
Cotton Valley 21-10
1.02
1.15
of elastic modulus distribution. In this case
a The table summarizes power law exponents of elasit should be possible to estimate b values by
tic modulus distribution, which we computed from sonic
analysis of log data. Table 1 summarizes power
log data collected at Basel (Switzerland) [see, e.g., Häring
law exponents of elastic modulus distribution,
et al., 2008], Carthage Cotton Valley (U.S.) [see, e.g.,
which we computed from sonic log data colRutledge and Phillips, 2003], San Andreas Fault Observalected at Basel (Switzerland) [see, e.g., Häring
tory at Depth (U.S.) [see, e.g., Hickman et al., 2007], and
et al., 2008], Carthage Cotton Valley (U.S.) [see,
KTB (Germany). The exponents are calculated from the
power spectral density of elastic modulus distribution
e.g., Rutledge and Phillips, 2003], San Andreas
(see Figures 1g and 1h for KTB example). It becomes
Fault Observatory at Depth (U.S.) [see, e.g.,
clear that fractal scaling of elastic heterogeneity is of
Hickman et al., 2007], and KTB (Germany). All
universal nature.
exponents have similar values very close to 1.
Although the type and composition of rocks vary from one drilling site to another, scaling of elastic rock heterogeneity is more or less universal. This ﬁnding coincides with observations of Day-Lewis et al. [2010, and
references therein]. They observe that a power law exponent of 𝛽 ≈ 1 is typical for physical property scaling
derived from sonic well logs at various sites. Therefore, observed regional variations of the b value cannot
be solely explained by regional variations of elastic heterogeneity and a b value estimation using sonic logs
is not feasible. However, the universal nature of elastic heterogeneity shows that the scaling of our model
medium (Figure 2d) can be considered as universally valid. The universal fractal nature of elastic heterogeneity should hence result in a universal b value close to b = 1. Although there are regional ﬂuctuations of
the b value, the b value for worldwide earthquake catalogs is given by b = 1.
Table 1. Power Law Exponents of Elastic Heterogeneity
Derived From Sonic Logsa

A second observation [Scholz, 1968] is a b value decrease with increasing diﬀerential stress applied in the
laboratory. Schorlemmer et al. [2005] connect the degree of diﬀerential stress to diﬀerent tectonic stress
regimes and ﬁnd an inverse relation between diﬀerential stress level and b value. Thus, high diﬀerential
stress should result in a low b value, and vice versa. We now analyze the inﬂuence of the stress level on the
b value by varying the amount of CFS perturbation ΔCFS. The analysis performed in the following is always
related to elastic property scaling derived from the KTB-1 well logs (D𝜇,K = 3.85). Figure 8 shows cumulative size distribution of critically stressed clusters and b values resulting from CFS perturbations in the
range from −1.5 to −13.5 MPa. Higher decreases in CFS represent higher level of diﬀerential stress, since an
increase in diﬀerential stress generally results in a decrease in CFS; that is, it brings fractures closer to failure.
The b values presented in Figure 8b indeed show an inverse relation to diﬀerential stress level until a critical
point is reached. After this point the b value is strongly increasing with ∣ ΔCFS ∣. Moreover, we observe that
the total number of critically stressed clusters is increasing with ∣ ΔCFS ∣ until the critical point is reached
(see Figure 8). Afterward, the total number decreases if ∣ ΔCFS ∣ is further increased.
The changing dependence of the b value on ∣ ΔCFS ∣ in our model clearly represents a break of fractal
(power law) scaling of fault sizes. However, for formally deﬁned fractals stress cannot have any inﬂuence on
the power law exponent (b value), precisely because variability of the exponent stands for a break in scale
invariance. Isichenko [1992] notes that no physical object in real space qualiﬁes for the formal deﬁnition of
a fractal, because each physical model has certain limits of applicability expressed in characteristic length
scales involved. The formal deﬁnition of fractals, that is, unlimited power law scaling, applies only to systems
of inﬁnite size.
Finite model and cell size introduce characteristic scales to our model, which cause limitations or changes
of fractal scaling. Clusters touching the boundaries of the model are counted as smaller than real because
they actually may continue outside the model. This ﬁnite size eﬀect biases the size distribution of clusters at
all scales. The decrease in the b value with ∣ ΔCFS ∣ until the critical point is reached occurs due to this ﬁnite
size eﬀect. We discuss this point in more detail in the last paragraph of this section.
We ﬁnd that the critical point, after which the b value dependence on stress changes (see Figure 8), is given
by the percolation threshold, that is, the point where for the ﬁrst time one single cluster of interconnected
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Figure 8. Inﬂuence of the CFS perturbation on scaling of critically stressed clusters. (a) Cumulative size distributions of critically stressed
clusters resulting from CFS decrease |ΔCFS| in the range from 1.5 MPa to 13.5 MPa. Higher decrease in CFS corresponds to a higher
diﬀerential stress level. (b) b values computed for the size distribution of critically stressed clusters shown in Figure 8a.

critically stressed cells connects the boundaries of the model medium. After the percolation threshold is
exceeded, the b value increases, since more and more large clusters merge into the percolation cluster, while
small clusters still can develop. For the same reason the total number of critically stressed clusters decreases
after percolation. We note that we determine the b value in the range starting from a cumulative number of
two clusters because of the bad statistic of a single large cluster. This also means that the percolation cluster
is excluded from the determination of the b value, because it can be considered as an outlier of the number
size distribution (see Figure 8a).

b−value

The structure of our model corresponds to 3-D simple cubic site percolation. In the case of spatially
uncorrelated ﬁelds (e.g., Figure 2a) the critical site occupancy probability leading to the occurrence of a
percolating cluster is given by pc = 0.53 − 0.59 for 2-D and pc = 0.3116077 for 3-D [see, e.g., Lorenz
and Ziﬀ, 1998]. It means that as soon as 31.16% of cells are critically stressed (CFS ≤ 0) a percolation
cluster will occur for 3-D spatially uncorrelated random ﬁelds. Due to the spatial power law correlation
of elastic moduli and corresponding
CFS, we ﬁnd a much lower threshold of
pc = 0.11. The percolation threshold
1.5
introduces a characteristic-length scale
1.4
into the model, which limits the range of
3
100 cells
self-similar (power law) behavior of fault
1.3
3003 cells
size scaling and explains the increase in
5003 cells
1.2
the b value after percolation.
1.1
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Figure 9. Inﬂuence of scale limitations on the relation between stress and b
value. Fractal CFS distributions of diﬀerent sizes (1003 (red), 3003 (blue), and
5003 (grey) cells) are analyzed. The distributions are simulated based on mean
value (< CFS >= 11.18 MPa) and standard deviation (𝜎CFS = 3.59 MPa). Fractal
dimension is set to D = 3.87. b values are computed in dependence on CFS
decrease |ΔCFS|. Our analysis suggests that the dependency of the b value on
stress is caused by scale limitations.
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fractal ﬁelds representing the diﬀerence
between stress and strength. They ﬁnd
an inverse relation between stress level
and b value in a larger range. Here it is
important to note that the percolation
threshold in 2-D is larger than the percolation threshold in 3-D. It also seems that
Huang and Turcotte [1988] ﬁt the cumulative size distributions in the complete
range, whereas we determine the b value
in the range starting from a cumulative
number of two clusters.
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To further analyze the inﬂuence of scale limitations on the relation between stress and b value, we analyze fractal distributions of a diﬀerent size. Diﬀerent realizations of fractal CFS distributions are simulated
based on mean value (< CFS >= 11.18 MPa) and standard deviation (𝜎CFS = 3.59 MPa). These values are
obtained from the determined CFS distribution at the KTB, presented in Figure 4b. In agreement with the
fractal dimension of elastic heterogeneity, the fractal dimension of the CFS distributions is set to D = 3.87. In
Figure 9, b values resulting from fractal simulations of size 1003 , 3003 , and 5003 cells are shown. The b values
are computed in dependence on CFS decrease |ΔCFS|. It becomes clear that the inverse relation between
stress level and b value, which occurs until percolation is reached, has a less distinct tendency for model of
larger size. For models of inﬁnite size this ﬁnite size eﬀect should vanish completely. The b values computed
for the largest simulated CFS distribution of 5003 cells are very close to the theoretically predicted value of
b = 0.96 (see section 5). However, still a minor decrease is visible until percolation is reached. Interestingly,
in the vicinity of percolation a power law scaling of cluster sizes must appear. This should be even the case
for a medium without initial power spectrum of power law type, that is, without initial fractal scaling. In our
case this means that the presence of percolation should change our model-based initial scaling, caused by
fractal nature of elastic heterogeneity, to the percolation-caused scaling. In summary, our analysis suggests
that the observed stress dependency of the b value occurs due to characteristic scales of seismogenic processes, which cause limitations or changes of fractal scaling. This ﬁnding suggests that a stress inversion
using b values is ambiguous.

7. Discussion
Based on measurements along boreholes, we characterized elastic rock heterogeneity in the Earth’s crust.
Our results reveal universal fractal scaling of elastic heterogeneity. It does not make any diﬀerence in our
model, whether the fractal nature of elastic heterogeneity is an inherent characteristic of rocks from its
formation on or if it is a result of dynamic interaction during deformation, as proposed, for instance, by continuous damage models [see, e.g., Amitrano, 1999; Girard et al., 2012]. Because elastic heterogeneity exists in
the present-day stress ﬁeld, it naturally causes ﬂuctuations of stress. Our analysis of a measurement-based
model of elastic rock heterogeneity suggests that stress ﬂuctuations caused by elastic rock heterogeneity
are of signiﬁcant magnitude. Moreover, we ﬁnd that in situ stress is primarily controlled by in situ elastic
properties. The impact of surrounding heterogeneity is existent but seems to be only of minor importance.
This gives an explanation for the observed fractal nature of stress ﬂuctuations in the Earth’s crust.
To analyze solely the result of measurement-based elastic heterogeneity on stress and fracture strength distribution, we keep other parameters of rock strength, like friction coeﬃcient and cohesion, homogeneous
in our model. Moreover, this is done because no direct measurements of heterogeneity of these parameters
are available. For the same reason we do not introduce assumptions about dynamic interaction of fractures
during the failure process and assume that all faults are formed simultaneously; that is, we neglect stress
ﬂuctuations caused by possible seismic events on corresponding critically stressed isosets. Our modeling
of the stress distribution in 3-D heterogeneous elastic structures is a minimum-assumption ﬁrst-principle
approach. The result of our analysis represents the impact of measurement-based elastic rock heterogeneity
and is not a result of assumptions made about heterogeneity of other parameters or dynamic interactions.
Even if assumptions about dynamic interaction during the failure process or heterogeneity of other parameters are introduced to the model, the inﬂuence of elastic rock heterogeneity remains as characterized by our
static analysis.
Because of the universal fractal nature of elastic heterogeneity and related CFS ﬂuctuations, the b value
should be universal and close to b = 1. It changes only due to the presence of characteristic scales of seismogenic processes. Also, the observed dependence of the b value on stress [see, e.g., Schorlemmer et al.,
2005; Scholz, 1968] can be explained by characteristic scales. Even if assumptions about dynamic interaction
of fractures is introduced to our model, universality of the b value, resulting from the universal fractal nature
of elastic heterogeneity, remains valid, because interaction should occur based on the same physical laws at
all analyzed locations.
One example of a naturally existing characteristic scale is provided by the observation of a break of power
law scaling, from small to large earthquakes, at the point where the dimension of the event equals the
down dip width of the seismogenic layer [Pacheco et al., 1992]. On a smaller scale, layering of rocks, that is,
changes of rock type and composition, represents characteristic scales. In the same sense, the paragneiss
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layer, which we excluded from the analysis along the KTB-1 main hole, would cause limitation of fractal scaling if included in the model building procedure. Moreover, naturally occurring CFS perturbations always
are limited to ﬁnite rock volumes and may show complex geometries. This suggests that ﬁnite size eﬀects,
which have been considered to be statistical biases of numerical models, also exist in nature. For instance,
Shapiro et al. [2011] analyze catalogs of ﬂuid-injection-induced earthquakes [see Langenbruch et al., 2010,
2011] at geothermal and hydrocarbon reservoirs. They show that ﬁniteness and geometry of the stress and
pore pressure perturbed zone, resulting from a ﬂuid injection, cause strong deviations from a strict power
law distribution of earthquake magnitudes. Both a and b values deviate from values resulting from a strict
power law distribution of fault sizes. Temporal changes of characteristic length scales, like the size of the
perturbed rock volume during a ﬂuid injection, may explain b value variability in time. The most important
length scale in laboratory experiments obviously is given by the ﬁnite size of a sample.
Other models have been proposed to explain the origin of the Gutenberg-Richter relation and variations
of the b value. According to the critical point theory, the disappearance of characteristic length scales at or
near the critical point originates in power law scaling [see, e.g., Main, 1996]. The critical point theory has,
for instance, been applied to seismic precursory patterns before a cliﬀ collapse [Amitrano et al., 2005] and
progressive damage models [Girard et al., 2012]. It has been shown that the power law exponent of damage
avalanche size in progressive damage models depends on the value of internal friction [see Amitrano, 1999].
This dependence occurs, because the distance to the critical point is controlled by the friction angle. In our
model the value of friction changes the broadness of CFS distribution. In general, the distribution of CFS
gets broader for smaller and narrower for larger values of friction. However, the coeﬃcient of friction has no
eﬀect on CFS scaling and hence no inﬂuence on the b value.
Systems that naturally evolve into a critical state are known as self-organized critical systems. Bak and Tang
[1989] argue that the Gutenberg-Richter power law distribution for energy released at earthquakes can be
understood as a consequence of the Earth’s crust being in a self-organized critical state.
While power law scaling in the above mentioned models result from assumptions about dynamic interaction, power law scaling in our model is the result of measured elastic rock heterogeneity. Power law scaling
is hence an inherent characteristic of our model and does not only emerge at or near the critical point.
Our analysis shows that before any assumptions about dynamic interaction are introduced, it is important to characterize the inﬂuence of measured in situ elastic rock heterogeneity based on well-established
laws of physics. By analyzing solely the impact of the background rock heterogeneity characterized by real
in situ measurements along boreholes, we show that even if dynamic interaction is neglected, faults and
earthquake magnitudes scale according to the Gutenberg-Richter relation with a b value close to 1.
Moreover, we again point out the importance of 3-D models to simulate failure processes in rocks. Critical
points, like, for instance, the percolation threshold or the point of macroscopic sample failure, will diﬀer
signiﬁcantly in 2-D and 3-D models.

8. Conclusions
Elastic heterogeneity of the Earth’s crust is of universal fractal nature and signiﬁcantly impacts Coulomb
stress distribution in rocks. In situ stress is mainly controlled by in situ elastic moduli. Stress ﬂuctuations
caused by surrounding heterogeneities are existent but seem to be only of minor importance. The fractal
nature of elastic heterogeneity results in signiﬁcant Coulomb stress ﬂuctuations with power law size distribution. As a consequence, fault sizes and magnitudes of earthquakes exhibit power law scaling according
to the Gutenberg-Richter relation. Consistent with observations in the laboratory, we ﬁnd that in theory the
b value is increasing with the degree of heterogeneity complexity, expressed in the fractal dimension of
elastic modulus distribution. The theoretical limits of the b value, given by the lower and upper limits of the
fractal dimension of elastic heterogeneity, are in the range of b = 23 to b = 1.0 for complex fracture surfaces
and 1.0 to 1.5 for even fractures. However, because the fractal dimension of elastic heterogeneity measured
from borehole logs at various sites is universal, the b value should be universal. Deviations of the b value
from its universal value of b ≈ 1 result from characteristic scales of seismogenic processes, which cause
limitations or changes of fractal scaling. Scale limitations are also the reason for observed stress dependency of the b value. These ﬁndings are unaﬀected by instrumental and measurement eﬀects on the fractal
dimension of elastic heterogeneity, because we can expect a statistically similar impact at diﬀerent analyzed
locations. Hence, the universality issue should remain mainly untouched. Because in all physical models
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and ongoing seismogenic processes in nature characteristic scales are involved, which cause limitations or
changes of fractal scaling, the b value deviates from its universal value. Since characteristic length scales, for
instance, the ﬁnite size and geometry of the stress-perturbed volume or changes in rock composition, are
site-dependent and, like the stress-perturbed rock volume, also time-dependent quantities, b values determined for diﬀerent regions or at diﬀerent times are diverse. In the same sense, the inverse relation between
stress and b value, revealed by laboratory studies and observations, occurs due to existing scale limitations. In summary, our analysis shows that the universal fractal nature of elastic rock heterogeneity can be
considered as the origin of the Gutenberg-Richter relation of earthquake magnitude scaling.
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