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Preface

The subject of this Thesis is the problem of forward and inverse modelling of the physical

phenomenon of electromagnetic induction on a global planetary scale and studies of the elec-

tric conductivity of the deep Earth. I was attracted to this topic during my doctoral studies at

the Charles University, where I have developed the initial version of the forward solver based

on the application of the spherical harmonic-finite element method in the time domain. My

research in the last 20 years has been dedicated to this phenomenon, driven by the ever in-

creasing capabilities of recent computers on the one side, and by the availability of low-orbit

satellite measurements of the geomagnetic field on the other side.

My initial experience with interpretation of satellite geomagnetic data came from the Ger-

man CHAMP (CHAllenging Minisatellite Payload) mission (2000–2010). Since 2008 I have

been involved in the preparation of the Swarm multi-satellite mission of the European Space

Agency. During the development phase, the original time-domain three-dimensional (3-D) in-

version method has been introduced. Following the Swarm launch in 2013, the first attempts

to invert the satellite data in terms of 3-D mantle conductivity structure have pointed out that

a proper separation of the external fields and their induced counterparts, a necessary step prior

the solution of the inverse problem, represents a significant challenge. As of 2019, almost six

years into the mission life, it seems that the 3-D inversion of satellite data is finally within

sight.

As Swarm measurements have been accumulated and processing methods improved, I

have turned my interest to the problem of motionally induced electric currents in the Earth’s

oceans, both by tidally and atmospherically driven ocean flows. While the magnetic signa-

tures of the tidal flows have been successfully detected in the satellite data, the magnetic fields

induced by the global ocean circulation, and thus closely related to the Earth’s climate devel-
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1 Introduction

The electric conductivity is an important geophysical parameter connected to the thermal,

chemical, and mineralogical state of the Earth’s mantle. A traditional technique to study

the distribution of electric conductivity in deep regions of the Earth is the electromagnetic

induction (EMI) method. Two basic components are needed for the reconstruction of the con-

ductivity model from observed variations of geomagnetic or geoelectric field. The forward

modelling uniquely predicts, within the limits of the spatio-temporal resolution, the observ-

able properties for a given conductivity model and a model of external or internal sources.

This prediction is based on the numerical solution of the quasi-stationary Maxwell equations,

or the electromagnetic induction equation derived directly from them. The inverse modelling

then attempts to construct a conductivity model that explains the observed data within pre-

scribed error limit. The solution of such a problem is inherently non-unique and additional

constraints are applied to the conductivity model, based on some a-priori known geophysical

informations, or as mathematical regularization of the models.

The EMI process on the global scale is driven by three main sources of energy. The

charged particles trapped in the Earth’s magnetosphere create a system of electric currents.

The ring current consisting of mostly hydrogen ions circulating clockwise at distances of 3–8

Earth radii in the equatorial plane, is the most prominent energy source, capable of inducing

electric currents even in the lower mantle. The main challenge in the area of global inversion of

satellite data driven by the magnetospheric currents is the separation of the primary, inducing

components, and the secondary, induced fields. These can be described by the time series of

external and internal spherical harmonic coefficients. Such time series are one of the products

of the Swarm mission. Since the rather critical assessment of the early versions of this product

by Martinec et al. (2018), the situation has improved significantly, and a preliminary result of
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the inversion of the most recent dataset will be presented at the end of this thesis.

The geomagnetic solar daily variations, the Sq signals, are used in electromagnetic induc-

tion studies to estimate the electric conductivity of the Earth’s upper mantle. Traditionally,

Sq induction studies employ the observatory magnetic data from a few quiet days, separate

them into external (due to the ionospheric Sq current system) and internal (due to induced

counterpart in the Earth) parts, and interpret the latter part in terms of the upper mantle elec-

tric conductivity. So far, global-scale 1-D conductivity models (e.g. Campbell and Anderssen,

1983; Campbell and Schiffmacher, 1988; Winch, 1984; Schmucker, 1999b) and regional 3-D

models (e.g. Kuvshinov and Koch, 2015) have been determined from ground observatory data,

the latter making use of a temporary station array.

A series of recent studies (Schnepf et al., 2015; Grayver et al., 2016, 2017; Velímský

et al., 2018) has demonstrated the sensitivity of satellite-derived tidally-induced signals to

mantle electric conductivity in the uppermost mantle. So far, only 1-D mantle profiles have

been constrained with this approach, and a bias towards sub-oceanic mantle is obvious from

the spatial distribution of the source signals.

The problem of forward EMI modelling on the global scale can be formulated either in

the time domain, or in the frequency domain. The choice between the two approaches should

be based on the characteristics of both sources and data. The daily geomagnetic variations

in the ionosphere and the tidal signals in the oceans dominate at discrete frequencies related

to the Earth rotation and orbital motions (Schmucker, 1999a; Einšpigel and Martinec, 2017).

On the other hand, the time variations of the magnetospheric ring current are of transient na-

ture (Martinec et al., 2018), and the large-scale atmospherically driven ocean circulation also

covers physical phenomena with continuous spectrum in the range of days to years (Wunsch,

1981).

Various methods have been used to discretize and solve the forward problem with 3-D con-

ductivity variations, as described in the comprehensive benchmark by Kelbert et al. (2014).

The finite-difference methods (Uyeshima and Schultz, 2000; Kelbert et al., 2008, 2009) in the

frequency domain typically apply staggered grids for the magnetic and electric fields. The

computational domain involves the conductive Earth and the insulating atmosphere. The sec-

ondary field formulation can be exploited, as it allows the reduction of the computational

10



domain and increase of numerical solver accuracy. The finite-difference scheme yields a sym-

metric sparse system matrix with good numerical properties except in the vicinity of poles,

where the grid singularities require special care. Local grid refinement is difficult to imple-

ment in the structured grids. A special class of unstructured finite differences was used by

Weiss (2010).

The finite-element methods (Everett and Schultz, 1996; Yoshimura and Oshiman, 2002;

Ribaudo et al., 2012; Grayver et al., 2019) can profit from the flexibility of the unstructured

grids to describe complicated spatial geometries. The computational domain also comprises

the insulating atmosphere. The system matrix is usually sparse and Hermitian, with a more

complicated sparsity structure depending on the grid.

The contracting-integral-equation method (Pankratov et al., 1995; Singer, 1995; Kuvshi-

nov, 2008) transforms the pre-Maxwell equations into a set of integral equations solved by

Krylov-type iterative process. The Green functions are precalculated for a 1-D medium, and

if chosen correctly, a fast iterative process with guranteed convergence can be achieved. The

system matrix is dense, but its dimensions are limited to the area where lateral conductivity

variations are present. However, the storage of the Green functions can have large memory

requirements for calculations with high spatial resolution.

The spherical-harmonic approach has been presented for the first time by Martinec (1999)

in the frequency domain, and later independently developed in the time domain by Hamano

(2002) and Velímský and Martinec (2005). A detailed description of the recent developments,

and discussion of its properties, is presented in this Thesis.

The methods of 3-D inverse modelling of global EMI have been so far exclusively based

on the application of deterministic approaches to minimize a data misfit over a space of reg-

ularized conductivity models (Kelbert et al., 2008, 2009; Kuvshinov and Semenov, 2012; Se-

menov and Kuvshinov, 2012; Püthe and Kuvshinov, 2013; Velímský, 2013; Sun et al., 2015).

The Bayesian approach as suggested by Pankratov and Kuvshinov (2016) is still computation-

ally prohibitive due to the extreme number of forward calculations to be carried out to obtain

sufficient sampling of probability density functions in large-dimensional spaces. However,

the fast calculations of Hessians (Pankratov and Kuvshinov, 2015; Maksimov and Velímský,

2017) enable to perform a-posteriori error and sensitivity analysis even for the problems solved
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by the deterministic approaches. A comprehensive overview of recent advances in the area of

global EMI forward and inverse modelling is given by Kuvshinov (2015).

This thesis consists of two main parts. Chapters 2 and 3 are respectively dedicated to

the recent developments of the forward and inverse EMI problems in spherical domain. The

spherical harmonic-finite element approach implemented both in the time and frequency do-

mains represents a flexible tool to deal with both external and interior sources. The question

of scaling on shared- and distributed-memory parallel architectures is also discussed. The

second part of the thesis introduces the applications of this methodology to selected problems.
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2 Forward modelling

2.1 The electromagnetic induction equation in a spherical Earth

The electromagnetic fields inside the Earth or other solid celestial objects, and in their near-

space environments, are governed by the conventional non-relativistic Maxwell equations,

curlH “ j `
BD

Bt
, (2.1)

curlE “ ´
BB

Bt
, (2.2)

divB “ 0, (2.3)

divD “ ρf , (2.4)

where Hpr; tq, Bpr; tq, Epr; tq, Dpr; tq, jpr; tq, and ρfpr; tq denote respectively the mag-

netic field intensity, magnetic flux density, electric field, electric displacement, free current

density, and the free charge density. As shown by Tyler and Mysak (1995), the equations

(2.1–2.3) are valid for geophysical applications even in the coordinate frame anchored to a

rotating planetary body. We will use the spherical coordinates r “ pr, ϑ, φq, where r, ϑ, and

φ stand for radius, colatitude and longitude. We will represent the Earth by a spherical domain

G with outer boundary BG at r “ a, and the outer normal er.

The Earth materials are both electrically and magnetically linear, homogeneous, and isotropic,

and thus described by the scalar constant electric permittivity ε, and magnetic permeability µ,

D “ εE, (2.5)

B “ µH . (2.6)

In the area of global EMI, we are usually not interested in phenomena on the sub-second

time scales. With relative permittivities of the Earth materials below 100, the displacement
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currents can be neglected, and the Ampère law takes the pre-Maxwell form,

curlH “ j. (2.7)

The magnetic permeability is assumed to take the value of the vacuum, µ “ µ0.

The Ohm’s law, relating the electric current density to the electric field by a linear de-

pendence, is usally assumed in the heterogeneous, isotropic form for a conductive continuum

moving with velocity vpr; tq,

j “ σ pE ` v ˆ Bq . (2.8)

The electric conductivity σpr; tq can generally vary both in space and time. In the Earth’s

solid crust and mantle, the motional induction has negligible effect, and we can safely as-

sume v “ 0. The time variations of the electric conductivity are also neglected there. As

the distribution of electric conductivity is governed by the Earth’s temperature and chemical

and mineralogical composition, the radial dependence usually dominates the lateral variations.

The important class of spherically symmetric (1-D) conductivity models σprq has been tradi-

tionally employed both in forward and inverse modelling, either as a direct constraint, or as a

tool to provide preconditioning and obtain faster convergence rates in full three-dimensional

scenarios.

In the uppermost parts of the Earth, the lateral contrasts between the ionic conductivity of

the salts dissolved in the seawater, and semi-conductive silicates are comparable to the radial

variations. Moreover, the time variations of ocean conductivity should be taken into account

due to the seasonal variations of temperature and salinity (Irrgang et al., 2016). As the Earth’s

main magnetic field BMpr; tq dominates the induced fields by several orders of magnitude,

the magnetic contribution to the Lorentz force in equation (2.8) usually takes the form

Eimp
“ v ˆ BM, (2.9)

j imp
“ σEimp, (2.10)

j “ σ
`

E ` Eimp
˘

“ σE ` j imp, (2.11)

where Eimp
pr; tq and j imp

pr; tq denote the imposed electric field (the Lorentz force per unit

charge), or corresponding imposed electric current, respectively.
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Combining the equations (2.2) and (2.6–2.8) yields a single equation for the magnetic field

vector, the EMI equation,

curl

ˆ

1

σ
curlB

˙

` µ0
BB

Bt
“ µ0curlE

imp. (2.12)

Equivalently, the EMI equation can be transformed to the frequency domain, assuming

time-invariant electric conductivity σprq, and harmonic-type dependence of the vectors

Bpr; tq “ Re
!

B̃ expp´iωµ0tq
)

, (2.13)

Eimp
pr; tq “ Re

!

Ẽ
imp

expp´iωµ0tq
)

. (2.14)

Then we can write

curl

ˆ

1

σ
curl B̃

˙

´ iωµ0B̃ “ µ0curl Ẽ
imp
. (2.15)

To complete the formulation, the initial and boundary conditions must be specified.

For the initial condition Bpr; 0q in the time-domain, it is sufficient to assume that

divBpr; 0q “ 0. (2.16)

Applying the div operator to the EMI equation (2.12) then assures that

B

Bt
divBpr; tq “ 0, (2.17)

and hence the Gauss law (2.3) is satisfied for t ě 0.

The choice of the boundary conditions applied at the Earth’s surface r “ a is more compli-

cated. The Earth’s atmosphere is a very effective insulator, with electric conductivities ranging

from 10´14 to 10´9 S{m (Seran et al., 2017). Therefore, it can be approximated by a perfect

insulator, where the magnetic field is fully described by a scalar magnetic potential Upr; tq,

satisfying the Laplace equation,

∆U “ 0, (2.18)

B “ ´gradU, (2.19)

for r ě a and any t ě 0.
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The general boundary conditions stemming from the integral form of the Maxwell equa-

tions are

rer ˆ Bs
`

´
“ µ0jS at BG, (2.20)

rer ¨ Bs
`

´
“ 0 at BG, (2.21)

rer ˆ Es
`

´
“ 0 at BG, (2.22)

where r˝s
`

´
denotes the discontinuity across the interface, and jSpr; tq is the surface current

density. Here we assume that jS “ 0. However, note that the thin-sheet currents can be

effectively employed in a two-dimensional formulation in some specific applications involving

induction in the oceans (Kuvshinov et al., 2007; Sun and Egbert, 2012, among many others).

In order to proceed with the application of the boundary conditions, we need to apply the

Helmholtz decomposition, including the toroidal-poloidal splitting, to both the magnetic and

electric fields. An arbitrary vector field fprq, sufficiently smooth, and decaying in the case of

unbounded domain, can be decomposed into the irrotational (scaloidal) and divergence-free

(solenoidal) components, the latter consisting of the toroidal and poloidal parts, (Arfken and

Weber, 2005; Backus, 1986),

fprq “ fSprq ` fTprq ` fPprq, (2.23)

fSprq “ gradΞprq, (2.24)

fTprq “ curl rrΨprqs , (2.25)

fPprq “ curl curl rrΦprqs . (2.26)

The individual components are described by respective scalar functions Ξprq, Ψprq, and Φprq,
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and satisfy the following properties,

curlfS “ 0, (2.27)

div fT “ 0, (2.28)

div fP “ 0, (2.29)

er ¨ fT “ 0, (2.30)

er ¨ curlfP “ 0, (2.31)

divH fT “ 0, (2.32)

fS “ er
BΞ

Br
` gradH Ξ, (2.33)

fP “ ´r∆HΦ ` gradH

ˆ

r
BΦ

Br
` Φ

˙

. (2.34)

In the last formulas, we have separated the radial and lateral parts of the scaloidal and poloidal

fields by splitting the gradient and Laplacian operators,

grad “ er
B

Br
` gradH “ er

B

Br
`

1

r
gradΩ , (2.35)

∆ “
B2

Br2
`

2

r

B

Br
` ∆H . (2.36)

Note also, that both the curl and erˆ operators convert a toroidal field into poloidal and vice

versa. Now we can demonstrate that an arbitrary toroidal field is orthogonal to any poloidal

or scaloidal components on an arbitrary spherical surface, such as BG,

ż

BG

fT ¨ fPdS “

ż

BG

fT ¨ gradH

ˆ

r
BΦ

Br
` Φ

˙

dS “

“

ż

BG

divH

„

fT

ˆ

r
BΦ

Br
` Φ

˙ȷ

dS “ 0, (2.37)

ż

BG

fT ¨ fSdS “

ż

BG

fT ¨ gradH ΞdS “

“

ż

BG

divH pfTΞq dS “ 0. (2.38)

The last step follows from the application of the two-dimensional Gauss theorem on a closed

surface BG (Berger and Hornig, 2018).
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Since the toroidal field is zero in the insulator (Backus, 1986), the boundary conditions

(2.20–2.21) can be written as

er ˆ BT “ 0 at BG, (2.39)

er ˆ BP “ ´er ˆ gradU at BG, (2.40)

er ¨ BP “ ´er ¨ gradU at BG. (2.41)

Let us discuss the configuration of the boundary conditions necessary to obtain a unique

solution of the time-domain EMI equation (2.12). Note that analogous derivations can be also

carried out in the frequency domain. We will assume that two smooth solutions, B1pr; tq and

B2pr; tq, exist for the same internal forcing Eimp
pr; tq, and both satisfy the same divergence-

free initial condition Bpr; 0q. Then the difference δBpr; tq “ B2pr; tq ´ B1pr; tq satisfies

the homogeneous EMI equation

curl

ˆ

1

σ
curl δB

˙

` µ0
BδB

Bt
“ 0. (2.42)

Now we respectively multiply equation (2.42) by δB and integrate over G, apply the Green’s

curl -identity, and integrate over time from 0 to t,
ż

G

µ0δB ¨
BδB

Bt
dV `

ż

G

δB ¨ curl

ˆ

1

σ
curl δB

˙

dV “ 0,

µ0

2

B

Bt

ż

G

δB2dV `

ż

G

1

σ
pcurl δBq

2 dV “

ż

BG

1

σ
per ˆ δBq ¨ curl δBdS,

µ0

2

ż

G

δBptq2dV `

t
ż

0

ż

G

pcurl δBpτqq
2

σpτq
dV dτ “

t
ż

0

ż

BG

per ˆ δBpτqq ¨
curl δBpτq

σpτq
dSdτ.

(2.43)

The integrands on the left-hand side of the last expression are non-negative. Therefore, any

combination of boundary conditions that yields zero integral on the right-hand side of equation

(2.43) will enforce δB “ 0 at all positions and times, and thus guarantee the uniqueness of

the solution.

Using respectively the toroidal-poloidal and the scaloidal-toroidal-poloidal decomposition

of the magnetic and electric field, the surface integral on the right-hand side of equation (2.43)
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can be written with the help of the Ampère law (2.7), the orthogonality relations (2.37–2.38),

and the poloidal-toroidal conversion property of the erˆ operator as
t

ż

0

ż

BG

per ˆ δBq ¨
curl δB

σ
dSdτ “

µ0

t
ż

0

ż

BG

per ˆ δBq ¨ δE dSdτ “

µ0

t
ż

0

ż

BG

rper ˆ δBTq ¨ pδES ` δEPq ` per ˆ δBPq ¨ δETs dSdτ, (2.44)

where δE stands for the difference of electric fields corresponding to solutions B1 and B2.

Now we immediately see, that if both solutions B1 and B2 satisfy the boundary conditions

(2.39) and (2.40), the difference δB satisfies their homogeneous form, zeroing out the surface

integral (2.44), and via equation (2.43) implying that B1pr; tq “ B2pr; tq for any r and t.

The vertical magnetic field at the surface is predicted by the EMI equation, and the bound-

ary condition (2.41) applies to the scalar potential solution of the Laplace equation (2.18) in

the atmosphere. The combination of boundary conditions (2.39) and (2.40) is the Dirichlet

boundary condition.

What about other combinations of boundary conditions that will guarantee a unique solu-

tion? If we combine the zero surface toroidal magnetic field constraint (2.39) with prescribed

toroidal electric field, i.e., δET “ 0, the integral (2.44) is zero again, and the uniqueness of

the EMI equation solution is guaranteed. Since

ET “

ˆ

curlB

µ0σ

˙

T

, (2.45)

this is the case of mixed boundary condition. A Neumann-type condition is applied to the

poloidal magnetic field solution, while a homogeneous Dirichlet-type condition (2.39) is still

applied to the toroidal magnetic field. Note that the radial component of the Faraday law (2.2)

reads as

er ¨ curlET “ ´er ¨
BBP

Bt
, (2.46)

implying for the toroidal electric scalar function

∆HΨE “
1

a
er ¨

BBP

Bt
. (2.47)
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Thus, ΨE , and consequently ET can be obtained on BG from the time-derivative of the radial

magnetic field (2.41). The horizontal poloidal magnetic field (2.40) is predicted by the EMI

equation.

Another type of boundary condition, called external, is based on the separation of the po-

tential field in the insulating atmosphere into the external part, with sources in the ionosphere

and magnetosphere, and the internal part, corresponding to the magnetic fields induced in the

Earth. The external component is prescribed, the internal component is predicted by the EMI

equation. The toroidal magnetic field is still zero on the surface. In order to demonstrate that

this approach also guarantees a unique solution, we have to introduce the spherical harmonic

apparatus first.

2.2 Spherical harmonic approach

The spherical harmonic functions represent a powerful tool to parameterize the solutions of

partial differential equations in spherical coordinates. Following Varshalovich et al. (1989),

we define the fully normalized, complex, scalar spherical harmonic functions of degree j and

order m, |m| ď j, as

ỸjmpΩq “

d

2j ` 1

4π

pj ´ mq!

pj ` mq!
Pm
j pcosϑq eimφ, (2.48)

where Pm
j pcosϑq are the associated Legendre polynomials,

Pm
j pcosϑq “ p´ sinϑq

m dm

pd cosϑqm
Pjpcosϑq. (2.49)

This basis is practical for the frequency-domain formulation of the EMI equation (2.15). In

the case of time-domain formulation (2.12), only real-valued fields are used, and therefore, a

real basis is preferred,

YjmpΩq “

$

’

’

’

&

’

’

’

%

?
2 p´1qmReỸjmpΩq m ą 0,

ỸjmpΩq m “ 0,
?
2 p´1qmImỸj|m|pΩq m ă 0,

(2.50)

where the sine-type harmonics are assigned to negative degrees and the cosine-type harmonics

correspond to positive degrees. Both the complex- and real-valued spherical harmonics form
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respectively the complete orthonormal bases of complex and real scalar functions on the sur-

face of a unit sphere. The extension to vector functions is possible in several different ways.

One possible approach is the use of the radial unit vector er and the angular gradient operator

gradΩ to separate respectively the vertical poloidal-scaloidal, the toroidal, and the horizontal

poloidal-scaloidal components of vector field, namely,

S
p´1q

jm pΩq “ YjmpΩqer, (2.51)

S
p0q

jmpΩq “ er ˆ gradΩ YjmpΩq, (2.52)

S
p`1q

jm pΩq “ gradΩ YjmpΩq. (2.53)

The real-valued definition can be easily extended to complex vectors by replacing YjmpΩq

with ỸjmpΩq. The vector spherical harmonic functions are orthogonal on a unit sphere, with

the norm

Njλ “ δλ,´1 ` jpj ` 1qpδλ,0 ` δλ,`1q, (2.54)

and satisfy useful differential identities summarized for example in Maksimov and Velímský

(2017, Appendix A).

The principal advantage of spherical harmonic formulation is the existence of an analytical

solution of the Laplace equation for a scalar magnetic potential in the atmosphere (2.18) in

the form of the infinite series,

Upr; tq “ a
8
ÿ

j“1

j
ÿ

m“´j

„

G
peq

jmptq
´r

a

¯j

` G
piq
jmptq

´a

r

¯j`1
ȷ

YjmpΩq, (2.55)

for r ě a. The coefficients Gpeq

jmptq and Gpiq
jmptq describe respectively the external and internal

field with respect to the radius a. By expressing the magnetic field Bpr; tq in the vector

spherical harmonic basis

Bpr; tq “

8
ÿ

j“1

j
ÿ

m“´j

1
ÿ

λ“´1

B
pλq

jmpr; tqS
pλq

jmpΩq, (2.56)

for r ď a, the boundary conditions (2.39–2.41) can be written as

B
p0q

jmpa; tq “ 0, (2.57)

B
p`1q

jm pa; tq “ ´

”

G
peq

jmptq ` G
piq
jmptq

ı

, (2.58)

B
p´1q

jm pa; tq “ ´

”

j G
peq

jmptq ´ pj ` 1qG
piq
jmptq

ı

. (2.59)
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Let us now demonstrate the uniqueness of the EMI equation solution under the external field

boundary condition, obtained by eliminating Gpiq
jmptq from equations (2.58–2.59),

B
p0q

jmpa; tq “ 0, (2.60)

B
p´1q

jm pa; tq ` pj ` 1qB
p`1q

jm pa; tq “ ´p2j ` 1qG
peq

jmptq. (2.61)

By prescribing the zero toroidal field, and the same set of external field coefficients Gpeq

jmptq

for the solutions B1 and B2, we can substitute δBp0q

jmpa; tq “ 0 and δGpeq

jmptq “ 0 into the

surface integral on the right-hand side of the equation (2.43). Taking into account the spherical

harmonic representation of equation (2.46),

´
jpj ` 1q

a
δE

p0q

jmpa; tq “ ´
B

Bt
δB

p´1q

jm pa; tq, (2.62)

we can therefore write

t
ż

0

ż

BG

per ˆ δBq ¨ δEdSdτ “ µ0a
2

ÿ

jm

jpj ` 1q

t
ż

0

”

δB
p`1q

jm δE
p0q

jm ´ δB
p0q

jmδE
p`1q

jm

ı

dτ

“ µ0a
3

ÿ

jm

t
ż

0

„

´

δG
peq

jm ` δG
piq
jm

¯

B

Bt

´

jδG
peq

jm ´ pj ` 1qδG
piq
jm

¯

ȷ

dτ

“ ´
µ0a

3

2

ÿ

jm

pj ` 1q

t
ż

0

B

Bt

´

δG
piq
jm

¯2

dτ

“ ´
µ0a

3

2

ÿ

jm

pj ` 1q

´

δG
piq
jmptq

¯2

ď 0. (2.63)

Setting δGpiq
jmptq “ 0 @j ă 8, |m| ď j is the only way to make the result compatible with the

non-negative left-hand side of the equation (2.43), and hence δBpr; tq “ 0 everywhere and

everytime. An analogous derivation can be carried out in the frequency domain.

2.3 Assembly of the linear problem

A straightforward approach to transform the time-domain or the frequency-domain EMI equa-

tion (2.12, 2.15) into a linear algebraic problem is the use of the Galerkin method. Firstly,

the integral formulations of the problems are introduced, following Křížek and Neittaanmäki
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(1996). Note that the integral formulation is used only for the spatial coordinates in the case of

time-domain problems. The differential formulation in the time variable imposes more strict

regularity requirements on the solution than the integral formulation. Using the definitions of

functional spaces from Table 2.1, we can write for the cases of the Dirichlet, mixed, and the

external boundary condition, respectively:

Time-domain EMI with the Dirichlet boundary condition

Let µ0 ą 0 be the magnetic permeability, ρpr, ϑ, φ; tq P C0
`

I;L`
8pG,Rq

˘

the elec-

tric resistivity, and Eimp
pr, ϑ, φ; tq P C0

`

I;L2pG,R3q
˘

the imposed electric field. Let

B0prq P V0T be the initial condition at t0 “ 0, and B0
pr; tq P C1

`

I;V0T
˘

the Dirichlet

boundary condition er ˆ B0
pa, ϑ, φ; tq extended from r “ a to the entire domain G. Find

Bpr; tq P C1
`

I;V0T
˘

such that B ´ B0
P C1

`

I;V0
˘

, Bpr; 0q “ B0prq, and
ż

G

ˆ

µ0 δB ¨
BB

Bt
` ρ curl δB ¨ curlB

˙

dV “

ż

G

µ0 curl δB ¨ EimpdV, (2.64)

@ δBprq P V0 and @t P I .

Time-domain EMI with mixed boundary condition

Let µ0 ą 0 be the magnetic permeability, ρpr, ϑ, φ; tq P C0
`

I;L`
8pG,Rq

˘

the elec-

tric resistivity, and Eimp
pr, ϑ, φ; tq P C0

`

I;L2pG,R3q
˘

the imposed electric field. Let

B0prq P V0T be the initial condition at t0 “ 0, and E0
T pϑ, φ; tq P C0

´

I;H
1
2 pBG;R3q

¯

the toroidal electric field at the surface, including the contribution from ´Eimp. Find

Bpr; tq P C1
`

I;V0T
˘

such that Bpr; 0q “ B0prq, and
ż

G

ˆ

µ0 δB ¨
BB

Bt
` ρ curl δB ¨ curlB

˙

dV “

ż

G

µ0 curl δB ¨ EimpdV `

ż

BG

µ0 per ˆ δBq ¨ E0
T dS, (2.65)

@ δBprq P V0T and @t P I .
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Time-domain EMI with external boundary condition

Let µ0 ą 0 be the magnetic permeability, ρpr, ϑ, φ; tq P C0
`

I;L`
8pG,Rq

˘

the elec-

tric resistivity, and Eimp
pr, ϑ, φ; tq P C0

`

I;L2pG,R3q
˘

the imposed electric field. Let

B0prq P V0T be the initial condition, at t0 “ 0, and G
peq

jmptq P C1
`

I;R
˘

a set

of external field coefficients for j “ 1, 2, . . . ,8 and m “ ´j, . . . , 0, . . . ,`j. Find

Bpr; tq P C1
`

I;V0T
˘

such that
ż

G

ˆ

µ0 δB ¨
BB

Bt
` ρ curl δB ¨ curlB

˙

dV “

ż

G

µ0 curl δB ¨ EimpdV, (2.66)

@ δBprq P V0 and @t P I , and
ż

BG

„

1

j
S

p`1q

jm ` S
p´1q

jm

ȷ

¨ Bpr; tq dS “ ´p2j ` 1qa2G
peq

jmptq, (2.67)

@ j “ 1, 2, . . . ,8 and m “ ´j, . . . , 0, . . . ,`j and @t P I .

Frequency-domain EMI with the Dirichlet boundary condition

Let ω ą 0 be the angular frequency, µ0 ą 0 the magnetic permeability, ρpr, ϑ, φq P

L`
8pG,Rq the electric resistivity, and Ẽ

imp
pr, ϑ, φq P L2pG,C3q the imposed electric field.

Let B̃0prq P Ṽ0T be the Dirichlet boundary condition er ˆ B̃0pa, ϑ, φq extended from

r “ a to the entire domain G. Find B̃prq P Ṽ0T such that B̃ ´ B̃0 P Ṽ0, and
ż

G

´

´iωµ0 δB̃
˚

¨ B ` ρ curl δB̃˚
¨ curlB

¯

dV “

ż

G

µ0 curl δB̃
˚

¨ Ẽ
imp

dV, (2.68)

@ δB̃prq P Ṽ0.

Frequency-domain EMI with mixed boundary condition

Let ω ą 0 be the angular frequency, µ0 ą 0 the magnetic permeability, ρpr, ϑ, φq P

L`
8pG,Rq the electric resistivity, and Ẽ

imp
pr, ϑ, φq P L2pG,C3q the imposed electric field.
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Let Ẽ0
T pϑ, φ; tq P H̃

1
2 pBG;C3q be the toroidal electric field at the surface, including the

contribution from ´Eimp. Find B̃prq P Ṽ0T such that
ż

G

´

´iωµ0 δB̃
˚

¨ B ` ρ curl δB̃˚
¨ curlB

¯

dV “ (2.69)

ż

G

µ0 curl δB̃
˚

¨ Ẽ
imp

dV `

ż

BG

µ0

´

er ˆ δB̃˚
¯

¨ E0
T dS, (2.70)

@ δBprq P Ṽ0T .

Frequency-domain EMI with external boundary condition

Let ω ą 0 be the angular frequency, µ0 ą 0 the magnetic permeability, ρpr, ϑ, φq P

L`
8pG,Rq the electric resistivity, and Ẽ

imp
pr, ϑ, φq P L2pG,C3q the imposed electric

field. Let G̃peq

jm P C be a set of external field coefficients for j “ 1, 2, . . . ,8 and

m “ ´j, . . . , 0, . . . ,`j. Find B̃prq P Ṽ0T such that
ż

G

´

´iωµ0 δB̃
˚

¨ B ` ρ curl δB̃˚
¨ curlB

¯

dV “

ż

G

µ0 curl δB̃
˚

¨ Ẽ
imp

dV, (2.71)

@ δBprq P Ṽ0, and
ż

BG

„

1

j
S̃

p`1q

jm
˚

` S̃
p´1q

jm
˚

ȷ

¨ B̃ dS “ ´p2j ` 1qa2G̃
peq

jm, (2.72)

@ j “ 1, 2, . . . ,8 and m “ ´j, . . . , 0, . . . ,`j.
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Table 2.1: Definitions of functional spaces used throughout the text.

CnpG;Rkq real scalar (for k “ 1) and vector (for k “ 3) functions continuous

up to the n-th derivative on the domain G

L2pG;Rkq real scalar (for k “ 1) and vector (for k “ 3) functions, square-

integrable in G. The spaces are equipped with scalar products

pf, gqL2 “
ş

G

f g dV and pf , gqL2 “
ş

G

f ¨g dV which generate the

corresponding norms ||f ||L2 “ pf, fq
1
2
L2

and ||f ||L2 “ pf ,fq
1
2
L2

L`
8pG,Rq real scalar positive functions bounded in G

Hcurl real vector functions f P L2pG;R3q such that curlf P

L2pG;R3q. The space is equipped with a scalar product

pf , gqHcurl
“

ş

G

pf ¨ g ` curlf ¨ curl gq dV and a corresponding

norm ||f ||Hcurl
“ pf, fq

1
2
Hcurl

Hcurl,0 real vector functions f P Hcurl such that er ˆ f “ 0 on BG

Hcurl,0T real vector functions f P Hcurl such that er ˆ fT “ 0 on BG,

where fT is the toroidal part of f

Hdiv real vector functions f P L2pG;R3q such that div f P L2pG;Rq

H0
div real vector functions f P Hdiv such that div f “ 0 in G

H
1
2 pBG;R3q real vector functions fprq P L2pBG;R3q such that

|fprq ´ fpr1q| { |r ´ r1|
2

P L2pBG ˆ BG;Rq

V real vector functions f P Hcurl X H0
div

V0 real vector functions from f P Hcurl,0 X H0
div

V0T real vector functions f P Hcurl,0T X H0
div

Cn
`

I;S
˘

space of all mappings from the closed time interval I “ă t0, t1 ą

to a functional space S, continuous up to the n-th derivative with

respect to time. Various spaces of scalar or vector functions can

take place of S, such as CnpG;Rkq, L2pG;Rkq, Hcurl

CnpG;Ckq complex scalar (for k “ 1) and vector (for k “ 3) functions con-

tinuous up to the n-th derivative on the domain G
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L2pG;Ckq complex scalar (for k “ 1) and vector (for k “ 3) functions,

square-integrable in G. The spaces are equipped with scalar

products pf, gqL2 “
ş

G

f˚ g dV and pf , gqL2 “
ş

G

f˚ ¨ g dV

which generate the corresponding norms ||f ||L2 “ pf, fq
1
2
L2

and

||f ||L2 “ pf ,fq
1
2
L2

H̃curl complex vector functions f P L2pG;C3q such that curlf P

L2pG;C3q. The space is equipped with a scalar product

pf , gqHcurl
“

ş

G

pf˚ ¨ g ` curlf˚ ¨ curl gq dV and a correspond-

ing norm ||f ||Hcurl
“ pf, fq

1
2
Hcurl

H̃curl,0 complex vector functions f P H̃curl such that er ˆ f “ 0 on BG

H̃curl,0T complex vector functions f P H̃curl such that er ˆfT “ 0 on BG,

where fT is the toroidal part of f

H̃div complex vector functions f P L2pG;C3q such that div f P

L2pG;Cq

H̃0
div complex vector functions f P Hdiv such that div f “ 0 in G

H̃
1
2 pBG;C3q complex vector functions fprq P L2pBG;C3q such that

|fprq ´ fpr1q| { |r ´ r1|
2

P L2pBG ˆ BG;Rq

Ṽ complex vector functions f P H̃curl X H̃0
div

Ṽ0 complex vector functions from f P H̃curl,0 X H̃0
div

Ṽ0T complex vector functions f P H̃curl,0T X H̃0
div

The discretization of the weak formulations of the EMI equation is then based on the ex-

pansion of magnetic field into the real or complex vector spherical harmonic basis given by

equation (2.56), which is complemented by the one-dimensional finite element parameteriza-

tion,

B
pλq

jmpr; tq “

kmax`1
ÿ

k“0

B
pλ,kq

jm ptqψkprq, (2.73)
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where

ψkprq “

$

’

’

’

&

’

’

’

%

r´rk´1

rk´rk´1
for rk´1 ď r ď rk,

rk`1´r

rk`1´rk
for rk ď r ď rk`1,

0 for r ă rk´1 or r ą rk`1,

(2.74)

are the piecewise linear finite elements, and p0 “ r1 ă r2 ă . . . rkmax ă rkmax`1 “ aq is an

arbitrary discretization of radial coordinate. It is further assumed that the electric resistivity ρ

can be represented by piecewise constant functions along radial coordinate,

ρpr, ϑ, φ; tq “ 1{σpr, ϑ, φ; tq “

kmax
ÿ

k“1

ρkpϑ, φ; tqξkprq, (2.75)

where

ξkprq “

$

&

%

1 for rk ď r ď rk`1,

0 for r ă rk´1 or r ą rk`1.
(2.76)

The combined 3-D basis functions ψkprqS
pλq

jmpΩq for k “ 1, . . . , kmax `1, j “ 1, . . . , jmax,

m “ ´j, . . . , j, and λ “ ´1, 0, 1 define a discrete approximation of the space Hcurl (or

H̃curl, using S̃
pλq

jmpΩq). The resolution is governed by two parameters, the number of ra-

dial layers kmax, and the truncation degree of the spherical harmonic expansion jmax. The

discretizations of spaces Hcurl,0T and Hcurl,0 are obtained by leaving out the basis functions

ψkmax`1prqS
p0q

jmpΩq and ψkmax`1prqS
p0,`1q

jm pΩq from the parameterization, respectively. How-

ever, applying the divergence operator to the basis functions demonstrates that only the toroidal

part, ψkprqS
p0q

jmpΩq is divergence-free, i.e. fromH0
div. For the poloidal-scaloidal part, this con-

dition can be enforced, and the scaloidal component suppressed in the weak formulations

(2.64–2.66) by means of the Lagrange multipliers, adding a penalty term
ż

G

Λpr; tqdiv δBprq dV `

ż

G

δΛprqdivBpr; tq dV, (2.77)

to the left-hand side, and finding Λpr; tq P C0
`

I;L2pG,Rq
˘

together with Bpr; tq for all

test functions δΛprq P L2pG,Rq. The solution and test function spaces V , V0, and V0T are

then replaced respectively by Hcurl, Hcurl,0, and Hcurl,0T . An analogous approach is used in

the frequency domain (2.68–2.72) with Λ̃pr; tq P L2pG,Cq, δΛ̃prq P L2pG,Cq, and complex
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conjugation of the test functions in the penalty term. The Lagrange multipliers are expanded

into scalar spherical harmonics, and piecewise constant radial functions as

Λprq “

kmax
ÿ

k“1

jmax
ÿ

j“1

j
ÿ

m“´j

Λk
jm ξkprqYjmpΩq. (2.78)

Similarly, the imposed electric field Eimp
pr; tq is expanded as

Eimp
pr; tq “

kmax
ÿ

k“1

jmax
ÿ

j“1

j
ÿ

m“´j

`1
ÿ

λ“´1

E
pimp,λ,kq

jm ptq ξkprqS
pλq

jmpΩq. (2.79)

The coefficients Bpλ,kq

jm ptq and Λk
jmptq are then ordered into into a real vector xptq with

dimension N “ jmaxpjmax ` 2q p4kmax ` 3q, as

xptq “

$

&

%

⟨
„

´

B
pλ,kq

jm ptq
¯j,´j

m“0,1,´1,...

ȷjmax

j“1

⟩

λ“0,´1,`1

,
”

`

Λk
jmptq

˘j,´j

m“0,1,´1,...

ıjmax

j“1

,

.

-

kmax

k“1

,

⟨
„

´

B
pλ,kmax`1q

jm ptq
¯j,´j

m“0,1,´1,...

ȷjmax

j“1

⟩

λ“0,´1,`1

.

(2.80)

We use such ordering in which the spherical harmonic orderm represents the innermost index,

advancing alternatively the cosine and sine-type terms. The blocks of coefficients describing

the toroidal field (λ “ 0) are followed by the blocks of poloidal field coefficients and the

Lagrange multipliers. The outermost index k corresponds to the radial coordinate.

The Galerkin discretization of the problems (2.64–2.66) then has the form of a linear

system of N ordinary differential equations,

Aptq ¨ xptq ` M ¨
Bxptq

Bt
“ bptq, (2.81)

with an initial condition xpt0q.

Let us investigate the structure of the individual vectors and matrices. The matrix M

consists of integrals of the products of basis functions, which simplify due to the orthogonality

of spherical harmonics and limited support of the radial piecewise linear elements,

µ0

ż

G

”

ψkprqS
pλq

jmpΩq

ı

¨

”

ψk1prqS
pλ1q

j1m1pΩq

ı

dV “ µ0δjj1δmm1δλλ1NjλIkk1 , (2.82)
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where

Ikk1 “

$

’

’

&

’

’

%

maxprk`1,rk1`1,rkmax`1q
ş

minprk,r
1
kq

ψkprqψk1prqr2 dr for |k ´ k1| ď 1,

0 otherwise.

(2.83)

Here, the non-dashed indices determine matrix rows, while the dashed indices correspond

to matrix columns. There are no terms in rows and columns corresponding to the Lagrange

multipliers, and their test functions. Hence, the M matrix follows a block-tridiagonal structure

with individual blocks being diagonal matrices,

M “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

n n

n n n

n n n

¨
¨
¨

¨
¨
¨

¨
¨
¨

n n n

n n

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (2.84)

The elements of matrix Aptq involve the volume integrals
ż

G

ρpr; tq curl
”

ψkprqS
pλq

jmpΩq

ı

¨ curl
”

ψk1prqS
pλ1q

j1m1pΩq

ı

dV, (2.85)

ż

G

ξkprqYjmpΩq div
”

ψk1prqS
pλ1q

j1m1pΩq

ı

dV, (2.86)

corresponding respectively to the terms stemming from the original weak formulations (2.64–

2.66), and the addition of the divergence-free constraint (2.77). Again, the local support of

the finite elements in radial coordinate implies the block-tridiagonal structure of the matrix.

However, the detailed arrangement of individual blocks is more complicated. For 1-D layers,

where resistivity is independent on lateral coordinates, ρkpϑ, φ; tq “ ρkptq, the EMI equation

is decoupled in spherical harmonic degree and order. This yields a single diagonal term for

the toroidal harmonics λ “ 0, and two sub- and super-diagonal terms for the poloidal field

λ “ ˘1 and the Lagrange multipliers. In the layers with laterally varying resistivity, the blocks

are densely populated. An example below shows a typical arrangement used for a single 3-D

layer above a 1-D model of mantle and core, where b and f denote respectively the sparse
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and dense blocks,

A “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

b b

b b b

b b b

¨
¨
¨

¨
¨
¨

¨
¨
¨

b b b

b f f

f f

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (2.87)

The right-hand side vector bptq is assembled from the integrals of the type

µ0

ż

G

kmax
ÿ

k1“1

jmax
ÿ

j1“1

j1
ÿ

m1“´j1

`1
ÿ

λ1“´1

E
pimp,λ,k1q

j1m1 ptq curl
”

ψkprqS
pλq

jmpΩq

ı

¨

”

ξk1S
pλ1q

j1m1

ı

dV “

µ0

ż

G

k
ÿ

k1“maxp1,k´1q

`1
ÿ

λ1“´1

E
pimp,λ1,k1q

jm ptq curl
”

ψkprqS
pλq

jmpΩq

ı

¨

”

ξk1S
pλ1q

jm

ı

dV, (2.88)

where the orthogonality of spherical harmonics and local support of the radial finite elements

has been used again.

The boundary conditions are implemented in the structure of matrices A, M, and vector

b as follows. In the case of the Dirichlet boundary condition, the horizontal test functions in

the uppermost radial node, ψkmax`1prqS
p0q

jmpΩq and ψkmax`1prqS
p`1q

jm pΩq, are not used (hence

approximating the Hcurl,0 space), the matrix A has 1 on the respective diagonals. The vector

b has 0 and the value of Bp`1q

jm pa; tq at the respective row positions, thus making sure that

B ´ B0
P Hcurl,0. In the case of mixed boundary condition, only the toroidal test function

ψkmax`1prqS
p0q

jmpΩq is removed from the system, and the additional surface integral

µ0

ż

BG

er ˆ

”

ψkmax`1paqS
p1q

jmpΩq

ı

¨
ÿ

j1m1

E
p0q

j1m1ptqS
p0q

j1m1pΩq dS “

µ0a
2jpj ` 1qE

p0q

jmptq (2.89)

is added to the corresponding position in the b vector. Finally, the external boundary condi-

tions are implemented in a similar way to the Dirichlet case, however the boundary condition

B
p´1,kmax`1q

jm ptq ` pj ` 1qB
p`1,kmax`1q

jm ptq “ ´p2j ` 1qG
peq

jmptq, (2.90)

31



is directly implemented into the structure of matrix A and vector b.

Let us note that in the case of Dirichlet and mixed boundary conditions matrices A and

M are symmetric. For the external boundary condition, the symmetry of individual diagonal

blocks of matrix A, and the antisymmetry of the blocks above and below the diagonal is

preserved with the exception of the last block-row and block-column corresponding to the

boundary layer.

In the frequency-domain cases (2.68–2.72), the Galerkin method yields a system of com-

plex linear equations
´

Ã ´ iωµ0M̃
¯

¨ x̃ “ b̃ (2.91)

with complex Hermitian matrices Ã (except for the external boundary condition) and M̃, and

complex vectors x̃ and b̃ assembled in a similar way as in the time-domain case.

2.4 Time discretization and linear problem solution

A back-of-the-envelope estimate of the time step necessary in the application of an explicit

time-integration scheme to equation (2.81) yields

∆t ă µ0minpσqminp∆rq2 « 10´6 H{m 10´4 S{m
`

103m
˘2

“ 10´4 s, (2.92)

which makes the explicit approach prohibitive for most applications. The semi-implicit scheme

introduced by Velímský and Martinec (2005) uses splitting of the A matrix,

A “ A1D ` A3D, (2.93)

where the first matrix is assembled using a 1-D background conductivity model, and the sec-

ond term is based on the lateral deviations from that model. The matrix A1D consists only of

sparse blocks, which are further separated by spherical harmonic degree and order j, m (Mar-

tinec, 1998; Velímský and Martinec, 2005), and the factorization can be reduced to a series

of tridiagonal and banded-matrix problems for the toroidal and poloidal components, respec-

tively. Therefore, it was treated implicitly in the time-integration scheme, while the effect of

lateral conductivity/resistivity variations through matrix A3D multiplication was carried ex-

plicitly from the previous time step. Hoewever, for strongly laterally heterogeneous models,
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as demonstrated in the benchmarks by Kelbert et al. (2014), the accuracy of this approach was

lacking.

The recent versions of the time-domain, spherical harmonic finite element solver use the

Crank-Nicolson integration scheme. The time discretization of equation (2.81) is written as,

Ai`1 ¨ xi`1 ` Ai ¨ xi

2
` M ¨

xi`1 ´ xi

∆t
“

bi`1 ` bi

2
, (2.94)

and after rearranging,

p2M ` ∆tAi`1q ¨ xi`1 “ p2M ´ ∆tAiq ¨ xi ` ∆t pbi`1 ` biq , (2.95)

where xi, bi, and Ai are related to time levels ti “ t0 ` i∆t with constant time step.

The choice of the optimal linear solver of system (2.94) or (2.95) depends on time and

memory constraints, and suitability for parallelization. The individual dense blocks in the Ai

matrix have dimension D “ 4 jmax pjmax ` 2q, and making use of the symmetry properties,

the total memory needed to store them scales as pK3D ` 1qD p3D ` 2q{2, where K3D is the

number of layers with lateral conductivity variations. The memory requirements of the sparse

blocks of Ai and M are negligible. If the available memory capacity is sufficient (e.g., for

jmax “ 80, and K3D “ 10, this represents about 85 GB in double precission arithmetics), and

if the matrix A is invariable in time, a direct solver making effective use of the matrix struc-

ture can be employed. The Thomas algorithm (Press et al., 1992) designed for the solution

of tridiagonal problems can be extended to the block-tridiagonal case. The forward sweep is

carried out only once, and it requires the factorization of block submatrices, making use of

the sparsity for 1-D layers as needed. The computing time therefore scales as pK3D ` 1qD3,

and, since the factorization is performed in place, no additional memory except for pivoting

indices is needed. However, the factorization of individual blocks has to be carried out se-

quentially, row-by-row, and therefore the parallelization can be implemented only within the

individual block calculations, typically using the shared-memory parallelized subroutines of

the LAPACK library. The backward sweep then involves a series of pK3D ` 1q solutions of

block systems with pre-factorized matrices, which are carried out at each time step.

When the matrix Ai changes due to the temporal conductivity variations, or when the re-

quired resolution prevents the storage of the dense blocks, a matrix-free iterative solver must
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be employed. In the recent implementation, the preconditioned BiCGStab(l) algorithm (Slei-

jpen and Fokkema, 1993) is used. It requires calculation of the product of matrix ∆tAi ` 2M

with arbitrary vectors and also a fast inversion of the preconditioner. Looking back at the

matrix elements (2.85), the product with an arbitrary vector can be effectively calculated by

expressing the spherical harmonic sums on a discrete spatial grid, multiplying by resistivity

values on the same grid, and then integrating back into the spherical harmonic domain. Both

the forward and inverse spherical harmonic transforms are based on the FFT algorithm in lon-

gitude, and Gauss-Legendre quadrature is implemented in colatitude. Details of this technique

are described by Martinec (1998) and Velímský and Martinec (2005). The matrix elements

are not stored, although it is useful to pre-calculate the values of the associated Legendre

polynomials and radial finite-element integrals to speed up the process. The calculation of

one product of Ai with a vector scales in time as pK3D ` 1q j3max log2 jmax. Parallelization of

the matrix-vector product subroutine across shared or distributed memory architecture can be

used in the loop over the model layers. The preconditioner is then realized through the use of

matrix A1D, a simplified version of A assembled for a 1-D resistivity model.

The parallelization process can be taken one step further if the number of computational

nodes available significantly exceeds the number of model layers. In that case, equations

(2.94) for some finite range of time index i (ideally divisible by the number of nodes) are

regarded as one combined linear system, solved by the BiCGStab(l) algorithm. Distributed

memory systems set up with a linear communication topology are well suited for this task as

each node needs to exchange information only with its left and right neighbors.
For the solution of the frequency-domain complex linear system (2.91), the iterative solver

with matrix-free calculations of the matrix-vector product is a natural choice. The precondi-
tioner is again based on the 1-D conductivity model. Table 2.2 summarizes the different
versions of the forward solver in recent publications.

Table 2.2: Overview of the recent applications of the forward spherical-harmonic solver.

target domain maximum resolution solver reference

jmax K3D

mantle time 16 180 semi-implicit Velímský et al. (2012)

mantle
time

40 151
semi-implicit

Kelbert et al. (2014)
frequency iterative
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mantle time 5 15 direct Velímský (2013)

mantle time 20 70 direct Maksimov and Velímský (2017)

M2 ocean tides frequency 480 102 iterative Velímský et al. (2018)

ocean circulation time 60 11 direct Velímský et al. (2019)

ocean circulation
time/ 80/

5
direct

Šachl et al. (2019)
stationary 480 iterative

ocean circulation time 240 50 iterative Schnepf et al. (2019)
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3 Inverse modelling

3.1 Global EM induction inverse problem

The primary goal of the inverse EM induction modelling on the global scale is to recover the

distribution of electric conductivity in the deep Earth interior from observations of the mag-

netic (and to a limited extent also electric) fields at the surface, or in the space. Consequently,

the electric conductivity is then used to constrain the thermal, mineralogical, and chemical

state of the Earth, jointly with other geophysical methods. The formulation of the inverse

problem has several prerequisities (Tarantola, 2005). First, a parameter space (manifold) has

to be established. Avoiding the peculiarities of the functional inverse problem, we will further

consider a finite-dimensional manifold M, which contains all admissible conductivity mod-

els under a selected discretization. Second, the information on measurements of observable

variables and their errors has to be provided on the finite-dimensional manifold D. Third, a

forward problem relating the model parameters with the data has to be defined. A probabilistic

description of these independent pieces of information then allows us to find a solution of the

inverse problem by conjunction of the individual probabilities. This general approach is asso-

ciated with the problem of sampling of probability density functions and is applicable when

the dimension of the model manifold is small, and the solution of the forward problem can be

obtained quickly. Both these conditions are satisfied for the global EM induction modelling

with a 1-D spherically symmetric electric conductivity. In the case of more complex models,

the deterministic approach is employed. It is based on a minimization of a misfit functional

on M that measures the distance of data prediction from their observed values and combines

them with additional regularization constraints on the model parameters. Effective calcula-

tions of the gradient of the misfit in the model space are provided by means of the adjoint
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problem solution. The individual building blocks of our inversion scheme are described in the

following section.

3.2 Model parameters

Since the electric conductivity and resistivity are complementary positive-valued parameters

— Jeffreys’ parameters in the terminology introduced by Tarantola (2005) — a natural choice

is to discretize the (decimal) logarithm

log
σprq

σ0
“ ´ log

ρprq

ρ0
, (3.1)

where σ0 “ 1{ρ0 are arbitrary background electric conductivity and resistivity values used

here to preserve correct dimensionality. The time variations of electric conductivity are ne-

glected here, as they are relevant only as seasonal changes in the oceans, and constrained by

direct observations (Tyler et al., 2017).

In the case of 1-D conductivity models, a natural choice is to assign constant conductivities

to individual layers. Recalling the definition of the piecewise constant functions ξkprq from

equation (2.76), we can write

log
σprq

σ0
“

kmax
ÿ

k“1

mkξkprq, (3.2)

and arrange the parameters mk into the vector

m “ pmkq
kmax

k“1 . (3.3)

The radial discretization of the inverse problem does not have to coincide with the discretiza-

tion of the forward problem, and our codebase indeed admits a single parameter mk to span the

conductivity across multiple layers of the forward solver. However, for the sake of simplicity,

it will not be explicitly considered here.

When lateral conductivity variations are present, several choices are possible. One way,

as used in Velímský (2013), among others, is to expand the conductivity logarithm into the

spherical harmonic basis in each layer,

log
σprq

σ0
“

kmax
ÿ

k“1

jσmax
ÿ

j“0

j
ÿ

m“´j

mjm,kYjmpΩqξkprq. (3.4)
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The lateral resolution of the conductivity model is then governed by the truncation degree jσmax

which should be chosen well below the truncation of the forward solver jmax. The coefficients

mjm,k are then included into the model vector m with dimension M “ dimM, in analogy

with the assembly of vector x in equation (2.80).

A grid parameterization of conductivity is also possible, and it has been used by Maksimov

and Velímský (2017) to demonstrate the calculation of scattered fields. In this case, piecewise-

constant basis functions are used for lateral dimensions,

log
σprq

σ0
“

kmax
ÿ

k“1

Nϑ
ÿ

l“1

Nφ
ÿ

m“1

mlm,kξlpϑqξmpφqξkprq, (3.5)

with corresponding discretizations of colatitude and longitude intervals. Equations (3.2), (3.4),

and (3.5) can be summarized as

σ “ σpr;mq, (3.6)

ρ “ ρpr;mq. (3.7)

The space of admissible conductivity models can be constrained by providing additional a-

priori information independent of electromagnetic field measurements. Several regularization

functionals are implemented in our codebase, constraining the L2 norm of the first or second

spatial derivatives in the logarithmic space,

R2
pmq “

1

V

ż

G

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ˇ

ˇ

ˇ
grad

´

log σpr;mq

σ0

¯ˇ

ˇ

ˇ

2

ˇ

ˇ

ˇ
∆

´

log σpr;mq

σ0

¯ˇ

ˇ

ˇ

2

ˇ

ˇ

ˇ
grad Ω

´

log σpr;mq

σ0

¯ˇ

ˇ

ˇ

2

ˇ

ˇ

ˇ
∆Ω

´

log σpr;mq

σ0

¯
ˇ

ˇ

ˇ

2

,

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

-

dV. (3.8)

In some cases, e.g. when an a-priori 1-D model is well constrained, it can be useful to constrain

only the lateral conductivity variations using the angular parts of the gradient or Laplacian

operators. Note that the derivatives DmR
2pmq in the model space, where

Dmp‚q “

ˆ

B

Bm1

,
B

Bm1

, . . . ,
B

BmM

˙T

p‚q , (3.9)

is the M -dimensional gradient operator, can be obtained analytically.
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3.3 External and internal sources

The energy driving the EMI process in the Earth’s interior can be provided both by external

and internal sources, described respectively by the coefficients Gpeq

jmptq and Epimp,λ,kq

jm ptq in the

spherical harmonic representation. Although the EMI problem is linear with respect to the

source terms, they can be eliminated from the equations only in the simplest case (external

loading by a dipole in frequency domain). This is in contrast with the magnetotelluric prob-

lem, where local responses are usually used with the assumption of planar source. In the

global inverse problem formulation we are thus left with three choices.

First, we can carry out a multivariate analysis of data to obtain the global or local/global

response functions, and use multiple runs for individual spatio-temporal modes in the forward

modelling (Püthe and Kuvshinov, 2014; Püthe et al., 2015).

The second option is to provide the source terms by an initial data analysis or from other

sources, and use them in the forward and inverse modelling as fixed, error-free parameters.

This approach is usually taken for the internal excitation in the oceans, where we rely on the

accuracy of the ocean flows obtained by data-assimilative methods, and the main magnetic

field models (cf. Grayver et al., 2016, 2017; Velímský et al., 2018). However, it can be also

applied to the external sources, as is the case of the original Swarm Level 2 time-domain

processing chain with the 3-D inversion (Velímský, 2013) following an external/internal field

separation (Sabaka et al., 2013).

Finally, the description of the source terms can be incorporated into the model space M.

The choice of source model parameters and their relation to the source coefficients Gpeq

jmpt;mq

can be arbitrary. As sketched in Velímský (2013) and later implemented into our codebase,

the simplest implementation is offered by a 1:1 approach: all external field coefficient at all

time levels are ordered and included in m. Obviously, the increase of the model space dimen-

sion M is enormous and must be compensated in the data. Additional a-priori information

can be used to reduce the dimensionality. For example, assuming the external field as a re-

sult of multiple circular current loops (Sun et al., 2015), only few parameters defining the

position and orientation of such loops, and their respective current amplitudes are needed.

Ideally, the Gpeq

jmpt;mq mapping should be accompanied by fast calculations of the derivatives
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DmG
peq

jmpt;mq.

3.4 Data and misfit

So far, our formulation of the inverse problem is limited to the observations of magnetic field

at the Earth’s surface or in the space. Extension to other observable parameters, such as sub-

marine cable voltages, is possible, but will require substantial modifications of the definition

of the misfit function and the formulation of the adjoint problem. There are several ways to

define the misfit functional. Let us assume a finite number D of vector measurements of the

magnetic field Bobs
pri, tiq at positions ri and times ti, arranged into a vector dobs. Then we

can define the data misfit as

χ2
pmq “

1

2

`

d ´ dobs
˘T

¨ C´1
D ¨

`

d ´ dobs
˘

“
1

2

D
ÿ

i“1

D
ÿ

j“1

“

Bpri, ti;mq ´ Bobs
pri, tiq

‰

¨ wD,ij ¨
“

Bprj, tj;mq ´ Bobs
prj, tjq

‰

“
1

2

ż

R3

ż

R3

t1
ż

t0

t1
ż

t0

“

Bpr, t;mq ´ Bobs
pr, tq

‰

¨ WDpr, r1; t, t1q¨

“

Bpr1, t1;mq ´ Bobs
pr1, t1q

‰

dV dV 1dtdt1, (3.10)

where CD is the data covariance matrix, wD,ij are the individual 3 ˆ 3 blocks of its inverse,

and

WDpr, r1; t, t1q “

D
ÿ

i“1

D
ÿ

j“1

wD,ijδpr ´ riqδpr
1
´ rjqδpt ´ tiqδpt ´ tjq, (3.11)

allows the transition from the discrete observations to the formalism of continuous variables.

The misfit definition introduced above assumes that the uncertainty information contained

in the covariance matrix is related to point observations. If such information is instead avail-

able in the spherical harmonic domain, following a previous spherical harmonic analysis, one
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could define the misfit as

χ2
pmq “

jmax
ÿ

j“1

j
ÿ

m“´j

jmax
ÿ

j1“1

j1
ÿ

m1“´j1

a

p2j ` 1q p2j1 ` 1q

8πpt1 ´ t0q

t1
ż

t0

¨

˝

?
j

”

G
peq

jmpm, tq ´ G
pe,obsq
jm ptq

ı

?
j ` 1

”

G
piq
jmpm, tq ´ G

pi,obsq
jm ptq

ı

˛

‚

T

¨

C´1
jmj1m1ptq ¨

¨

˝

?
j1

”

G
peq

j1m1pm, tq ´ G
pe,obsq
j1m1 ptq

ı

?
j1 ` 1

”

G
piq
j1m1pm, tq ´ G

pi,obsq
j1m1 ptq

ı

˛

‚dt, (3.12)

where Cjmj1m1ptq are the 2ˆ2 blocks of the covariance matrix relating the external and internal

field coefficients for each degree and order at the same time level. This approach was used in

Velímský (2013) for the special case of diagonal covariance matrix. If the covariance matrices

CD and C´1
jmj1m1ptq are both identity matrices scaled by the same constant variance, and all

observations are taken at r “ a, the definitions (3.10) and (3.12) are equivalent.

The evaluation of the misfit gradient is based on the adjoint approach with detailed de-

scription presented in Maksimov and Velímský (2017). The derivations presented there are

limited to the misfit definition (3.12) for the spherical harmonic basis with a diagonal covari-

ance matrix and fixed, error-free source, Gpeq

jmptq “ G
pe,obsq
jm ptq. Here, we introduce a more

general formula with a full covariance matrix. Having obtained the complete solution of the

forward problem for a given vector of model parameters m, we first calculate the adjoint

source coefficients in the adjoint time t̂ “ t1 ´ t as

Ĝ
peq

j1m1pt̂q “ ´

jmax
ÿ

j“1

j
ÿ

m“´j

?
2j ` 1

?
2j1 ` 1

1

t1 ´ t0

t1
ż

maxpt0,t1´t̂q

¨

˝

?
j

”

G
peq

jmpm, τq ´ G
pe,obsq
jm pτq

ı

?
j ` 1

”

G
piq
jmpm, τq ´ G

pi,obsq
jm pτq

ı

˛

‚

T

¨

C´1
jmj1m1ptq ¨

¨

˝

0
?
j1 ` 1

˛

‚dτ. (3.13)

The adjoint source is then used to drive the solution B̂pr; tq of the adjoint problem. It is iden-

tical to the forward problem with the external boundary condition (2.66) with time t replaced
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by the adjoint time t̂. The gradient misfit is then calculated as

Dmχ
2
pmq “

1

4πa3µ0

ż

G

t1
ż

t0

Dmρpm; rq curl B̂ ¨ curlB dV dt

`
ÿ

jm

ÿ

j1m1

a

p2j ` 1q p2j1 ` 1q

4πpt1 ´ t0q

t1
ż

t0

¨

˝

?
j

”

G
peq

jmpm, tq ´ G
pe,obsq
jm ptq

ı

?
j ` 1

”

G
piq
jmpm, tq ´ G

pi,obsq
jm ptq

ı

˛

‚

T

¨

C´1
jmj1m1ptq ¨

¨

˝

?
j1DmG

peq

j1m1pm; tq

0

˛

‚dt. (3.14)

The first term in equation (3.14) depends on Dmρpm; rq, which are the derivatives of the elec-

tric resistivity with respect to the model vector m. Therefore, it conveys the relative sensitivity

of the misfit to the changes of the model parameters defining the resistivity. The second term

in equation (3.14) includes the explicit derivations of the external field with respect to the

model parameters, DmG
peq

jmpm; tq.

For the sake of completeness, the gradient formulas corresponding to the misfit (3.10)

defined in the spatial domain are presented here. The adjoint source is obtained by integrating

the formula

BĜ
peq

jm

Bt̂
pt̂q “ ´

4π

2j ` 1

D
ÿ

i“1

D
ÿ

i1“1

“

Bpri, ti;mq ´ Bobs
pri, tiq

‰

¨ wD,ii1 ¨

”

pj ` 1qS
p´1q

jm pΩi1q ´ S
p`1q

jm pΩi1q

ı

ˆ

a

ri1

˙j`2

δpt ´ ti1q. (3.15)

Again, driving the forward problem by the adjoint source, B̂pr; tq is calculated, and we obtain

Dmχ
2
pmq “

1

4πa3µ0

ż

G

t1
ż

t0

Dmρpm; rq curl B̂ ¨ curlB dV dt

´
ÿ

jm

t1
ż

0

#

2j ` 1

4π

BĜ
piq
jm

Bt̂
´

D
ÿ

i“1

D
ÿ

i1“1

“

Bpri, ti;mq ´ Bobs
pri, tiq

‰

¨ wD,ii1 ¨

”

jS
p´1q

jm pΩi1q ` S
p`1q

jm pΩi1q

ı ´ri1

a

¯j´1

δpt ´ ti1q

*

DmG
peq

jmpti1qdt. (3.16)

Again, the first term corresponds to the sensitivity to the resistivity variations, while the sec-

ond term is related to the external field model. Similar derivations can be carried out in the

frequency domain with time integration and time derivative replaced by the summation over

discrete frequencies, and multiplication by ´iωµ0, respectively.
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3.5 Solution of the inverse problem

With the solution of the forward problem at hand, and the ability to obtain the respective

gradients of the data misfit and regularization functional, we proceed to a solution of the

regularized inverse problem:

For a given regularization parameter λ ą 0, find m̃pλq that minimizes the functional

F pm;λq “ χ2
pmq ` λR2

pmq (3.17)

on the manifold M. From a set of parameters λ, select λ̃ such that the parametric curve

rχ2 pm̃pλqq , R2 pm̃pλqqs has the maximum inflection in λ̃. The corresponding m̃pλ̃q is the

solution of the inverse problem.

The selection of optimal regularization parameter λ̃ is called the L-curve analysis (Hansen,

1992), and it is carried out visually in practice. A series of minimizations is run for decreasing

values of λ, using regular sampling in a logarithmic scale. The L-curve is plotted, a rough

position of the maximum inflection point is estimated, then λ is finely resampled in its vicinity,

and additional regularized models are obtained. A further refinement is possible, but seldom

needed. While the runs for individual values of λ are independent, and thus offer an additional

level of parallelization, the minimization process for each λ is accelerated by starting from the

last model obtained for a larger regularization value. A leapfrogging strategy represents a

good compromise, where multiple inversion chains with sequentially decreasing λ are run in

parallel, providing a sufficient sampling of the L-curve.

The individual minimization problems are solved by the standard limited-memory Broyden-

Fletcher-Goldfarb-Shanno (L-BFGS) algorithm (Liu and Nocedal, 1989). The approximation

of the inverse Hessian is built up during the iteration processes. However, the entire matrix

is not stored, but it is represented only by several vectors updated through recursive formulas

from the values of F pm;λq and DmF pm;λq. The latter is obtained with the help of the adjoint

field calculation described above.
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4 Conclusions

4.1 Selected applications

The methods of forward and inverse modelling of the EMI problem introduced in the previous

chapters, were used in several applications. A brief overview is presented here. Full-length

papers are appended at the end of this Thesis.

The paper by Velímský et al. (2006) describes a first attempt to apply the time-domain

inversion to low-orbit satellite data. A selection of 11 storm events observed by the CHAMP

satellite data was processed and inverted in terms of 1-D conductivity profile. The unregular-

ized inverse problem was solved by grid search on a space of three- or four-layered models.

The position of the upper/lower mantle interface was also recovered by the inversion in the

three-layer model. Using just short excerpts of data, the resolution of the inversion in the

lower mantle was poor. A reasonable upper bound of electric conductivity was obtained for

the upper mantle.

The next study based on the CHAMP satellite data (Velímský, 2010) has already used

the regularized 1-D inversion by the L-BFGS method with adjoint misfit calculations. A grid

search method was used to study the data sensitivity in the vicinity of the optimal model.

Seven years of data were used to constrain the conductivity of the lowermost parts of the

Earth’s mantle, and a small increase of conductivity in the D” layer was observed.

Velímský and Finlay (2011) applied the time-domain EMI modelling to study the separa-

tion of external and internal field at annual and longer time scales. The presence of a highly

conductive metallic core can introduce a significant shift in the induced field and should be

taken into account when processing the storm indices, such as the Dst index.

Velímský et al. (2012) returned to the problem of the D” conductivity. Using 3-D for-
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ward modelling based on conductivity models assembled from different structures provided

by mantle convection modelling, we have demonstrated that the interconnection of a highly

conductive material in D” in the equatorial direction is a necessary prerequisite to detect it

by 1-D inversion driven by the ring current. Even large volumes of the conductor can remain

invisible if they are separated by more insulating material.

The methodological description of the 3-D time-domain inversion chain, developed as

a component of the Swarm Level 2 facility (Olsen et al., 2013) is presented by Velímský

(2013). The method is successfully tested on a closed-loop simulation involving assembly

of synthetic signals of various origins (core, ionosphere, magnetosphere, and induced) along

Swarm satellite tracks, subsequent extraction of the magnetospheric inducing and induced

fields, and 3-D inversion to recover the shape and conductivity of a large-scale heterogeneity

in the mid-mantle.

The paper by Maksimov and Velímský (2017) provides the details of the mathematical

formulation of the adjoint problem. It demonstrates its application to calculate the misfit

gradient. Moreover, scattered forward and adjoint solutions are introduced to produce the

matrix of second misfit derivatives — the Hessian in the space of model parameters.

The process of electromagnetic induction by ocean tides is studied in Velímský et al.

(2018). The frequency-domain spherical harmonic formulation is used here in comparison

with a solver based on the contracting integral equation approach. We demonstrate that the

galvanic coupling between the ocean and the upper mantle, related to the toroidal magnetic

field in the oceans, must be taken into account in order to accurately predict the signatures of

M2 tidal flow at satellite altitude.

The study by Velímský et al. (2019) is dedicated to the electromagnetic induction signa-

tures of large-scale ocean flows driven by thermal and mechanical interactions with the Earth’s

atmosphere. We predict a large toroidal magnetic field generated by the Antarctic Circumpolar

Current and study how it can influence the observable poloidal field.
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4.2 Ongoing research and future outlook

The interpretation of Swarm satellite data in terms of mantle 3-D electric conductivity has

been for a long time stalled by the problem of external/internal field separation in the process

called Comprehensive modelling (Sabaka et al., 2013). Only the very recent models of external

and internal field coefficients, obtained with careful selection of data especially in the polar

areas, start to provide meaningful results.

Figure 4.1 shows the preliminary results of a 3-D inversion of the latest processing (ver-

sion 0501) of the Swarm-derived time series of external and internal spherical harmonic coef-

ficients, compared to two previous studies based on the inversion of ground observatory data

(Semenov and Kuvshinov, 2012; Sun et al., 2015). The resolution of our model is limited by

spherical harmonic expansion to degree 3 (in the log-space) in each layer. Some features of

the conductivity models are consistent across the different approaches. For now, it is a matter

400 km - 500 km

-3 -2 -1 0 1

600 km - 700 km

-3 -2 -1 0 1

800 km - 900 km

-3 -2 -1 0 1

1000 km - 1100 km

-3 -2 -1 0 1

1300 km - 1400 km

-3 -2 -1 0 1

Figure 4.1: Top row: Selected cross-sections of a 3-D mantle conductivity obtained by Swarm

satellite data inversion (Velímský & Knopp, unpublished). Middle row: Results of inversion

of ground observatory data by Semenov and Kuvshinov (2012). Bottom row: Results of

inversion of ground observatory data by Sun et al. (2015). Note that color scales differ between

individual models.

47



of speculation, whether the resistive areas in the upper mantle coinciding with the ring of fire

surrounding the Pacific Ocean are blurred signatures of the subducted plates.

Current efforts are concentrated on the co-estimation of the external field model together

with the conductivity distribution, as suggested in Chapter 3. In particular, we aim to reduce

the number of model parameters using the external field model consisting of multiple circular

current loops.

Figure 4.2: Comparison of observed and predicted voltages at submarine cable HAW3

(Makaha, Hawaii to San Luis Obispo, California). Modified from Schnepf et al. (2019).

Another recent application is the comparison of high-resolution predictions of the electric

field generated by seasonal variations of ocean flows with measurements of electric voltages

on submarine cables in the Pacific Ocean (Schnepf et al., 2019). Figure 4.2 shows one example

of such a comparison. The submarine cable voltages observed during magnetic quite times

were smoothed by cubic splines with 90 days knot separation. The high-resolution predictions

of electric field at the seabottom were obtained by time-domain forward modelling of the EMI

equation with seasonally variable conductivity (Tyler et al., 2017), and driven by the ocean

flow model ECCO V4R3 (Forget et al., 2015). The electric field was then integrated along
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the cable to provide the voltage difference between the endpoints. Although driven by the

relatively weak East Pacific Gyre, there is significant correlation between the predicted signal

and observed voltages. It remains an open question, whether such observations could be used

for seasonal monitoring of large ocean currents, such as the Antarctic Circumpolar Current.
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satellite measurements—I. Data processing and 1-D inversion
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S U M M A R Y
A novel time-domain approach to the global electromagnetic induction problem is applied to
vector magnetometer data observed by the CHAMP satellite. Data recorded during 11 storm
events in 2001–2003 are processed track by track, yielding time-series of spherical harmonic
coefficients. The data are then interpreted in terms of 1-D layered electrical conductivity
models. The inversion is performed by full search of model parametric space which yields
sensitivity of misfit with respect to conductivities of layers and positions of interfaces. In the
upper 50 km the inversion solidly recovers a conductive layer corresponding to averaged sur-
face conductance. The conductivity of the lower mantle is established at 6 S m−1 assuming
the upper–lower mantle interface is fixed at the seismic-based 670 km boundary. However,
the satellite data favour the models with a large jump around 1000 km to unrealistic conduc-
tivity values exceeding 103 S m−1. The resolution of the method in the resistive upper mantle
sandwiched between conductive crust and lower mantle is poor. Nevertheless, an upper bound
of 0.01 S m−1 is suggested by the data. A conductivity increase in the transition zone is not
observed.

Key words: electrical conductivity, electromagnetic induction, satellite observations.

1 I N T RO D U C T I O N

Studies of electrical conductivity of the crust and mantle by the elec-

tromagnetic (EM) induction method represent an important contri-

bution to our knowledge of processes in the Earth’s interior. Global

and regional studies are traditionally based on long-term periodic

variations observed at geomagnetic stations on the Earth’s surface.

The addition of geomagnetic field measurements from low-orbit

satellites, such as MAGSAT, Ørsted, and CHAMP has provided a

large improvement in terms of spatial coverage and motivated new

research in this area. Olsen (1999) and, more recently, Constable &

Constable (2004) inverted MAGSAT vector measurements in terms

of 1-D conductivity. In the latter paper, a surface layer with con-

ductance corresponding to global ocean was recovered. An upper

conductivity bound of 0.01 S m−1 was suggested for the upper man-

tle. An increase of conductivity was not observed in the transition

zone but occurs deeper, in the upper parts of the lower mantle, with

a jump to 200 S m−1 at the depth of 1300 km.

Complicated spatiotemporal characteristics of satellite data

favour the application of time-domain techniques for the global

EM induction problem. Recently, this approach has been taken by

Martinec et al. (2003) and Martinec & McCreadie (2004) in the case

of earth with axially symmetric 2-D conductivity distribution, and

by Hamano (2002), Velı́mský & Martinec (2005), and Kuvshinov

et al. (2006) in the case of 3-D heterogeneous earth. Kuvshinov

et al. (2006) applied an integral equation method to solve Maxwell’s

equations in the frequency domain and then obtained time-domain

solutions by means of an inverse Fourier transform. Methods ap-

plied in the other papers are based on various integration schemes

employed directly in the time domain.

Velı́mský et al. (2003) used the time-domain approach to esti-

mate the response at satellite altitudes of a realistic heterogeneous

mantle to storm-time excitation. They predicted anomalies of a few

units of nT when compared to those induced by global 1-D models.

Kuvshinov et al. (2006) studied the feasibility of 3-D inversion for

the planned multisatellite SWARM mission. They concluded that a

future three-satellite configuration will provide spatiotemporal cov-

erage sufficient to detect large-scale conductivity anomalies deeply

embedded in the mantle.

Here we present the first results of inversion of CHAMP vec-

tor magnetic data based on a time-domain forward method. The

paper is organized as follows. In Section 2 we recall the time-

domain method proposed by Martinec & McCreadie (2004) and

discuss the assumptions for implementing this method. In Section 3

we give a detailed description of processing CHAMP magnetic

vector data and apply the two-step, track-by-track spherical har-

monic analysis. Inversion of CHAMP data in terms of 1-D con-

ductivity models is presented in Section 4. Inversion in terms of

a more complex, 2.5-D conductivity model (a 3-D model con-

sisting of multiple 2-D segments with inverse problem solved
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separately for each segment) is ongoing and will be reported in

a future paper.

2 T I M E - D O M A I N A X I S Y M M E T R I C

E M I N D U C T I O N

The formulation of the EM induction problem appropriate for using

low-orbit satellite observations is based on further development of

the time-domain method first introduced by Martinec et al. (2003).

It is a fast solver of the EM induction equation in a sphere with

a 1-D layered or 2-D axially symmetric conductivity distribution

excited by transient magnetospheric currents. Recently, the method

has been modified by Martinec & McCreadie (2004). In particu-

lar, an insulating layer representing the atmosphere was included

in the computational domain and a Dirichlet boundary condition

was imposed on the horizontal component of the magnetic induc-

tion vector at satellite altitude. This reformulation is well suited for

satellite data since one avoids the tricky problem of separation of

the primary external and secondary induced internal fields. In this

work, we improve the numerical implementation of the Martinec

& McCreadie (2004) method. Sparsity of the linear algebraic sys-

tem is fully exploited in the matrix assembly phase. The Gaussian

elimination that was used originally is now replaced by LU factor-

ization using the combined multifrontal/unifrontal method provided

by the UMFPACK library (Davis & Duff 1999). The speed of the

forward solver is increased approximately tenfold. A time integra-

tion over 2987 CHAMP tracks with 1 hr time step, 108 radial layers,

and spherical harmonic truncation degree 8 takes less than 5 s on a

2 GHz Pentium 4 PC.

The forward method is based on a decomposition of the toroidal

vector magnetic potential into spherical harmonic functions. The

outer boundary condition is prescribed by the time-series of the

spherical harmonic coefficients {Xi
j = X j(ti)} of the horizontal

northward component X of the total field (sum of primary and

induced),

X (b, ϑ ; ti ) =
∞∑
j=1

Xi
j

∂Y j (ϑ)

∂ϑ
, (1)

where b is the radius of the outer boundary of the insulating layer,

Table 1. Geomagnetic storms from years 2001–2003 and CHAMP tracks used in this study.

Storm Days CHAMP night-side tracks

From To Total Firsta Lasta Total Missingb Dir. Rev.a

1 2001/09/21 2001/10/07 17 6669 6931 263 0 Asc. 7

2 2001/10/11 2001/10/27 17 6978 7240 262 1 Asc. 7

3 2001/11/17 2001/11/29 13 7550 7751 197 5 Desc. 6

4 2002/04/07 2002/04/26 20 9738 10 047 306 4 Asc. 7

5 2002/08/24 2002/09/12 20 11 897 12 207 311 0 Desc. 5

6 2002/09/22 2002/10/12 21 12 348 12 673 324 2 Desc. 4c

7 2003/05/18 2003/06/01 15 16 048 16 280 233 0 Desc. 3

8 2003/06/07 2003/06/21 15 16 359 16 591 233 2 Desc. 3

9 2003/07/01 2003/07/24 24 16 732 17 105 374 1 Desc. 3d

10 2003/10/19 2003/11/03 16 18 445 18 694 250 12 Asc. 3

11 2003/11/11 2003/11/25 15 18 804 19 037 234 6 Asc. 5

Total 193 2 987 33

Qe 2003/10/06 2003/10/12 7 18 244 18 352 109 8 Asc. 3

aTrack (orbit) numbers and data revision versions as provided by CHAMP Information System and Data Center (see text).
bTracks dropped from the analysis because of large gaps in measurements or no data.
cFor days between 2002/09/22 and 2002/09/26 revision 5 was used.
dFor days between 2003/07/01 and 2003/07/18 revision 1 was used.
eAdditional ‘event’ consisting of seven quiet days and processed in the same way as the geomagnetic storms.

that is, the average radial distance of the satellite over the duration

of the storm, j is the spherical harmonic degree,

Y j (ϑ) = Pj (cos ϑ) (2)

are zonal spherical harmonics, and Pj are fully normalized Legendre

polynomials. The vertical component Z is predicted by the forward

routine for a given conductivity model and compared with satellite

observations. In terms of spherical harmonic coefficients,

Z (b, ϑ ; ti ) =
∞∑
j=1

Zi
j Y j (ϑ). (3)

In this paper we assume that:

(i) electrical conductivity varies only radially;

(ii) ring-current excitation has an axially symmetric geometry;

(iii) satellite flies on a nearly polar orbit;

(iv) satellite moves sufficiently fast compared to the time varia-

tions of the ring current.

The first two assumptions are traditionally used in ground-station-

based (e.g. Olsen 1998) and satellite-based (Constable & Constable

2004) studies. Although the key point of satellite induction research

is to study lateral conductivity heterogeneities in the Earth and al-

though the second assumption has been challenged recently (Balasis

et al. 2004; Olsen & Kuvshinov 2004), (i) and (ii) are still useful

when implementing a new, time-domain technique. Assumption (ii)

also rules out the use of this technique for EM induction powered by

daily variations of ionospheric currents due to their day-side night-

side dichotomy. Moreover, since the satellite measurements take

place above the ionosphere it is not possible to distinguish primary

ionospheric currents and their induced counterparts from satellite

data only.

Assumptions (iii) and (iv) allow us to separate in a simple way

the spatial and time changes of the geomagnetic field observed by

a single satellite. Each night-side satellite track is considered to

sample a snapshot of the axisymmetric magnetic field at time ti,

that is, when the satellite crosses the equator. A spherical harmonic

analysis of each track is then performed separately. The original

intent of this study was to use vector magnetic data recorded by
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Figure 1. CHAMP satellite data from track 18 968 (arrow on global map

insert), which samples the relaxation phase of storm 11 above the Pacific

Ocean. Left plates: The original CHAMP data plotted along geographic co-

latitude ϑ g . X g , Y g and Z components point, respectively, to the geographic

north, east and downwards. Right plates: Solid lines denote the CHAMP

(X , Z) data after removal of the comprehensive model, rotation into dipole

coordinates and removal of a constant shift from the Z component. Dashed

lines show the results of the two-step spherical harmonic analysis, including

the extrapolation in the polar areas. For this particular track we use data from

the colatitude interval (40◦, 140◦), as marked by dotted lines.

both CHAMP and Ørsted satellites. However, Ørsted’s inclination

of 96.1◦ deviates considerably from the polar orbit. Forward EM

induction modelling tests comparing the presented 2-D approach

with full 3-D time-domain simulations (Velı́mský & Martinec 2005)

showed that Ørsted’s orbit is not suitable for the simplified 2-D

axisymmetric approach based on assumption (iii). Therefore, we

limit our efforts to processing data provided by CHAMP.

3 C H A M P DATA A N A LY S I S

3.1 Selection and processing of vector data

The data analysed in this study were recorded by the vector flux

gate magnetometer on board CHAMP. The satellite was launched

on July 15, 2000 into a near polar orbit (inclination 87.3◦) with ini-

tial altitude 454 km. Since the electromotive force acting on charged

particles in the mantle is proportional to ∂B/∂t we concentrate on

storm-time data. Rapid increase of magnetospheric ring current in

the initial phase of the storm followed by approximately exponen-

tial decay (Everett & Martinec 2003) results in strong electrical

currents induced deep in the Earth’s mantle which are sensitive to

conductivity distribution.

Since the right ascension of the satellite moves slowly with re-

spect to the Sun, the satellite’s local time is different for different

storms. In order to minimize the effect of strong day-side iono-

spheric currents we use only night-side data recorded by the satel-

lite between 19:00 and 7:00 local solar time. From all records

spanning more than 4 yr we have selected 11 events, each of 13–

24 days in duration. Judging from the Dst index, these events cover

the time intervals when the geomagnetic field was significantly dis-

turbed by geomagnetic storms and CHAMP records from suitable

local times were available. The night-side tracks are either ascending

or descending, but not both during any given storm. An overview

of the storms and corresponding CHAMP data is summarized in

Table 1. Additionally, we have selected an interval of seven quiet
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Figure 2. Time-series of spherical harmonic coefficients Xi
j and Zi

j of hor-

izontal and vertical components obtained by the track-by-track analysis of

CHAMP data for 11 selected storms and the quiet interval Q. Only co-

efficients for degrees 1, 2, and 3 are shown with solid, dashed, and dot-

ted lines, respectively. Time on the horizontal axis is measured from mid-

night (GMT) of the first day of each series (see Table 1). The Dst index is

shown by solid lines in the bottom plots for each storm. The grey shadowing

shows the colatitude interval used in the spherical harmonic analysis for each

track.

days (|Dst| < 35 nT) from October 2003 to act as a control for the

study.

We use various revision versions of data provided by the CHAMP
Information System and Data Center.1 Differences in the results of

the spherical harmonic analysis applied to different data revisions

for the same storm are negligible. Nevertheless, with the excep-

tion of storms 6 and 9, we always use the latest available revision

consistently for the whole event.

In the first stage of data processing we filter out incomplete tracks

with data gaps larger than 2◦ in colatitude. In the next step we use the

comprehensive model of the Earth’s magnetic field (Sabaka et al.
2002, 2004) to isolate signals corresponding to induction by storm-

time magnetospheric currents. Using the version CM3e-K 3 (also

denoted as CM4) of the comprehensive model we remove from the

CHAMP magnetic data:

(i) main and crustal fields and secular variation up to degree 65;

1 http://isdc.gfz-potsdam.de/champ/
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Figure 2. (Continued.)

(ii) field of ionospheric currents and corresponding induced

currents;

(iii) model of toroidal field.

Note that the contribution of ionospheric currents (ii) is much

smaller on the night side than on the day side. The toroidal field (iii)

corresponds to radial electric currents connecting the ionosphere

with magnetosphere. In the comprehensive model it is modelled

using in situ vector observation by the Ørsted satellite.

Horizontal magnetic components (X , Y ) are then rotated from ge-

ographic coordinates to dipole coordinates, assuming that the dipole

axis intersects the Earth’s surface at (78.8◦N, 70.7◦W). Since we as-

sume axisymmetric geometry of external currents and only depth-

dependent conductivity, the component in the direction of dipolar

longitude is not considered further and henceforward we use X and

Z to describe, respectively, the northward and downward magnetic

components in dipolar coordinates. Finally, we shift the Z compo-

nent at each track by a constant so that Z = 0 at the dipolar equator.

The constant shift corresponds to zero degree spherical harmonic

which cannot be predicted by forward modelling from the horizontal

component. Fig. 1 shows an example of original and processed data

from CHAMP track No. 18 968.

3.2 Spherical harmonic analysis

The two-step track-by-track spherical harmonic analysis proposed

by Martinec & McCreadie (2004) is applied to both the CHAMP

vertical and horizontal components. This method allows us to ignore

measurements from the polar regions which are contaminated by

signals from field aligned currents and polar electrojets. Instead,

the field in these regions is extrapolated from the field at low and

mid-latitudes in accordance with the assumption that global EM

induction is driven by the equatorial ring current.

Let us assume that uncontaminated data for the ith track span the

colatitude interval (ϑ i
1, ϑ i

2). Using the linear transformation

ϑ ′(ϑ) = ϑ − ϑ i
1

ϑ i
2 − ϑ i

1

180◦, (4)
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Figure 2. (Continued.)

which maps the interval (ϑ i
1, ϑ i

2) onto the half-circle (0, 180◦), we

can expand both the horizontal and vertical component into spherical

harmonic series,

Xi (ϑ ′) =
N ′∑
j=0

X ′
j
i Y j (ϑ

′), (5)

Zi (ϑ ′) =
N ′∑
j=0

Z ′
j
i Y j (ϑ

′). (6)

The series are truncated at N ′ = 25 a sufficiently large degree

to fit small-scale features in the data. The coefficients of the ex-

pansion are determined using a least-squares method. In addition,

we implement a simple method to remove outliers. If any data

point differs from the least-squares fit by more than 10 nT it is

dropped and the least-squares fit is repeated until no outliers are

indicated.

In the second step of the analysis, we find the coefficients Xi
j and Zi

j

by solving the equations

2 π2

180◦

Ni
X∑

j=1

Xi
j

180◦∫
ϑ ′=0◦

∂Y j (ϑ)

∂ϑ

∣∣∣∣
ϑ(ϑ ′)

Yk(ϑ ′) sin ϑ ′ dϑ ′ = X ′
k

i
, (7)

2 π 2

180◦

Ni
Z∑

j=1

Zi
j

180◦∫
ϑ ′=0◦

Y j

(
ϑ(ϑ ′)

)
Yk(ϑ ′) sin ϑ ′ dϑ ′ = Z ′

k
i
, (8)

for k = 0, 1, . . . , N ′. By ϑ = ϑ(ϑ ′) we denote inverse mapping to

(4). The choice Ni
X , Ni

Z < N ′ implies that both systems of linear

eqs (7) and (8) are overdetermined and are solved by a least-squares

method. Respective substitutions of coefficients Xi
j and Zi

j into eqs (1)

and (3) yield smooth approximations of X and Z components inside

the colatitude interval (ϑ i
1, ϑ i

2) as well as undisturbed extrapolations

into the polar areas (0◦, ϑ i
1) ∪ (ϑ i

2, 180◦).

The crucial points in the method are (i) the selection of the trun-

cation degrees Ni
X , Ni

Z and (ii) the determination of the interval (ϑ i
1,
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534 J. Velı́mský, Z. Martinec and M. E. Everett

0

60

120

180

ϑ 1
, 

ϑ 2
 (

°)−100

0

D
s
t 
(n

T
)

0 50 100 150 200 250 300 350

t (h)

0

100

200

Z
j (

n
T

)

j = 1
j = 2
j = 3

0

200

400

X
j (

n
T

)

05/18 05/20 05/22 05/24 05/26 05/28 05/30 06/01

j = 1
j = 2
j = 3

Storm 07

0

60

120

180

ϑ 1
, 

ϑ 2
 (

°)−100

0

D
s
t 
(n

T
)

0 50 100 150 200 250 300 350

t (h)

0

100

Z
j (

n
T

)

j = 1
j = 2
j = 3

0

200

400

X
j (

n
T

)

06/07 06/09 06/11 06/13 06/15 06/17 06/19 06/21

j = 1
j = 2
j = 3

Storm 08

Figure 2. (Continued.)

ϑ i
2) where data are free of the polar disturbances. These parameters

are found for each track individually by the following scheme. We

start with a broad colatitude interval (ϑ i
1, ϑ i

2) = (20◦, 160◦). The

truncation degree Ni
X is initially set to 2 and then increased gradu-

ally as long as the following conditions are satisfied: (i) the degree

power spectrum is monotonically decreasing with increasing degree

j:

j ( j + 1)
(
Xi

j

)2 ≤ ( j + 1) ( j + 2)
(
Xi

j+1

)2
, (9)

for all j = 1, . . . , Ni
X −1, and (ii) the harmonic extrapolation of

X i(ϑ) is, respectively, decreasing and increasing at the southern and

northern pole, that is,

Ni
X∑

j=1

Xi
j

∂2Y j

∂ϑ2

∣∣∣∣
ϑ=0◦

≤ 0, (10)

Ni
X∑

j=1

Xi
j

∂2Y j

∂ϑ2

∣∣∣∣
ϑ=180◦

≥ 0. (11)

The first condition is based on the assumption that the power of

the magnetic field from the external ring currents is concentrated in

low-degree terms, especially in the j = 1 term and the leaking of

EM energy into higher degrees caused by the Earth’s conductivity

heterogeneities is small. The second condition excludes unrealistic

oscillatory behaviour of the X component in the polar regions caused

by a high-degree extrapolation. Once any of these conditions is

violated, we fall back to the previous Ni
X and stop the iteration.

In the next step we compare the least-square approximation of

X i(ϑ) with the satellite data for colatitudes close to the boundaries

of the interval (ϑ i
1, ϑ i

2). If any data point in (ϑ i
1, ϑ i

1 + 5◦) ∪ (ϑ i
2 −

5◦, ϑ i
2) differs from the least-square approximation by more than

10 nT, we assume that the contamination of mid-latitude magnetic

field by polar currents is considerably large. The colatitude interval

is narrowed by 5◦ on both ends and the analysis is repeated with new

values of ϑ i
1 and ϑ i

2. A suitable Ni
X has to be found again for the

modified interval. This process is stopped when there is good agree-

ment between the satellite data and the least-square approximation

at the boundaries of the interval, as described above, or when (ϑ i
1,

ϑ i
2) reaches (60◦, 120◦). Note that the colatitude interval is always

symmetric with respect to the equator.

The colatitude interval could be also selected manually. How-

ever, this quantitative algorithm allows automatic processing of large

number of tracks and was visually checked for randomly selected

tracks.

The harmonic analysis of the vertical component Zi(ϑ) is per-

formed using the same colatitude interval determined for the hori-

zontal component X i(ϑ). The truncation degree Ni
Z is chosen such

that: (i) the degree power spectrum decreases with increasing de-

gree, that is,(
Zi

j

)2 ≤ (
Zi

j+1

)2
, (12)

for all j = 1, . . . , Ni
Z −1, and (ii),

N i
Z ≤ N i

X . (13)

The procedure applied to all track data for storms 1–11 results

in the time-series of spherical harmonic coefficients Xi
j and Zi

j. The

coefficients from the missing tracks are filled in by cubic spline inter-

polation. The results are summarized in Fig. 2, where the first three

harmonic coefficients for both components are plotted as functions

of time after onset of magnetic storm. As expected, there is a high

correlation between the first-degree harmonics X i
1 and Zi

1 and the

Dst index. Moreover, the colatitude interval (ϑ i
1, ϑ i

2) for each track

used in the analysis is also shown. Note that during the peak activ-

ity of the storms, the interval narrows as polar current disturbances

extend equatorwards to mid-latitude regions. The actual truncation

degrees Ni
X and Ni

Z vary, respectively, between 1–7 and 1–4 with

mean values 2.60 and 2.02.

3.3 Spectral analysis

Although our method is based on the time-domain approach it is use-

ful to check the spectra of the Xi
j and Zi

j time-series. First two plates

in Fig. 3 show the power spectra estimates of first three spherical

harmonic coefficients of vertical and horizontal field corresponding

to Storm 1. Maximum entropy (ME) method (Press et al. 1992) is

used to evaluate the spectra. Since we use finite-length time-series

the spectra have infinite support. The power of first-degree coef-

ficients corresponding to frequency 1 cpd is about two orders of

magnitude smaller than the maximum in the low-frequency range

and only slowly decreases for higher frequencies. That yields a dif-

ference of about one order in the magnetic field amplitudes. In the

frequency domain analogy the waves at frequencies above 1 cpd

correspond to penetration depths in the upper mantle. Despite of
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Figure 2. (Continued.)

the removal of ionospheric field there is still considerable signal at

those periods from the magnetosphere.

The second remarkable point is the presence of peaks of the sec-

ond and third degree coefficients, respectively, at frequencies 1 and

2 cpd. In order to explain these it is useful to convert the time-series

of horizontal and vertical spherical harmonic coefficients Xi
j, Zi

j into

time-series of spherical harmonic components of external and inter-

nal field, G(e),i
j and G(i),i

j . Comparing eqs (1) and (3) with Gaussian

expansion of magnetic potential evaluated at radius b (Velı́mský &

Martinec 2005) yields,

Xi
j = −

[
G(e),i

j + G(i),i
j

]
, (14)

Zi
j = −

[
j G(e),i

j − ( j + 1) G(i),i
j

]
, (15)

which leads directly to evaluation of G(e),i
j and G(i),i

j . Their ME power

spectra estimates are shown in bottom plates of Fig. 3. One can see

that the spectra of external field coefficients G(e)
2 and G(e)

3 also peak

at respective frequencies of 1 and 2 cpd. Therefore, at least part

of this signal must originate in the magnetosphere. They might be

related to the fact the we attempt to express the magnetospheric field

in the dipolar coordinate system which rotates with the Earth while

the axial symmetry might be better expressed in coordinates related

to the position of Sun (Maus & Lühr 2005). However, influence of

some ionospheric contribution not removed by the Comprehensive

Model cannot be ruled out as suggested by the large value of G(i)
2 at

1 cpd.

4 1 - D I N V E R S I O N

4.1 Evaluation of misfit in vertical component

In this section we present results of the inversion of the spherical

harmonic time-series in terms of layered 1-D earth conductivity

models. Each conductivity model is appraised by the misfit of its

predicted Z response to the satellite observed vertical component.
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Figure 2. (Continued.)

Generally speaking, the spherical harmonic analysis of this com-

ponent is not necessary to perform since the differences between

observed and predicted Z data could be evaluated directly along

the satellite tracks. However, since the forward approach yields the

vertical component in terms of spherical harmonic coefficients, this

method would require to synthesize the field for each conductivity

model at each sampling point and along each track. This is avoided

by expressing the misfit directly in the spherical harmonic domain.

Moreover, the latter method reduces the effect of small-scale varia-

tions in the data which are beyond the resolution of our approach.

Therefore, we define the misfit as

χ2(σ; I ) = 1

NI

∑
i∈I

N i
Z∑

j=1

∣∣Zi
j − Zi

j (σ)
∣∣2

, (16)

where I is a particular selection of N I tracks and Zi
j(σ) stands for

spherical harmonic coefficients of the vertical component as pre-

dicted by forward modelling using conductivity model σ. Since we

use fully normalized spherical harmonic functions, no weighting of

the misfit functional with respect to spherical harmonic degree j is

introduced. The conductivity model σ is described by layer conduc-

tivities and depths of layer interfaces,

σ = {σ1, h1, σ2, h2, . . .} . (17)

0.01

0.1

1

10

100

1000

10000

100000

1E+06

|P
M

E
(G

j(i
) )

|2
 (

n
T

2
)

0 1 2 3 4 5 6 7 8

f (cpd)

j=1
j=2
j=3

0.01

0.1

1

10

100

1000

10000

100000

1E+06
|P

M
E
(G

j(e
) )

|2
 (

n
T

2
)

j=1
j=2
j=3

0.01

0.1

1

10

100

1000

10000

100000

1E+06

|P
M

E
(X

j)
|2

 (
n
T

2
)

j=1
j=2
j=3

0.01

0.1

1

10

100

1000

10000

100000

1E+06

|P
M

E
(Z

j)
|2

 (
n
T

2
)

0 1 2 3 4 5 6 7 8

j=1
j=2
j=3

Storm 01

Figure 3. Power spectra estimates of spherical harmonic coefficients of

vertical, horizontal, external and internal (top to bottom) field for Storm 1.

Degrees of 1, 2 and 3 are, respectively, plotted by solid, dashed, and dotted

lines.

The time integration of the forward modelling for each event is

started from zero initial condition. Therefore, tracks from the first

few days from each event are excluded from the misfit to avoid bias

by the switch-on effect. That leaves N I = 1587 tracks included in

the misfit evaluation (16). The exact time needed to minimize the

switch-on effect is determined individually for each storm based on

data availability and is at least 6 days. Sufficiency of such a choice

is easily checked by comparing forward solutions with different

starting times (see Fig. 4). More details about the influence of zero

initial condition on transient EM induction can be found in Velı́mský

& Martinec (2005).

The novel time-domain forward technique is fast enough that it is

tractable to explore the low-dimensional parametric space � = {σ}
by systematic search. This allows us not only to find the best conduc-

tivity model within the model-space discretization limits but also to

study the sensitivity of the misfit to variations in layer thicknesses

and conductivities. In all results presented here we sample the con-

ductivities on a log scale in 0.4 increments and interface depths in

increments of 50 km. We consider three different parametrizations

of model space �.
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Figure 4. Influence of the initial value on forward modelling. Coefficients

Z1 computed for Storm 1 and three-layer conductivity model from Fig. 7

starting from zero initial value t = 0 (dashed), 24 (dotted) and 192 hr (solid

line). Note that while the first two lines coincide, the results corresponding

to the latest starting time differ during the actual storm.

4.2 Inversions in terms of layered models

First we interpret the satellite data in terms of a four-layer model.

By placing interfaces at fixed depths of 50, 440 and 670 km, the

model consists of crust, upper mantle, transition zone, and lower

mantle. A conductive core (σ 5 = 106 S m−1) is always assumed be-

low 2891 km. All 11 storm events from Table 1 are used in the

evaluation of the misfit. Fig. 5 shows the misfit χ 2 across six cross-

sections of the 4-D parametric space. All cross-sections intersect the

model which generates the minimum of the misfit function. Plates

1-1 to 1-3 (we refer to single plates in row-column coordinates,

1-1 being the upper left plate) indicate that the crust conductivity

Figure 5. Results of 1-D inversion in terms of a four-layer model. The 4-D parametric space of crust, upper mantle, transition zone, and lower mantle

conductivities σ 1, σ 2, σ 3, and σ 4 is systematically explored. Depths of interfaces h1 to h4 are fixed, respectively, at 50, 440, 670 and 2891 km and a highly

conductive core (σ 5 = 106 S m−1) is assumed. The best model with lowest χ2 value is marked by white triangle. Plates show misfit χ2 across various

two-parametric cross-sections of the parametric space intersecting the best model.

σ 1 is well resolved at 0.1 S m−1. This value compares well with a

global average of surface conductance (Everett et al. 2003) based

on bathymetry, sediment thickness, and estimates of conductivity of

water, crystalline rocks and sediments. Averaging the global conduc-

tance map over the Earth’s surface yields 8000 S which corresponds

to conductivity 0.16 S m−1 assuming a 50-km-thick layer.

Plates 1-3, 2-2 and 2-3 indicate that the lower mantle conductiv-

ity σ 4 is also well resolved at 6 S m−1. This result is only slightly

larger than the lower mantle conductivity inferred from surface ob-

servations, for example, European regional model by Olsen (1998),

(1.7 S m−1 below 800 km) or Pacific semi-global model by Utada

et al. (2003) (1.6 S m−1 below 850 km).

The inversion yields remarkably low conductivities (σ 2, σ 3 ∼
10−2 to 10−4] S m−1) in the upper mantle (plates 1-1, 2-1, 2-2) and

in the transition zone (plates 1-2, 2-1, 2-3). However, these values

are not as well resolved as those in the crust and lower mantle. The

L-shape of the misfit function in plate 1-1 allows an increase of

σ 2 by more than one order of magnitude with a small reduction

of crustal conductivity σ 1 without a significant increase of misfit.

Mutual resolution between σ 2 and σ 3 is poor as indicated by a wide

plateau of the misfit function in plate 2-1.

In the next configuration we use a three-layer conductivity model

with a variable depth of the upper/lower mantle interface h2. Its

actual position is found by the inversion. The results of inverse

modelling are shown in Fig. 6. Plates 2-1, 2-2 and 2-3 show that the

depth of the interface h2 is well resolved at 1020 km. The extreme

value of σ 3 is several orders of magnitude larger than lower mantle

conductivity estimates from previous EM induction studies (Olsen

1998; Utada et al. 2003) or laboratory measurements for perovskite

(e.g. Xu et al. 1998). Note, however, that while h2 is well constrained

with respect to the conductivities of the resistive layers above, plate
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Figure 6. Results of 1-D inversion for a three-layer model. The 4-D parametric space of crust, upper mantle, and lower mantle conductivities σ 1, σ 2, σ 3

and depth of the upper/lower mantle interface h2 is systematically explored. The depths of lithosphere/mantle and core/mantle interfaces h1 and h3 are fixed,

respectively, at 50 and 2891 km and a highly conductive core (σ 4 = 106 S m−1) is assumed.

Figure 7. Results of 1-D inversion for a three-layer model. 3-D parametric space of crust, upper mantle, and lower mantle conductivities σ 1, σ 2, σ 3 is

systematically explored. The depths of interfaces h1, h2 and h3 are fixed, respectively, at 50, 670 and 2891 km and a highly conductive core (σ 4 = 106 S m−1)

is assumed.

2-3 allows a simultaneous reduction of h2 and σ 3 by following the

valley in the misfit surface.

By fixing the position of the upper/lower mantle interface h2 at

670 km. we obtain the final three-layer model, shown in Fig. 7.

The best model still favours a resistive upper mantle and conductive

lower mantle. However, the achieved misfit is significantly larger

than in the model with arbitrary position of the mantle interface.

4.3 Tests of robustness

Here we check the robustness of the results with respect to the

choice of the events in the inversion. Table 2 shows the misfits of

the best models from the three parametrizations described above

evaluated separately for each storm. The misfits vary considerably

with a distinct maximum corresponding to Storm 3. We investi-

gate the influence of the variations on the results by solving the

inverse problem separately for two different storm data sets. In

Figs 8 and 9 we present the results of the three-layer inversion with

mantle interface fixed at 670 km, as described above, using data

sets comprising, respectively, of odd-numbered and even-numbered

storm events from Table 1. This is done to determine whether the

inversion is biased by the particular set of storms we analysed.

The misfit is evaluated over N odd
I = 830 and N even

I = 757 tracks,

respectively.

These results confirm the facts that (i) the crust and lower mantle

conductivity are determined robustly and similar values are required

by both data sets, (ii) in the upper mantle conductivity is constrained

only weakly, since different data sets allow for differences of more
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Table 2. Misfit of the best models evaluated separately for storms 1–11. The

three columns correspond, respectively, to the four-layer parametrization and

three-layer parametrization with variable and fixed mantle interface. N I is

the number of tracks used for each storm and according to eq. (16) is applied

as a weight in order to obtain the total misfit from all storms.

Storm N I χ2 (nT2)

1 139 1879.32 1811.73 1879.51

2 138 1124.21 992.16 1124.62

3 104 10337.02 10154.77 10337.17

4 182 1121.64 1091.93 1121.68

5 156 341.59 332.97 341.56

6 200 687.61 703.85 687.71

7 78 845.42 850.05 845.28

8 123 811.72 821.49 811.62

9 248 1579.49 1364.87 1579.26

10 114 2625.19 2359.02 2625.20

11 105 2870.17 2391.58 2870.45

All 1587 1918.40 1803.51 1918.45

than one order of magnitude (compare plates 1-1 in Figs 8 and 9).

Obviously, the best model found previously by inversion of all data

(Fig. 7) is a compromise between the best models found for both sub-

sets. Runs based on other selections of storms (e.g. using all storms

except No. 3) which are not shown here yield same conclusions.

In the following test we evaluate by means of forward mod-

elling the synthetic time-series of Zi
j coefficients using the origi-

nal CHAMP-derived Xi
j series and the best three-layer model from

Fig. 7. Then we solve the inverse problem with synthetic data in

place of the Zi
j based on CHAMP measurements. Fig. 10 shows not

only full recovery of the best model but also remarkable similarity

of the shape of the misfit function in the parametric space, albeit

on a much reduced scale. Adding a 10 nT Gaussian noise to the

synthetic Zi
j series prior inversion yields similar results (Fig. 11).

The lower-mantle conductivity σ 3 is recovered accurately, crust and

upper mantle values are affected by the noise.

Finally, Fig. 12 shows results of the inversion based on data from

the seven quiet days marked as ‘Q’ in Table 1. Note that the magnetic

field of ionospheric currents and corresponding induced currents

has been removed from the data. Therefore, apart from noise and

inaccuracies in the comprehensive model, these data represent only

quiet-time variations of ring currents. Plates 1-1 and 1-2 show that,

without storm-time excitation, the time-domain method is definitely

insensitive to mantle conductivity. The model with the lowest misfit

Figure 8. Test of robustness of the inversion. Only odd-numbered storms from Table 1, containing approximately half of the tracks, are used in the inversion.

Conductivity parametrization is the same as in Fig. 7.

actually lies at the boundaries of the explored part of parametric

space. We do not, however, extend the parametric space since we

prefer to keep the parameter range within reasonable values and

consistent with previous runs.

5 C O N C L U S I O N S

The numerical results of this study prove the feasibility of time-

domain approach to the EM induction (Martinec & McCreadie

2004) to interpret satellite data in terms of the Earth’s conductivity

structure. The inversion of quiet-time data showed almost no reso-

lution to mantle conductivity, lending confidence to the underlying

supposition that storm-time data are sensitive to deep earth electrical

structure by virtue of the powerful electromotive force engendered

by rapid time changes of the ring current system.

Inversion results for the different parametrizations are summa-

rized in Fig. 13. For each parametrization the figure shows the best

model as well as models with misfit χ 2 within 0.2 per cent from

the minimum. Such a small value is chosen because of the extreme

flatness of the misfit functions near their global minima. The mod-

els accommodating the seismic-based 670 km interface yield robust

estimates of conductivity about 6 S m−1 in the lower mantle. How-

ever, the model with an adjustable interface in the lower mantle sug-

gests a large increase of conductivity to at least 103 S m−1 around

1000 km. The existence of such a jump in the models is supported by

a significant reduction of the misfit. Note, however, that the inverse

modelling used here does not implement any additional constraints

on the smoothness of conductivity models.

The conductivity of the crust represented by a uniform layer 50 km

thick is estimated at 0.1 S m−1, a value consistent with the global

average of the independently derived surface conductance map

(Everett et al. 2003).

The upper mantle may be thought as a resistor embedded be-

tween two conductors. This explains why its conductivity is poorly

resolved. Our results confirm that the upper mantle conductivity

does not exceed 0.01 S m−1 and some models even admit values

two orders of magnitude smaller. Moreover the four-layer model

does not suggest any conductivity increase in the transition zone.

Inverse modelling for two separate storm-time data subsets results

in different conductivities in the upper mantle. Since the geographic

footprint of the satellite around peak times of the storms is generally

different in both data sets, the poor resolution of upper mantle might

also be caused by lateral conductivity heterogeneities. Satellite data

could be biased towards different mantle regions depending on the
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Figure 9. Test of robustness of the inversion. Only even-numbered storms from Table 1, containing approximately half of the tracks, are used in the inversion.

Conductivity parametrization is the same as in Fig. 7.

Figure 10. Test of robustness of the inversion. Synthetic Zi
j series corresponding to the best model in Fig. 7 are fed back into the inversion scheme using

identical parametrization and the model is recovered.

Figure 11. Test of robustness of the inversion, similar to Fig. 10. Gaussian noise with 10 nT standard deviation is added to the synthetic Zi
j series prior inversion.

satellite geographical position. This hypothesis is being investigated

with 2-D and 3-D modelling.
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Figure 12. Test of event selection. Data from a series of quiet days are inverted in terms of three-layer model. Compare with Fig. 7.

Figure 13. Summary of inversion results for, respectively, the four-layer model with fixed interface depths (left), the three-layer model with variable mantle

interface depth and the three-layer model with all fixed interfaces (right). Solid lines show the best models, grey shadings show models with the misfit χ2 within

0.2 per cent from the minimum for each particular parametrization.
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Velı́mský, J., Everett, M.E. & Martinec, Z., 2003. The transient Dst electro-

magnetic induction signal at satellite altitudes for a realistic 3-D electrical

conductivity in the crust and mantle, Geophys. Res. Lett., 30(7), 1355.
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1. Introduction

Recent discovery of new post-perovskite phase by ab initio cal-
culations and high-pressure and temperature experiments (Iitaka
et al., 2004; Oganov and Ono, 2004) invited an increased attention
of the geophysical community to the lowermost parts of the Earth’s
mantle. Among other parameters, the electrical conductivity is
highly sensitive to the mineralogical and chemical composition of
the mantle (Ono et al., 2006). Ohta et al. (2008) have recently mea-
sured electrical conductivity of post-perovskite above 100 S/m in a
laser-heated diamond-anvil cell experiment.

Besides the ab initio and experimental methods, there are three
geophysical processes that allow to constrain the lower-mantle
conductivity by measurements of geomagnetic field on the Earth’s
surface and in near space. The first process is the electromagnetic
(EM) induction driven by changes in external magnetospheric and
ionospheric currents. Most of the global or regional mantle con-
ductivity models, (e.g. Olsen, 1999; Utada et al., 2003; Constable
and Constable, 2004; Kuvshinov et al., 2005; Kuvshinov and Olsen,
2006) are based on inversion of C-responses derived from obser-

∗ Now on leave at: Institute of Geophysics, ETH Zürich, Sonneggstrasse 5, Zurich,
Switzerland.

E-mail address: jakub.velimsky@mff.cuni.cz.

vatory or satellite data in the frequency domain. Estimates of the
response functions at longer periods are usually accompanied by
large errors, limiting the resolutions of these methods to depths
below 2000 km. Long time series of observatory monthly means
from years 1963–1982 were used by MacLeod (1994) to constrain
the conductivity near the core-mantle boundary (CMB) to 10 S/m
using long-period (annual and semi-annual) EM induction sound-
ing.

The second process concerns the propagation of the geomag-
netic field generated by the geodynamo in the Earth’s core through
a conductive mantle to the surface. Namely, geomagnetic jerks, i.e.,
abrupt changes of the internal field observed especially in the sec-
ular variation of Y component during the last century were used to
constrain the deep mantle conductivity. Alexandrescu et al. (1999)
obtained the upper limit for 2000 km thick uniform lower-mantle
conductivity of 10 S/m.

Finally, the electrical currents induced in the mantle by the time
variations of the core field generate the Lorentz force and corre-
sponding EM torque, which contributes to the changes of the Earth’s
rotation. Holme (1998) concludes, that a layer of conductance at
least 108 S on the bottom of the mantle is fully capable to explain
the observed changes in the length of day.

In this paper, a 1-D mantle conductivity model is constructed
using the time-domain approach to the EM induction equation,
and seven years of high-quality data provided by the CHAMP satel-

0031-9201/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.pepi.2010.02.007
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lite mission. The main difference between the time-domain and
frequency-domain technique rests in the way of processing the
finite-length time series of transient inducing and induced fields. In
the frequency domain, response functions are estimated at discrete,
a priori chosen frequencies, usually by splitting the time-series into
multiple segments, applying the Fourier transform in each segment,
and averaging. As the period increases, fewer segments of increased
length can fit in the signal length, reducing the quality of response
functions. The time-domain approach, on the other hand, exploits
all of the data in the time series by fitting the entire waveform of
the magnetic field. Induction effect of time-independent electrical
conductivity contributes coherently to the signal observed at the
surface or at the satellite altitude, improving the signal to noise
ratio with increased length of the time series. The spectrum of a
finite-length signal is infinite, although practically it is limited on
the upper end by the Nyqist frequency given by the sampling rate.
For time series of several years of length, a high-quality model of
non-induction signals, especially of the secular variation of the core
field, is a necessary prerequisite.

The main disadvantage of the time-domain technique is the lack
of simple relation between frequency and penetration depth. The
data sensitivity to conductivity at different depths has to be checked
a-posteriori. The approach is also more computationally demand-
ing, which is not an issue in the case of 1-D spherically symmetric
conductivity, but becomes more restrictive in full 3-D modelling.

The paper is organized as follows. A quick overview of the for-
ward and inverse modelling is introduced in Section 2. Section 3
deals with processing of satellite data, Section 4 presents results of
the inversion, and Section 5 discusses the ability of the method and
data to reveal the conductivity of the lowermost mantle.

2. Time-domain formulation

2.1. Forward modelling

The time-domain approach to the forward problem of global-
scale EM induction has been described in details by Velímský
and Martinec (2005) for the case of 3-D electrical resistivity
distribution.1 In this study, a simplified version of the method
is used, assuming only spherically symmetric, radially dependent
electrical resistivity �(r). A short overview of the method follows.

The equation of EM induction is formulated in a spherical Earth
with radius a = 6371 km,

curl(� curl B) + �0
∂B
∂t

= 0. (1)

Here B(r; t) is the magnetic field density, and �0 denotes the con-
stant magnetic permeability of vacuum, as is routinely assumed in
global induction studies.

In the insulating atmosphere, the magnetic field is given by a
gradient of scalar potential

B(r; t) = −grad U(r; t), (2)

that solves the Laplace equation. The solution can be directly writ-
ten in terms of series,

U(r; t) = a

∞∑

j=1

j∑

m=−j

[
G(e)

jm
(t)
(

r

a

)j

+ G(i)
jm

(t)
(

a

r

)j+1
]

Yjm(ϑ, ϕ), (3)

where G(e)
jm

(t), G(i)
jm

(t) are the spherical harmonic coefficients cor-
responding to the external sources above the atmosphere, and

1 While resistivity is more suitable for this particular formulation, the results are
discussed in terms of electrical conductivity � = 1/� in the later part of the paper.
The axes in relevant plots are annotated in both quantities for reader’s convenience.

internal induced field, respectively, and Yjm(ϑ, ϕ) denotes fully
normalized complex spherical harmonics. By least-squares fit into
observed surface and/or satellite vector magnetic field, the time
series G(e,obs)

jm
(t), G(i,obs)

jm
(t), and their respective error estimates

ıG(e,obs)
jm

(t), ıG(i,obs)
jm

(t), can be obtained, as will be shown in the next
section.

The magnetic field is continuous across the Earth’s surface. The
coefficients of the external field are prescribed,

G(e)
jm

(t) = G(e,obs)
jm

(t), (4)

while the difference between the predicted internal field coeffi-
cients G(i)

jm
(t) and observation-derived series G(i,obs)

jm
(t) serves as a

base for evaluation of fitness of a given resistivity model �(r).
Eq. (1) is solved numerically using the spherical harmonic-finite

element approach based on the weak reformulation of the prob-
lem. In the case of 1-D resistivity profile, the problem is decoupled
in both spherical harmonic order and degree. The Crank–Nicolson
scheme is used for time integration, starting from zero initial con-
dition at t = 0.

2.2. Inverse modelling

The numerical scheme employed in the forward modelling
assumes that resistivity �(r) is a piecewise constant function. This
requirement becomes the base of the discretization of the model
space. Given the positions of layer interfaces 0 = r1 < r2 < · · · <
rk· · · < rK < rK+1 = a, the logarithms of resistivities for each inter-
val (rk, rk+1) are arranged into a model vector m = {log10�k}K

k=1.
For a given resistivity model m, the data misfit �2(m) is defined

as a weighted L2 norm over the Earth’s surface and over the time
interval (t0, t1) of differences between the predicted magnetic field
vector B(m), and observed field B(obs). It is normalized by the length
of the time interval and by the Earth’s surface. In terms of spherical
harmonic coefficients, and using the boundary condition (4), this
definition reduces to

�2(m) = 1
2

∑

jm

(j + 1) (2j + 1)
4	 (t1 − t0)

∫ t1

t0

(
G(i)

jm
(m; t) − G(i,obs)

jm
(t)

ıG(i,obs)
jm

)2

dt.

(5)

The start point t0 of the time interval used for misfit evaluation has
to be chosen significantly later, than the initial time of the forward
modelling integration (t = 0 by definition) to avoid bias of the misfit
by the switch-on effect from the zero initial condition (Velímský et
al., 2006). In this study, the first 30 days of data are therefore ignored
by setting t0 = 720 h.

A regularization term is also implemented that constrains the
smoothness of the resistivity model. It is defined as the L2 norm
of radial dimensionless Laplacian of logarithm of resistivity, inte-
grated over the Earth’s mantle and normalized by the Earth’s
volume. The integration starts slightly above the core-mantle
boundary, where arbitrary conductivity jump is allowed,

R2(m) = 1
2

3a

∫ a

rCMB+ı

[∇2
r log10�(m; r)]

2
r2 dr. (6)

Numerically, finite-difference approximation of the Laplacian is
used.

To solve the inverse problem, one has to find a model m̃ that
minimizes the penalty function F2(m; 
),

m̃(
) = argmin
m

F2(m; 
), (7)

F2(m; 
) = �2(m) + 
R2(m), (8)
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where 
 stands for an a priori chosen regularization parameter. The
optimum value of 
 is determined by a simplified analysis of the L-
curve (Hansen, 1992). Inverse problem (7) is solved for a wide range
of parameters 
. The L-curve, showing the data misfit �2(m̃(
)) vs.
the regularization term R2(m̃(
)) is plotted, and maximum inflec-
tion point 
̃ of the curve is found visually, using refined sampling
of 
 in its vicinity, as necessary.

The inverse problem (7) is solved by limited-memory quasi-
Newton (LMQN, also known as variable metrics) iterative
minimization (Press et al., 1992, Chapter 10.7),

mi+1 − mi = Hi+1 · Dm[F2(mi+1) − F2(mi)], (9)

using the Broyden–Fletcher–Goldfarb–Shanno formula for updat-
ing the symmetric, positive-definite approximation of Hessian Hi+1
in the course of iterations, and the Brent’s method for line mini-
mization.

The gradient of the data misfit in the space of model parameters,
Dm�2(m), is evaluated by combining the solution of the forward
problem (1) with the solution of an adjoint problem (Martinec
and Velímský, 2009), which propagates the weighted residua of
the internal field coefficients from forward modelling (G(i)

jm
(m; t) −

G(i,obs)
jm

(t))/ıG(i,obs)
jm

(t) through the resistivity model backwards in
time. Thus, the gradient can be evaluated at the cost of two for-
ward solutions and few overhead computations in each iteration
step of the LMQN scheme. The gradient of the regularization term
DmR2(m) is easily expressed analytically.

3. CHAMP data processing

The CHAMP satellite was launched in July 2000 into a nearly cir-
cular polar orbit with initial altitude of 450 km. During its mission
it has been providing highly accurate measurements of vector and
scalar geomagnetic field. For the purpose of this induction study, a
seven years long time series of vector data with 1-min sampling
is used, starting from January 1, 2001. In order to separate the
time-varying signal of magnetospheric currents and their induced
counterparts, the model of static geomagnetic field and its secu-
lar variation of core origin over the mission duration have to be
subtracted. The xCHAOS field model which is based on quiet-time
measurements of CHAMP, Ørsted, and SAC-C satellites, is used for
this purpose (Olsen and Mandea, 2008). This model also improves
the alignment of vector CHAMP data by co-estimating the Euler
angles of rotation from the satellite reference frame to the geo-
centric frame — these are not constant due to slight bending of the
instrument bench of the satellite. These corrections are also applied
to the CHAMP data.

The residua are then rotated into dipole coordinate system
related to the 2005.0 epoch. Only night-time data, with local solar
time between 19:00 and 7:00 are used to minimize the contam-
ination by ionospheric currents. Similarly, effect of the auroral
electrojets and field-aligned currents is suppressed by neglecting
polar data from dipole colatitudes ϑd < 40◦ or ϑd > 150◦.

Dipolar characteristics of the magnetospheric ring current is
assumed, and therefore the spherical harmonic expansion (3)
is limited only to (j, m) = (1, 0) external and internal terms.
Recent axisymmetric 2-D analysis of shorter CHAMP time-series by
Martinec and Velímský (2009) shows, that the energy of magnetic
field at higher harmonic degrees is at least one order of magni-
tude smaller than the energy of dipolar field (Fig. 4 in Martinec and
Velímský, 2009). The difference rises to two orders of magnitude
for periods longer than 10 days. The effect of axially asymmetric
currents (Balasis and Egbert, 2006) cannot be studied using data
from a single satellite. In the present analysis, this effect is reduced
by use of only night-side tracks, whose local solar time is related to
the orbital plane of the satellite, and therefore changes very slowly.

Fig. 1. CHAMP residuals after xCHAOS corrections are shown with black symbols.
Constant error of 5 nT is assumed in both components. The fit by dipolar model is
shown with lines, downward (top line) and northward (bottom line) components
in the dipole coordinate system are plotted against dipole colatitude. This snap-
shot corresponds to satellite track No. 18969 during the recovery phase of a large
geomagnetic storm that occurred on November 21, 2003.

The time series of zonal and therefore real coefficients G(e,obs)
10 (ti)

and G(i,obs)
10 (ti) are reconstructed with time step �t = 1 h. Velímský

et al. (2006) and Martinec and Velímský (2009) perform the spher-
ical harmonic analysis of satellite data on a track-by-track basis,
i.e., all data from one night-side pass of the satellite are related
to the same time layer. Here, a different approach is used. For
each time layer ti all data from a time window (ti − w, ti + w) are
used in one instance of the spherical harmonic analysis. Choosing
the window half-width of w = 1 h and given the CHAMP orbital
period of about 1.5 h, this results in at least one and no more
than two night-side passes of the satellite being included in the
window.

Homogeneous errors of 5 nT are assumed for all datapoints in
the downward and northward components in the dipole coordinate
system. The eastward component is ignored due to the exclusion
of non-dipolar field. The iterative reweighted least-square method
with Huber weights (Rubin, 2006) is then used to obtain estimates
of the spherical harmonic coefficients. Fig. 1 shows an example of
the dipole fit into satellite data during a large geomagnetic storm
in November 2003.

Error estimates of the coefficients range from 2.5 nT and 2.2 nT to
10.8 nT and 11.6 nT, for the external and internal field, respectively.
The non-diagonal terms of the covariance matrix are about 1 order
of magnitude smaller than the diagonal terms and are neglected.
The errors of the external field, ıG(e,obs)

jm
(ti), are also ignored as

implied by the exact enforcing of the boundary condition (4).
In the resulting 1-h sampled time series of external and inter-

nal field coefficient, there are about 2.4% of missing values, when
no data are available. This represents no problem for the internal
field coefficient, where corresponding errors can be simply set to
infinity, i.e., 1/ıG(i,obs)

jm
(ti) = 0, and missing data are ignored. How-

ever, for the external field coefficient G(e,obs)
jm

(ti), an uniterrupted
time series is needed. The geomagnetic index Dst based on selected
observatory data is used as a proxy when filling the missing data-
points. First, a linear relation is found between Dst(ti) and G(e,obs)

jm
(ti),

using least-squares fit for available data,

( ˜̨ , ˜̌ ) = argmin
˛,ˇ

∑

i

(
G(e,obs)

jm
(ti) − ˛ Dst(ti) − ˇ

ıG(e,obs)
jm

(ti)

)2

. (10)
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Then, the missing values of G(e,obs)
jm

(ti) are reconstructed,

G(e,obs)
jm

(ti) = ˜̨ Dst(ti) + ˜̌ , (11)

for such ti, where 1/ıG(e,obs)
jm

(ti) = 0.
Finally, the mean values of the time series of both external and

internal field coefficients are removed to avoid modelling of non-
induction DC part of the signal.

4. Results

In this section, the results of the LMQN minimization are pre-
sented. The Earth is parameterized by spherical layers: the core
with outer interface at r = 3480 km, and the mantle discretized in
layers of constant thickness. To study how the choice of parameter-
ization influences the results, the thickness of mantle layers ranges
from 800 km (from now on referred as case A), through intermedi-
ate resolutions of 400 km (case B), and 200 km (case C), to the finest
discretization of 100 km (case D). The thickness of the uppermost
layer is adjusted so that the Earth’s surface is always at 6371 km
radius. The LMQN iterations for the largest regularization param-
eter 
 = 10−6 start from an initial model m0 = (−5, 0, 0, . . . , 0)
consisting of a homogeneous core and mantle with respective
conductivities 105 S/m and 1 S/m. For smaller 
, the iterations
are always started from the optimal solution obtained for more
strongly regularized model.

Fig. 2 shows the data misfit and the regularization of the optimal
models obtained by the minimization for different values of 
. The
L-curves reach the plateaux at 
̃ = 10−9 for cases A, B, and C, and for

̃ = 10−8 for case D. Further decreasing of regularization parameter
does not yield significant improvements of data misfits.

The optimal models m̃(
̃) obtained by the LMQN minimization
for each case A, B, C, D, are shown in Fig. 3. They reach the data misfit
of 1.862, 1.798, 1.801, and 1.808, respectively. As an alternative
measure of the fit, the variance reduction can be defined as

E = 100% ×
√

1 − �2(m)
�2(∞)

, (12)

Fig. 2. The L-curves displaying the data misfit �2(m̃(
)) against the regularization
term R2(m̃(
)) of the best models obtained for different values of regularization
parameter 
 ranging from 10−11 to 10−6. Cases A, B, C, D are shown by squares, tri-
angles, inverted triangles, and circles, respectively. The knee of each curve is marked
by solid symbol.

Fig. 3. Conductivity models m̃(
̃) obtained by LMQN minimization for cases A, B,
C, D, are shown by red, green, blue, and magenta solid lines, respectively. The red,
green, and blue dashed lines display the regional conductivity models obtained by
Kuvshinov et al. (2005) for Northern Pacific, by Olsen (1999) for Europe, and the
satellite-data based global model by Kuvshinov and Olsen (2006), respectively.

where �2(∞) denotes the total variance of the internal field, i.e.,
the data misfit of a perfect insulator for which G(i)

jm
(t) = 0. Using

this measure, the obtained models A, B, C, D explain respectively
97.8%, 98.0%, 98.0%, and 98.0% of the dipolar internal field signal, a
significant improvement over the initial model m0 with variance
reduction 72.6%. Fig. 4 shows a cutout of the time series of CHAMP-
derived internal field coefficients G(i,obs)

jm
(t), and those predicted for

the initial model, G(i)
jm

(m0; t), and the optimal model B, G(i)
jm

(m̃B; t),

Fig. 4. A cutout from the seven year long time series of the internal field coefficient
G(i)

10(t) corresponding to the large geomagnetic storm on November 21, 2003. The
symbols with error bars ar obtained by analysis of CHAMP residuals. Dotted line
shows the response of the initial conductivity model m0. The response of the best
model m̃B(
̃) for case B is shown with solid line. A more detailed scale is used in the
cutout for later times.
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corresponding to one particular geomagnetic storm. The fit into
data considerably improves in the peak of the storm as well as
during the recovery phase and for several days after the storm.

For comparison, conductivity models obtained recently by other
authors are also shown in Fig. 3: the model of Kuvshinov et al.
(2005) derived from observatory and submarine cable measure-
ments in the Northern Pacific; the model of Olsen (1999) based
on data from European observatories, and the global model of
Kuvshinov and Olsen (2006) that uses five years of multisatellite
(CHAMP, Ørsted, and SAC-C) data. These models were obtained by
regularized inversion of C-responses in the frequency domain, up
to periods of 180 days. Therefore, they are sensitive down to depths
of about 1800 km at most. In the uppermost 200 km, the presented
models C and D are slightly more conductive than the results of
previous analyses. This can be assigned to the effect of highly con-
ductive seawater in the oceans, which is less pronounced in the
continental model and corrected for by 3-D modelling in the other
two cases. There is relatively good agreement between all models
at depths of 1000–1800 km.

The key question is the reliability of results of the time-domain
inversion in the lowermost mantle. Looking back at Fig. 2 suggests
that while improving the radial resolution from case A to case B
reduces the data misfit significantly, further refinement in cases C
and D brings no further improvement. Hence the case B with 400 km
resolution throughout the mantle will serve as base for further tests.

To check the data sensitivity to conductivity variations, the
LMQN minimization is complemented by limited grid search. Fig. 5
shows the data misfit �2 and the penalty function F2 with vary-
ing conductivity of two adjacent layers, while the rest of the
model remains fixed at the optimum model m̃B(
̃). Thus different
cross-sections of the model space are explored. Fig. 5A shows the
sensitivity to conductivity of two lowermost layers — the core and
the D′′ layer. Note that both the data misfit and the penalty function
are very flat. Change of conductivity by several orders of magnitude
results only in very small variations. The minimum of the penalty
function F2 is well constrained, but obviously regularization plays
a role here. In the data misfit �2 plot, there are two distinguished
areas with comparably low values. In the first area, at the bottom
of the plot, i.e., for D′′ conductivities larger than 300 S/m, any core
conductivity above 105 S/m is acceptable. The second area, in the
upper left part of the figure, prefers D′′ conductivity no larger then
10 S/m, and core conductivity at least 105 S/m. D′′ conductivity of
about 100 S/m is less preferable.

In Fig. 5B, the conductivity of the D′′ is varied together with the
conductivity of the adjacent 400 km thick layer above it. Again,
the data misfit is flatter and its minimum poorly constrained
compared to the total penalty function F2. Data prefer either
highly conductive D′′ (left border of the figure), or upper limits of
10 S/m and 2 S/m in the D′′, and above it, respectively. Another,
deep local minimum can be observed for lower mantle conduc-
tivity above 300 S/m. Then the D′′ is completely shielded and no
further information can be revealed about it. Similar structure of
the misfit function, i.e., two preferable domains of conductivity,
one within the range of expected values, and one extremely high,
systematically repeats throughout the lower mantle. They are
always separated by a ridge of higher misfit in the vicinity of
conductivity 100 S/m. Regularization is then responsible for the
choice between these two domains. Similar behaviour is observed
also in finely discretized cases C, and D.

For comparison, Fig. 5C shows the sensitivity to conductiv-
ity changes in the transition zone in the upper mantle. Adjacent
layers no. 7 and 8 are 400 km thick and their interface is at the
depth of 500 km. Both the data misfit and the penalty function
are much more sensitive to the conductivity variations com-
pared to the lower mantle. Again, the data misfit constrains
more strictly the upper bounds of conductivity in both layers.

Fig. 5. (A) Data misfit �2 (left), and penalty function F2 (right) as functions of con-
ductivities of the two lowermost layers representing the core (index 1), and the D′′

region (index 2) of the lower mantle, respectively. The conductivity above these
layers remains fixed at the values of the best model m̃B(
̃). (B) Same as above, but
the conductivities of the D′′ region (index 2) and of the 400 km thick layer above it
(index 3) are varied. (C) Same as above, but the conductivities correspond to two
400 km thick adjacent layers in the upper mantle. Layer no. 7 lies below 5871.0 km,
layer no. 8 above it.

High conductivities (within the explored range) are no more
admissible.

The amplitude of misfit variations related to changes of con-
ductivity in the lower mantle can be also checked by a synthetic
test. Using the external field series obtained in Section 3, synthetic
internal field induced in the optimal model for case B was com-
puted. Random noise with normal distribution in time and scaled
by errors ıG(e,obs)

jm
(t), ıG(i,obs)

jm
(t), was added to the external and syn-

thetic internal field, respectively. The synthetic data with noise
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Fig. 6. Synthetic test for case B. Synthetic data were computed for the original model
B (dotted line). Noise was added, and the model was successfully recovered (solid
line).

Fig. 7. Case B, synthetic test. (A) Data misfit �2 (left), and penalty function F2 (right)
as functions of conductivities of the two lowermost layers representing the core
(index 1), and the D′′ region (index 2) of the lower mantle, respectively. (B) Same
as above, but the conductivities of the D′′ region (index 2) and of the 400 km thick
layer above it (index 3) are varied.

were again inverted in terms of conductivity profile; the model B
was successfully recovered for regularization 
̃ = 10−9, as shown
in Fig. 6. The variance reduction of synthetic data reaches 99.9%.
Then, selected cross-section through the parametric space were
computed (Fig. 7).

Firstly, this exercise provides a closed-loop check of the inver-
sion scheme. Secondly, it shows that variations in the range
of 4 orders of magnitude in the core and in the D′′ can gen-
erate about 0.01 change in the data misfit (Fig. 7A). This is
comparable to sensitivities of the real data (Fig. 5A). The sub-
stantially larger total amplitude of the misfit in the satellite data,
when compared to synthetic test, can be attributed to effects
not explained by 1-D EM induction, in particular, possible effects
of 3-D conductivity heterogeneities, imperfection of the dipolar
source field assumption, and inaccuracy of the secular variation
model.

5. Conclusions

By fitting full waveforms of the internal induced field, the time-
domain method might be a useful tool to bypass the problematic
determination of induction response functions at long periods and
to allow very deep EM sounding. Although the sensitivity of the
data to the conductivity below 2000 km is significantly smaller
than to the conductivity in the upper parts of the mantle, careful
examination of the data misfit suggests lower mantle conductivity
below 2 S/m, increase to values up to 10 S/m in the D′′ layer, and
above 105 S/m in the core. Strongly conductive D′′ is also admit-
table. However, values between 10 S/m and 300 S/m, such as those
obtained experimentally for post-perovskite by Ohta et al. (2008),
yield slightly higher data misfit.

Given the assumed dipolar configuration of the external source
field and 1-D conductivity structure, the effect of laterally hetero-
geneous D′′ layer remains an open question. One might speculate,
that the 1-D results will be sensitive to the interconnection of highly
conductive post-perovskite patches approximately in the direction
of dipolar longitude. Should a closed loop exist, 1-D inversion would
be biased towards the more conductive phase. This is currently
being investigated by 3-D forward modelling.
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J. Velímský / Physics of the Earth and Planetary Interiors 180 (2010) 111–117 117

Kuvshinov, A.V., Olsen, N., 2006. A global model of mantle conductivity derived from
5 years of CHAMP, Ørsted, and SAC-C magnetic data. Geophys. Res. Lett. 33,
L18301, doi:10.1029/2006GL027083.

MacLeod, M., 1994. Magnetospheric and ionospheric signals in magnetic observa-
tory monthly means: electrical conductivity of the deep mantle. J. Geophys. Res.
99 (B7), 13577–13590.
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measurements. It is common practice to parameterize the induced field using a response function depending
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1. Introduction

[2] The observed geomagnetic field is a superposi-
tion of signals from a diverse range of sources. The
largest component is due to the magnetohydrody-
namic dynamo operating in Earth’s liquid metal core
which gives rise to geomagnetic secular variation on
time scales of years to millennia [Bloxham et al.,
1989]. Remanent and induced magnetization in the
Earth’s lithosphere provides a contribution indica-

tive of the local features of crustal geology [Langel
and Hinze, 1998]. More rapid variations have
their origin in the electrical currents flowing in
the magnetosphere, such the ring current, tail
currents, magnetopause currents [Baumjohann and
Truemann, 1997], and in the ionosphere, for
example, tidally driven solar quiet time currents,
equatorial electrojets, auroral electrojets and polar
cap currents etc. [Kelley, 2009]. Temporal varia-
tions of external fields in addition induce electrical
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currents within the electrically conducting solid
Earth and oceans; these currents in turn give rise
to secondary internal magnetic fields [see, e.g.,
Kuvshinov, 2008]. Monitoring the geomagnetic
field from satellites and the global network of
magnetic observatories thus provides a wealth of
information concerning both the solid Earth and the
near‐Earth solar‐terrestrial environment. In addi-
tion, operational models of the slowly varying
internal field, for example IGRF‐11 [Finlay et al.,
2010], are widely used by individuals and by com-
mercial organizations as a source of directional
information. The accuracy of these models depends
crucially on the ability to reliably separate con-
tributions from these different sources.

[3] A major challenge in geomagnetism today is to
formulate appropriate models of the fields that
originate in different sources. These representa-
tions should accurately and compactly capture the
essential physics, and facilitate efficient separation
of the various fields. In this study we concentrate
on one aspect of that enterprise, namely how
induction in the solid Earth driven by variations in
the magnetospheric ring current, could be better
parameterized in geomagnetic field models.

[4] Models of the geomagnetic field now rou-
tinely include a basic parameterization of induc-
tion effects. These involve only the first‐order
effects of induction driven by external field var-
iations (assumed to be due to a symmetric ring
current) acting on an electrically conducting upper
mantle that is further assumed to be spherically
symmetric. Maus and Weidelt [2004] and Olsen
et al. [2005] independently proposed that an appro-
priate method of parameterizing this process was
through use of the complex transfer function ~Q1(w)
[see, e.g., Schmucker, 1987] derived from a speci-
fied radial electrical conductivity profile.Within this
framework the Dst(t) index (determined from mea-
surements of the horizontal magnetic field intensity
at the Hermanus, Kakioka, Honolulu, and San Juan
magnetic observatories with an estimated baseline
removed [Sugiura and Kamei, 1991]) is separated
into an external part Est(t) and an internal induced
part Ist(t). This procedure is used in the majority of
recent geomagnetic field models. For example it is
the basis of the parameterization of induction effects
in the CHAOS series of models [Olsen et al., 2006,
2009, 2010] and also in the POMME series of
models [Maus et al., 2006, 2010; Lühr and Maus,
2010]. A very similar procedure but using the VMD
index [Thomson and Lesur, 2007] rather than the
Dst(t) index is used in the GRIMM series of field
models [Lesur et al., 2008, 2010].

[5] All the geomagnetic field models mentioned
above implicitly involve 1‐D electrical conductivity
models of the solid Earth such as that ofUtada et al.
[2003] that assume the Earth below 1000 km depth
is a uniform, weakly conducting sphere. Though this
assumption is very reasonable if one considers only
rapid external field variations with time scales lim-
ited to periods less than 100 days, we will demon-
strate below that if the excitation field contains
power at longer time scales, for example if a wide
range of frequencies are excited during a magnetic
storm, then one must use conductivity models
including a conducting core in order to accurately
model the induced magnetic field. When a con-
ducting core is taken into account we will show that
it is no longer necessary for the internal part ofDst(t),
i.e., Ist(t), to have a zero mean, even when averaged
over time scales longer than 10 years. Thus geo-
magnetic storms are expected to give rise to small
but noticeable induced internal fields even during
magnetically quiet times, due to the long time taken
for the induced currents in the core to decay.

2. Separation of Time Domain Dst(t)
Index Into External and Internal Parts

[6] Maus andWeidelt [2004] andOlsen et al. [2005]
showed how to separate Dst(t) into its internal part
Ist(t) and its external part Est(t) under the simplifying
assumption that one is dealing with a purely dipolar
source field and a spherically symmetric, electrically
conducting mantle. Working in the frequency domain
if one is given the response function ~Q1(w), which
depends only on the assumed electrical conductivity
profile s(r), and ~Dst(w) (the Fourier transform of the
Dst(t) index) then ~I st (the Fourier transform of Ist(w))
can be calculated by the relation

~Ist !ð Þ ¼
~Q1 !ð Þ

1þ ~Q1 !ð Þ
~Dst !ð Þ: ð1Þ

[7] In the time domain, (1) is equivalent to a
convolution,

Ist tð Þ ¼ F�1
~Q1 !ð Þ

1þ ~Q1 !ð Þ

( )
tð Þ � Dst tð Þ; ð2Þ

where F−1 denotes the inverse Fourier transform.

[8] In this study we work in the time domain using
the methodology developed by Velímský and
Martinec [2005]. This enables us to efficiently
study the transient response of the system and to
work directly with the Dst(t) time series. Martinec
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and McCreadie [2004] have shown that in the time
domain the EM induction forward problem can be
formulated with a Dirichlet boundary condition,
where the horizontal component of magnetic field is
prescribed at the satellite altitude. We modified the
code ofVelímský andMartinec [2005] to impose this
boundary condition directly at the Earth’s surface. In
particular, we match the prescribed time‐dependent
dipolar coefficient of the horizontal magnetic field to
the Dst(t) index,

X10 tð Þ ¼ Dst tð Þ ¼ Est tð Þ þ Ist tð Þ: ð3Þ

Note that according to the definition of Dst, the
problem is formulated in the geomagnetic (dipolar)
coordinate system, i.e.,

X #; tð Þ ¼ X10 tð Þ @P10 cos#ð Þ
@#

; ð4Þ

Y #; tð Þ ¼ 0; ð5Þ

where ϑ is geomagnetic colatitude, X, and Y are
components of the magnetic field oriented toward
geomagnetic north and east, respectively, and
P10(cosϑ) is the degree 1 Legendre polynomial.

[9] Given this boundary condition, and a conduc-
tivity profile, the forward modeling scheme predicts
the time‐dependent dipolar coefficient of the vertical
field, Z10(t), for which

Z10 tð Þ ¼ Est tð Þ � 2 Ist tð Þ: ð6Þ

This coefficient is related to the downward compo-
nent of magnetic field by

Z #; tð Þ ¼ Z10 tð ÞP10 cos#ð Þ: ð7Þ

By combining equations (3) and (6), we obtain

Ist tð Þ ¼ Dst tð Þ � Z10 tð Þ
3

; ð8Þ

and, obviously,

Est tð Þ ¼ Dst tð Þ � Ist tð Þ: ð9Þ

[10] Note that since we are dealing with a finite,
discretely sampled, transient signal, the equivalence
of frequency domain approach (1) and the time
domain approaches (2) or (3)–(8) is subject to both
the Shannon sampling theorem and the Paley‐
Wiener theorem [Papoulis, 1984, p. 188]. In par-
ticular, if we cannot resolve the spectrum ~Dst(w) at
very low frequencies, i.e., for periods much longer
than the length of the signal Dst(t) in the time
domain, then equation (1) will not accurately predict

the induced field ~I st(w) in this period range. We note
that the results of Dst(t) separation in the time
domain using any realistic signal can be affected by
a switch‐on effect that occurs at the start of the
integration. The EM induction solver has to be
provided with an initial condition: a snapshot of
magnetic field everywhere in the Earth. For no better
source of information, this is assumed to be zero
[Velímský and Martinec, 2005].

3. Results

3.1. Conductivity Models and Their
Respective Induction Responses

[11] In this study we explore the influence of a range
of possible 1‐D conductivity models obtained by
inversion of data from magnetic observatories,
submarine cables, and low‐orbit satellites (Figure 1
and Table 1). Model U is a semiglobal model
derived byUtada et al. [2003] from observatory and
cable data for Pacific hemisphere. It was previously
used to separate the external and internal fields both
byMaus andWeidelt [2004] andOlsen et al. [2005].
Kuvshinov and Olsen [2006] inverted 5 years of
CHAMP, Ørsted, and SAC‐C satellite measure-
ments to obtain the global conductivity model K.We
also consider the conductivity model O derived by
Olsen [1999] from European observatory data. In all
these models, the homogeneous conductivity of the
lower mantle, below a depth of 1500 km, is extended
down to the center of Earth. In addition we also
consider three models called UC, OC, and KC, that
include an electrically conducting core with radius
3480 km, and uniform conductivity 105 S m−1.

[12] The high‐temperature and high‐pressure mea-
surements of electrical conductivity of iron alloys
provide us with estimates of the core conductivity
within the range of 105–106 Sm−1, where the content
of impurities in the core material is likely the major
source of uncertainty [Stacey, 2007; Stacey and
Loper, 2007]. Therefore, we finally study an addi-
tional model, UC6, also based on Utada’s mantle
conductivity profile, but with the core conductivity
increased to the value of 106 S m−1. We expect that
while the UC, OC, and KC models will provide us
with conservative estimates of the core effect on the
internal field separation, model UC6 will yield an
upper limit.

[13] Although we work in the time domain, which
we believe is preferable for computing transient
responses, it nonetheless provides useful insight to
first discuss the conventional frequency domain ~Q1
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responses. In Figure 1 (right) we present the ampli-
tude responses, computed from each conductivity
model using a 1‐D spherical solver [Pěč et al.,
1985]. In the period range between 1 day and
1 year, the differences between the various con-
ductivity models are negligible for the purpose of
internal‐external field separation. At shorter periods,
the continental and oceanic models deviate slightly
from the global satellite model K in opposite direc-
tions. However, the most striking feature of Figure 1
is the difference between models with and with-
out the highly conductive core at periods longer
than 1 year. The core significantly slows down the
decrease of ~Q1(w) amplitudes. In the presence of
a conducting core, as can be understood from sim-
ple arguments related to the magnetic diffusion
time scale of the core [Everett and Martinec, 2003;
Gubbins and Roberts, 1987], it is only at periods
greater than 105 years (and even more in the case
of UC6 model) that the amplitude of the induced
response drops to zero.

3.2. Induction in the Core due to an
Idealized Geomagnetic Storm

[14] Next, we demonstrate the influence of a highly
conductive core in the time domain using a simple

synthetic model of an isolated geomagnetic storm.
Following Everett and Martinec [2003], we use
an exponential decay model,

Dst tð Þ ¼ H tð Þ exp ��tð Þ; ð10Þ

where H(t) is the Heaviside step function, and
1/a = 4 days is the decay time of a typical storm
[McPherron, 1995]. Thanks to the linearity of the
EM induction problem with respect to the Dirichlet
boundary condition, the results of induced field
separation can be easily rescaled from the syn-
thetic example with unitary peak value to realistic
amplitudes.

[15] Figure 2 shows how the induced field index
Ist(t) can be separated in the time domain, using the
approach described by equations (3)–(8), for con-
ductivity models U, UC, and UC6, respectively. The
effect of including the core is clearly visible. Note
that Ist(t) for all three conductivity models crosses
the zero from positive to negative values at t0 =
11 days, but later zero crossings appear at different
times, depending on the conductivity model. Similar
results were obtained for models O, OC, K, and KC,
they are omitted for the sake of simplicity.

Table 1. Overview of Conductivity Models Used in This Study

Label Reference Region Primary Data Source s core (S m−1)

U Utada et al. [2003] Pacific Observatories, submarine cables 1.00
UC Utada et al. [2003] Pacific Observatories, submarine cables 105

UC6 Utada et al. [2003] Pacific Observatories, submarine cables 106

O Olsen [1999] Europe Observatories 1.46
OC Olsen [1999] Europe Observatories 105

K Kuvshinov and Olsen [2006] Global Satellites 2.21
KC Kuvshinov and Olsen [2006] Global Satellites 105

Figure 1. (left) Spherically symmetric conductivity models U, O, and K (red, green, and blue solid lines, respectively),
models including a conductive core, UC, OC, and KC (red, green, and blue dashed lines, respectively), and model UC6
using upper estimate of core conductivity (red dotted line). (right) Corresponding amplitudes of ~Q1 responses as func-
tions of period.
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[16] Further insight is obtained by calculating the
dependence of average value of Ist(t),

hIsti 0;�ð Þ ¼
1

�

Z�

0

Ist tð Þ dt; ð11Þ

on the averaging length t, as shown in Figure 2
(bottom). Averaging over 50 years yields a signal
of at least 10−5 in the presence of the core (both in
models UC and UC6). This is 3 orders of magnitude
more than in the case without core. For a typical
storm with negative peak value of the order of
−102 nT, and occurring about 103 times within the
50 year interval, we can thus expect a negative shift
of the time‐averaged signal on the order of a few
of nT, if a conductive core is present.

3.3. Time Domain Separation of Dst(t) Into
External and Induced Parts

[17] Next, we move to a more realistic scenario
taking the Dst index as input for our simulations.
We work with a 50 year long time series of the
definitive Dst index (ftp://ftp.ngdc.noaa.gov/STP/

GEOMAGNETIC_DATA/INDICES/EST_IST/),
starting on 1 January 1957, 0000 UTC. The first
value of Dst in this time series is +12 nT. Starting
from a zero initial condition would thus introduce an
artificial jump of 12 nT at the first step of the time
integration. To avoid this artificial transient effect,
we instead begin the time integration at 1700 UTC
on the same day, when Dst reaches zero for the first
time. We have tested starting the simulation from
other zero Dst values occurring during 1957. This
has no effect on presented results for conductivity
models both with and without the core.

[18] Another important factor affecting our results
is the baseline value of Dst. Simulating the response
of the system to a Heaviside step loading at t = 0
shows that for every 1 nT of constant shift of Dst,
there is an average shift of Ist(t) by 0.1 nT in the pre-
sence of the core due to much larger effectivity of
the Heaviside loading at very long periods, compared
to the exponential storm model. This demonstrates
the importance of having a reliableDst baseline value.

[19] We use Dst(t) to excite all seven conductivity
models introduced in section 3.1. Figure 3 shows

Figure 2. Induction by the exponential synthetic storm model. (top) TheDst(t) index and the Ist(t) indices obtained for
conductivity models U, UC, and UC6, respectively. (bottom) The dependence of average values ofDst(t) and Ist(t) on the
length of averaging interval. Synthetic Dst(t) is shown in black, and synthetic Ist(t) is in red, using solid, dashed, and
dotted lines for respective conductivity models.
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the resulting Ist averages, using window lengths of
1 month, 1 year, and 10 years, respectively. There is
a persistent systematic shift by −1 to −1.5 nT present
in all models including the core, although for the
shortest averaging length it is dwarfed by the short‐
time variations of external field. When 1 year aver-
aging length is used, the 11 year solar cycle period
is also pronounced. The long‐term decrease of
hIsti10y between years 1967 and 1990 is also present
in hDsti10y. It is observed only in models UC, UC6,
KC, and OC. Without the conductive core, the
models U, O, and K are insensitive to the long‐
period characteristics of Dst. Though inclusion of
a highly conductive core increases the differences
between different mantle conductivity models, this
effect is rather minor. The effect of uncertainty
in core conductivity is also rather unimportant,

provided it remains within the range of 105–106 S
m−1. We also recall that the inclusion of the core
shifts the running averages of Est by exactly the
same amount, as the corresponding averages of Ist,
but in the opposite direction. This is a direct impli-
cation of equation (3).

[20] A possible difficulty with this experiment is
that Dst(t) is known to have shortcomings on long
time scales of months to years. This sometimes
motivates the detrending Dst(t) prior to its use for
field modeling [Olsen et al., 2005]. However, such
preprocessing is not suitable for the time domain
approach because it gives rise to a substantial
switch‐on effect discussed above. Irrespective of
whether or not Dst(t) is an imperfect driving source,
the physical effect of large geomagnetic storms

Figure 3. Moving averages of Ist(t) index obtained for various conductivity models excited byDst(t). Window lengths
of (top) 1 month, (middle) 1 year, and (bottom) 10 years are used. Color coding of lines corresponds to Figure 1.
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inducing slowly decaying currents in the core seems
unavoidable.

4. Concluding Remarks

[21] Time variations of the magnetospheric ring
current, in particular due to intense geomagnetic
storms, are capable of inducing secondary electric
currents in the Earth’s core. We have demonstrated
that this effect is observable in the geomagnetic field
at the Earth’s surface. Since no electromagnetic
induction occurs at zero frequency, the mean value
of the Ist(t) index characterizing the induced field
at the surface should tend to zero. However, in the
Earth with its highly conductive core, this is true
only for averages over very long time intervals,
much longer than the observation times of relevance
here. Averaging the Ist(t) index over shorter time
windows yields a nonzero shift, of order of a few nT,
to negative values. Throughout this study it has been
assumed that the core is a stationary conductor rather
than a liquid metal. But in reality the outer core
will respond to the perturbations produced by geo-
magnetic storm events through the excitation
of magnetohydrodynamic waves [see, e.g., Jault
and Légaut, 2005; Légaut, 2005]. These will likely
dissipate energy on time scales more rapid than the
magnetic diffusion time scale of a solid core, but it
will nonetheless take many years for the associated
currents to decay. Further work is required to clarify
this process.

[22] The choice of particular mantle conductivity
model used in the separation of external and internal
fields was found to be of only secondary importance.
On the other hand, our results indicate that a highly
conductive core should be taken into account when
one performs the decomposition into Ist(t) and Est(t)
that forms an essential input to modern geomagnetic
field models. The nonzero offset value of Ist(t) will
result in small change in the lowest degree internal
Gauss coefficients of geomagnetic field models.
In addition, slow (month to decade time scale) var-
iations of Ist(t) will affect estimates of the secular
variation and secular acceleration of the core field.
Time series of Ist(t) and Est(t) produced using the
methods described here with the U, UC, and UC6
models may be found online at http://geo.mff.cuni.
cz/∼velimsky/Dst_separation/. For transient time
series of limited length, which contain long‐period
signal components, the time domain approach via
numerical integration of the EM induction equa-
tion seems in this context better suited than a fre-
quency domain decomposition.
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a b s t r a c t

1-D global inversions of observatory and satellite geomagnetic data reveal radial conductivity profiles in
the Earth’s mantle by means of electromagnetic induction. Traditionally, these have been interpreted as
average values at given depth. However, the predominant dipolar geometry of the magnetospheric ring
current represents strong bias in 1-D interpretation of the responses of a fully 3-D heterogeneous Earth.
We present a series of synthetic checks, applying 1-D time-domain inversion technique to 3-D simulated
data for conductivity models with lateral heterogeneities in the lowermost mantle, ranging from simple
geometrical configurations to complicated structures derived from phase composition based on geody-
namical modelling. We show that it is the presence or lack of lateral interconnection of the highly con-
ductive phase in the direction of prevailing external currents that determines the results of 1-D inversion.
In particular, this effect can explain the recently shown invisibility of highly conductive postperovskite in
the D00 layer to induction studies excited by strong transient signals—the geomagnetic storms.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

In contrast to the upper mantle where our understanding of the
structure and processes has improved considerably in the last dec-
ades, the lower mantle still remains much less explored. Perhaps
the most enigmatic part of the lower mantle is its lowermost part,
the D00. The investigations focused on this area received a new
impetus in 2004, when a high pressure mineral phase, the post-
perovskite (PPV), has been discovered (Murakami et al., 2004;
Oganov and Ono, 2004; Tsuchiya et al., 2004). Since then numerous
studies addressed the issues related to PPV morphology (e.g.,
Hernlund et al., 2005; van der Hilst et al., 2007; Shim, 2008; van
den Berg et al., 2010), seismic anisotropy (Panning and
Romanowicz, 2006; Wookey and Kendall, 2008), transport proper-
ties (Oganov and Ono, 2005; Carrez et al., 2007; Walte et al., 2007,
Hunt et al., 2009; Ammann et al., 2010; Goncharov et al., 2010;
Ono et al., 2006; Ohta et al., 2008, 2010), and dynamic conse-
quences (Nakagawa and Tackley, 2004, 2005, 2006; Matyska and
Yuen, 2005; Monnereau and Yuen, 2007; Tackley et al., 2007;
Čížková et al., 2010; Tosi et al., 2010).

A large Clapeyron slope of the PPV exothermic phase
transition—13 MPa/K (Tateno et al., 2009)—together with a steep
temperature gradient in the bottom thermal boundary layer prob-
ably result in the double-crossing of the phase boundary and thus
the isolated lenses of PPV are expected to exist in the lower mantle

(Hernlund et al., 2005) in the relatively cold areas. Seismic obser-
vations indeed support the existence of isolated patches of PPV
in the lowermost mantle (e.g., Lay et al., 2006; van der Hilst
et al., 2007; Hutko et al., 2008). A possible source of information
about the spatial distribution of PPV lenses in the lower mantle
could be the observed seismic anisotropy. It has been shown that
the dislocation creep localization in the PV in lowermost mantle
beneath the slabs could produce the observed lattice preferred ori-
entation, but it is not able to explain the amplitude of the observed
anisotropy. For this the PPV could be responsible (Oganov and Ono,
2005; Shim, 2008). The distribution of the lowermost mantle seis-
mic anisotropy as reported by Panning and Romanowicz (2006)
shows the predominance of the horizontally polarized S-wave
velocity over the vertically polarized one in the circum-Pacific belt,
which supports the idea, that the PPV should be present only in the
relatively cold areas connected to paleoslabs.

Despite the growing seismic evidence, an independent informa-
tion constraining the PPV positions would be extremely useful.
Based on several experimental as well as theoretical works, PPV
is now expected to differ from perovskite (PV) in terms of transport
properties. Its viscosity is expected to be considerably weaker (e.g.,
Hunt et al., 2009; Ammann et al., 2010), while the electrical con-
ductivity of PPV has been reported to be by up to 2 orders of mag-
nitude higher than that of PV (Ono et al., 2006; Ohta et al., 2008,
2010). The conductivity anomaly of this order (though buried in
the deepest mantle) should be reflected in the geomagnetic data.
The electromagnetic (EM) induction by variations of external fields
requires long-periodic or strong transient excitation in order to de-
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tect deep mantle structures. Geomagnetic storms, excited by the
Sun, and manifested in the magnetosphere by energizing of the
equatorial ring current, represent such a signal. It is capable of
inducing secondary electric currents in the deepest regions of the
Earth, including the core (Velímský and Finlay, 2011). The mag-
netic field generated by the ring current has dominantly dipolar
structure in the geomagnetic coordinate system defined by the
Earth’s main field, although smaller non-axisymmetric contribu-
tions are also present (Balasis et al., 2004). While numerical meth-
ods for global 3-D inversion of geomagnetic data are available and
computationally feasible, so far they have been applied only to the
upper parts of the mantle (Kelbert et al., 2009), down to the depth
of 1600 km. Below that, available data allow only to study the 1-D
conductivity. A 1-D conductivity profile obtained by Velímský
(2010) in the inversion of CHAMP satellite data did not show any
significant increase in D00 and thus did not agree with the experi-
mental data by Ono et al. (2006) and Ohta et al. (2008, 2010). How-
ever, that does not necessarily mean, that a highly conductive PPV
is not present there. If the PPV does not form a continuous layer,
but rather isolated patches, their high conductivity may not show
up unless they are interconnected in the equatorial direction, that
is in the direction of prevailing external currents. Here we test this
possibility by performing a synthetic EM inversion. We suggest
several models of the 3-D distribution of the highly conductive
PPV in the lowermost mantle, calculate their induction response
and then perform an inversion looking for the 1-D depth depen-
dent conductivity profile. We demonstrate that the geometry of a
highly conductive PPV patches is crucial for their visibility in terms
of 1-D conductivity distribution.

The paper is organized as follows: In Section 2 we define six
synthetic conductivity models with different D00 structure. In Sec-
tion 3 we compute the 3-D induction response of these models
to quasi-realistic magnetospheric excitation. We follow up by 1-
D inversion of synthetic data in Section 4, discuss the statistical sig-
nificance of our results in Section 5, and conclude with Section 6.

2. Synthetic conductivity models

The amplitude of lateral conductivity variations in the Earth
varies with depth. Closest to the surface, the contrast between

highly conductive seawater, conductive sediments, and resistive
igneous rocks yields lateral variations of more than 3 orders of
magnitude when scaled to a common thickness (Everett et al.,
2003). In the upper mantle, especially in the transition zone, the
conductivity varies by more than one order due to the variations
in temperature, partial melt distribution, and water content
(Kelbert et al., 2009). Recently, Tarits and Mandea (2010) have ob-
tained significant variations also in the lower mantle by inversion
of geomagnetic observatory monthly means.

In this study, we are interested in the effect of the complex D00

structure on the EM induction data, and on the ability of the EM
inversion to resolve such a structure. Therefore, our models as-
sume a 3-D laterally variable conductivity just above the core-
mantle boundary, while in the rest of the lower mantle a 1-D depth
dependent conductivity is considered. Such simplified models
could be regarded as best case scenarios, in reality the effects of
the complex D00 conductivity are further shielded and obscured
by the more complicated structures above.

The background 1-D conductivity model (Fig. 1, right panel) is
based on the inversion of 7-years of geomagnetic data provided
by the CHAMP satellite (Velímský, 2010). Here we use a model ob-
tained for mixed parametrization with 100 km resolution in the
upper mantle, and 400 km resolution in the lower mantle. The
model also contains a core with conductivity of 105 S/m, also con-
strained by the CHAMP data, at least at the lower limit. The total
number of layers is K = 16.

We introduce six different conductivity structures A–F (cf.
Fig. 1, spherical inserts) which overlay the background 1-D model
in the lowermost mantle. Models A and B are extreme cases,
assuming homogeneous, 300 km thick D00 consisting of pure PV
and PPV, respectively. The electrical conductivities assigned to
the two phases are rPV ¼ 7 S=m, and rPPV ¼ 100 S=m (Ohta et al.,
2008). The dependence on temperature is also neglected.

In models C and D, the 300 km thick D00 consists of PV with
1600 km wide circular belt of PPV placed along the equator, and
along the �90� meridian, respectively. The content of PPV in both
models is the same (33% of the D00 volume). Therefore, we can study
the effect of relative orientation of the closed loop of highly con-
ductive PPV with respect to the dominantly dipolar geometry of
the external field.
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Fig. 1. Overview of synthetic electrical conductivity models used in this study. Right panel: background 1-D conductivity profile. Spherical inserts A–D: PPV structure (gray)
in D00 with assumed thickness of 300 km in respective models. Spherical inserts E and F: Isosurfaces of the phase function /ðrÞ ¼ 0:5 in respective models.
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Finally, in models E and F, electrical conductivity distribution in
the lowermost 600 km of the mantle is given by relation,

logrðrÞ ¼ ð1� /ðrÞÞ logrPV þ /ðrÞ logrPPV: ð1Þ

Here /ðrÞ ranging from 0 to 1 is the phase function representing the
volume fraction of PPV. It is based on the temperature distribution
obtained in the 3-D spherical model of mantle convection. Model
case E has an intercept temperature of 3900 K that produces an al-
most continuous layer of PPV interrupted only in the hot plume re-
gions. In case F a very low temperature intercept of 3000 K ensures
the existence of fully isolated conductive patches of PPV.

3. 3-D forward modelling

Each of the target conductivity models A–F, introduced in the
previous section, is excited by a synthetic model of the external

field, similar to the one used in the end-to-end preparatory simu-
lations for the Swarm satellite mission (Tøffner-Clausen et al.,
2010). The model has been derived from the hourly means of mag-
netic field measured at permanent geomagnetic observatories. It
describes quasi-realistic magnetospheric field variations by spher-
ical harmonics up to degree 3 and order 1, and spans the period of
12 years with 1 h sampling rate, starting on January 1, 1997.
Should we aim to invert realistic observatory or satellite data in
terms of mantle conductivity, a careful consideration of the source
model geometry would be needed (Fujii and Schultz, 2002; Kelbert
et al., 2009; Martinec and Velímský, 2009). Since our goal is to
study the effects of laterally heterogeneous D00 using artificial con-
ductivity distributions, the synthetic external field model is suffi-
cient for our purposes. Fig. 2 shows the spherical harmonic
coefficients of the external field, GðeÞjm , up to degree 2 during a
two-month interval cut out from the entire span of the model.
Two large geomagnetic storms occured during this period. Note
that following Velímský and Martinec (2005) we use orthonormal,
complex spherical harmonics, and the coefficients are rescaled
from the Schmidt semi-normalization accordingly. The model fea-
tures a large dipolar term and much smaller variations at higher
spherical harmonics, dominated by the diurnal period.

We use the time-domain 3-D forward solver of Velímský and
Martinec (2005) which is based on mixed spherical harmonic-fi-
nite element spatial discretization, to compute the magnetic field
B in the entire conductive Earth. The time integration uses 1 h time
step, the radial discretization uses 180 layers with 20 km resolu-
tion throughout the mantle, and 100 km resolution in the core.
The lateral resolution is given by truncation degree of spherical
harmonics, jmax ¼ 16.
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Fig. 2. Synthetic model of the external field. Here we show only a short excerpt
spanning two months. Dipolar term which is shown in red is dominant over higher
harmonics (here shown only up to degree 2 by various colors). The black vertical
line at 1998.5995 marks the position of the snapshot of electrical currents in Fig. 3.
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Fig. 3. Electrical currents induced in the Earth for conductivity models A, B, and D. We show the longitudinal component of current density ju at equator as a function of
radius r and time t in case of spherically symmetric models A and B (top left and right, respectively). The CMB, and the D00 upper boundary are emphasized by solid black lines.
A snapshot at t=1998.5995 years in an equatorial section in the vicinity of CMB, through the meridional high-conductivity band (marked by solid black lines) is plotted for
model D (bottom). The radial component of current density jr is shown in colors. Directions of vector field j are marked by black sticks (not scaled to amplitude for better
clarity).
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Fig. 3 shows the density of induced electric currents,

j ¼ 1
l0

curlB; ð2Þ

in the Earth for some of the conductivity models. The two plots on
the top display the longitudinal (westward) component ju, at the
equator, and at longitude u ¼ 90� as a function of time and radius
for 1-D models A and B, respectively. In the case of spherically sym-
metric models, the electric currents are purely toroidal, the radial
component jr is zero, and ju dominates over the colatitudinal
(southward) component j# which is independent on the dipolar
source field, but relies on excitation by the smaller, axially non-
symmetric terms. Regardless of the D00 structure, a maximum of ju
occurs at the depths of 900–1200 km, where an increase of conduc-
tivity with depth by almost one order of magnitude was assumed in
the 1-D background model. Presence of highly conductive PPV in
the D00 in model B is reflected by electrical currents whose ampli-
tude is about 4 times smaller than in the upper mantle, and which
are delayed by 20–30 days after the onset of the storm. Currents of
similar amplitude flow also in the upper 100 km of the core, and
quickly decay with depth due to its high conductivity.

The bottom plot in Fig. 3 shows the effect of more complicated,
3-D conductivity structure in D00. An instantaneous snapshot at
t = 1998.5995 years is plotted in an equatorial section through
the meridional band of PPV in model D. The lateral conductivity
variation gives rise to radial currents jr . The currents are channeled
into the highly-conductive area in D00 both from the surrounding
lower mantle, and from the core. In the models E and F (not visu-
alized here) with more complicated D00 structure, the flow of elec-
tric currents generally conforms to the same paradigm, i.e., the
currents are concentrated in the D00 in the PPV-rich areas, and less
conductive PV-dominant barriers are bypassed through the core.

4. 1-D inverse modelling

The 3-D forward modelling described in the previous section
provides for each conductivity model X ¼ fA;B;C;D;E; Fg a com-

plete time series of spherical harmonics representing the internal,
induced field, Gði;XÞjm ðtÞ, up to degree and order 16, and with 1 h sam-
pling rate. These synthetic data are then inverted in terms of 1-D
conductivity models, along the lines described in detail by
Velímský (2010). Here we present only a short overview. First,
Gaussian noise is added to the source dipolar coefficient GðeÞ10 ðtÞ,
and the synthetic dipolar coefficients Gði;XÞ10 ðtÞ,

Gðe;eÞ10 ðtÞ ¼ GðeÞ10 ðtÞ þ N 0;
4p
3

e2
� �

ðtÞ; ð3Þ

Gði;X;eÞ10 ðtÞ ¼ Gði;XÞ10 ðtÞ þ N 0;
4p
3

e2
� �

ðtÞ: ð4Þ

Here Nð0; �ÞðtÞ denotes the zero-centered normal distribution, and
the standard deviation is scaled so that e = 1 nT corresponds to
the 1 nT noise of the horizontal component of magnetic field at
the equator on the Earth’s surface. The spherical harmonic analysis
of 7 years of CHAMP satellite data yields error estimates e � 1–5 nT,
after rescaling to the equator (Velímský, 2010). Here we present re-
sults with rather conservative setting of e = 5 nT.

The model vector m ¼ flog10rkgK
k¼1 is introduced, which con-

sists of logarithms of conductivities in layers, using the same dis-
cretization, as in the background 1-D model. Then, the data
misfit is defined as

v2ðm; X;eÞ ¼ 1
ðt1 � t0Þ

Z t1

t0

Gði;eÞ10 ðm; tÞ � Gði;X;eÞ10 ðtÞ
e

" #2

dt

¼ 1
ND

XND

l¼1

Gði;eÞ10 ðm; tlÞ � Gði;X;eÞ10 ðtlÞ
e

" #2

ð5Þ

where Gði;eÞ10 ðm; tÞ is the dipolar coefficient of internal field predicted
by forward 1-D modelling for a particular conductivity model m,
excited by noisy source Gðe;eÞ10 ðtÞ. Time t0 = 720 h is used to minimize
the influence of switch-on effect (Velímský et al., 2006) on the re-
sults of inversion. The time integration spans the entire 12 year
interval, by setting t1 to the last hour of year 2008. With time step
1 h, this corresponds to ND ¼ 121992 data points.
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Fig. 4. Misfit v2 as function of core conductivity r1, and D00 conductivity r2. Isolines of v2 are plotted in two-dimensional cross-sections of the parameter space for each
respective conductivity model A–F. Assumed conductivities of core, PV and PPV are emphasized by horizontal and vertical grid lines.
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There are three sources of uncertainty in the 1-D inversion of
synthetic data. Firstly, the source used in the inversion is spatially
inaccurate, using only the dipolar excitation compared to more
complicated source in the forward simulation. While this is not
an issue in 1-D models A and B, where signals at different spherical
harmonics are decoupled, the energy from higher degree and order
excitation can leak into dipolar internal field in the case of 3-D
models C–F. Secondly, Gaussian noise is added both to the source
signal, and induced field. Finally, the true 3-D conductivity model
lies outside the space of 1-D conductivity models being explored
in cases C–F. Even more realistic approach would consist of evalu-
ation of the induction signals at observatories or along satellite
tracks, addition of other magnetic fields (e.g. the main field, and
the lithospheric static field, local noise), and reconstruction of both
inducing and induced signals from such data. Such a study is out-
side the scope of this paper.

The problem of v2 minimization in the finite-dimensional space
of model parameters m can be tackled by different approaches.
Velímský (2010) used the limited memory quasi-Newton tech-
nique to find an optimal regularized model. Applying this tech-
nique to our synthetic datasets A–F recovers the respective target
1-D conductivity profiles throughout most of the mantle almost
perfectly. In order to study the effect of lowermost mantle on the
induction response, we revert to a simple technique of parameter
search. For each dataset, we match the conductivity with the
known target profile, and explore two-dimensional crossections
of the parameter space by varying a pair of parameters: either
the core conductivity r1, and the D00 conductivity r2, or r2, and
the conductivity r3 of a layer just above D00. Figs. 4 and 5 show
the contour lines of v2 as function of ðr1;r2Þ and ðr2;r3Þ, respec-
tively, for models A–F. All model parameters are varied in steps of
0.1 on the log10 scale.

Starting with the core conductivity r1, Fig. 4 shows that it is
correctly recovered in all cases, and it is constrained more strictly
from below. Values smaller than the target conductivity of 105 S/m
imply steeper misfit increase, than values above it. In the 1-D cases
A and B, Fig. 5 demonstrates that the conductivities r2, and r3 are
correctly recovered. Note that the high conductivity of PPV in case
B is constrained more sharply by the shape of the misfit function

than in case A where the elongated feature suggests lower sensitiv-
ity to r2. 1-D interpretation of datasets C and D demonstrates the
effect of interconnection of the conductive PPV with respect to the
geometry of the external field. Although both synthetic models
contain the same amount of PPV in D00, the closed electrical loop
in the equatorial belt in model C is reflected by a more focused
minimum of the misfit recovering higher D00 conductivity. On the
other hand, the same amount of PPV arranged in the meridional
configuration of model D yields result similar to case A, with smal-
ler and poorly resolved r2. Finally, 1-D inversion of models E and F
confirm that the conductivity recovered by 1-D inversions in-
creases both with the PPV content in the lowermost mantle, and
its level of interconnection. In case E, the inversion slightly overes-
timates r2, while the recovered r3 matches the average conductiv-
ity in the corresponding 3-D layer (using arithmetic averaging of
logarithms, i.e., geometric averaging of conductivity). In case F,
the average r2 and r3 are recovered almost perfectly. The overes-
timation of r2 in case E can be explained by the leakage of energy
from higher-degree external source field in the 3-D forward mod-
elling. Since it is not accounted for in the 1-D inversion, the addi-
tional signal is falsely interpreted by increased conductivity. This
effect doesn’t appear in cases A and B, where the excitation har-
monics are completely decoupled, and can occur to less extent in
less conductive cases C, D, and F.

5. Statistical significance of results

The misfit variations shown in Figs. 4 and 5 are obviously very
small. The change of conductivity by two orders of magnitude
yields less than 10�3 relative change of the misfit value v2 in some
cases. Then the question of significance of such results naturally
arises. We will discuss it using the statistical F-test (Chatterjee
and Hadi, 2006) in this section. In particular, we test the ability
of the data to resolve the model parameters by comparing the mis-
fit obtained by reduced models to the misfit yielded by the full
model m. The F-test assumes normal distribution of data errors,
and also requires linearity of the forward problem. The first condi-
tion is easily satisfied by our synthetic datasets. As for the second
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condition, while the predicted data Gði;eÞ10 ðm; tlÞ
n oND

l¼1
are nonlinear

functions of the logarithms of conductivities assembled in m, the
dependence on the parameters representing the lowermost parts
of the model, fmkg3

k¼1 is weak, and can be linearized.
The first test checks the ability of the synthetic data to resolve

the core and the D00. We formulate the null hypothesis H0: ‘‘Re-
duced model, such that m1 ¼ m2 (i.e., r1 ¼ r2) is sufficient to ade-
quately explain the data.’’ H0 is tested against hypothesis H1: ‘‘Full
model, such that m1 – m2 must be used.’’ The reduced and full
model spaces have respective dimensions N0 ¼ K � 1;N1 ¼ K. The
best fitting reduced and full models yield respective misfits
v2

0;v2
1. Hypothesis H0 will be rejected with a probability of false

rejection if the value of the F-test,

F ¼ v2
0 � v2

1

N1 � N0

ND � N1

v2
1

ð6Þ

is greater than the critical value of F distribution
FaðN1 � N0;ND � N1Þ. Table 1 summarizes the results for cases A–
F, and confidence levels of a ¼ 0:05 and 0.10. The reduced model
hypothesis H0 is safely rejected in all cases. In other words, separa-
tion of the core and D00 in the model is necessary to explain ade-
quately the data.

Similar test can be performed to check resolution between D00

and the lower mantle. The null hypothesis H0: ‘‘Reduced model,
such that m2 ¼ m3 is sufficient’’ is again tested against the full
model. The results are presented in Table 2. The reduced model
hypothesis H0 is rejected in cases B, E, and with 0.10 probability
of false rejection also in case C. All these cases have highly conduc-
tive PPV present and well interconnected in D00. When PPV is miss-
ing, or poorly interconnected in the equatorial direction, i.e. in
cases A, D, and F, the reduced model is sufficient to explain the syn-
thetic data, and the null hypothesis can be accepted.

6. Conclusions

We have performed a series of 3-D forward and 1-D inverse
simulations of EM induction in the lowermost Earth’s mantle and

core, excited by transient signals originating in the magnetosphere.
We observe that the conductivity of D00, in particular the spatial
distribution of the highly conductive PPV phase, determines the
path chosen by the induced electric currents. Smaller values of
the lower mantle electrical conductivity imply induced electric
currents in the uppermost parts of the core, while the presence
of PPV focuses the electric currents in the conductive areas of D00,
electromagnetically shielding the core below.

Interpretation of 1-D inversions of observatory or satellite geo-
magnetic data with respect to the conductivity of deep parts of the
Earth is tricky. The absence of highly conductive D00 in the results of
1-D inversion of CHAMP satellite data (Velímský, 2010) does not
necessarily mean that the highly conductive PPV is not present
there. Based on our simulations, especially the results of cases D
and F, we conclude that a significant amount of PPV can be present
in the D00 without being detected by 1-D inversions of EM induction
signals. Sufficient condition for this invisibility is that the highly
conductive phase is present in isolated patches with poor intercon-
nection in the equatorial direction of prevailing induced currents.
On the other hand, existence of a thick homogeneous layer of
highly conductive PPV is in contradiction with the 1-D interpreta-
tion of CHAMP satellite data. The PPV in the D00 is expected to re-
flect the distribution of cold masses associated with paleoslab
areas in the circum-Pacific belt (Panning and Romanowicz, 2006).
It is probably not connected in the equatorial direction due to
the presence of hot plume regions below central Pacific and Africa.
Therefore, it cannot be detected by means of a 1-D EM induction.

Unfortunately, while inversions of 3-D mantle conductivity
structure become computationally feasible, recovery of heteroge-
neous structures at the bottom of the mantle is hindered by small
sensitivity of the method, and lack of sufficiently strong external
excitation with different spatial configuration. The EM data inver-
sion is thus not able to put an independent constraint on the PPV
distribution.
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helpful discussion. Comments by two anonymous reviewers are
highly appreciated. This research was supported by the Grant
Agency of Czech Republic, project No. P210/11/1366.

References

Ammann, M.W., Brodholt, J.P., Dobson, D.P. 2010. Simulating diffusion. In:
Theoretical and Computational Methods in Mineral Physics: Geophysical
Applications, Book Series: Reviews in Mineralogy & Geochemistry, vol. 71, pp.
201–224.

Balasis, G., Egbert, G.D., Maus, S., 2004. Local time effects in satellite estimates of
electromagnetic induction transfer functions. Geophys. Res. Lett. 31, L16610.

Carrez, P., Ferre, D., Cordier, P., 2007. Implications for plastic flow in the deep mantle
from modelling dislocations in MgSiO3 minerals. Nature 7131, 68–70.

Chatterjee, S., Hadi, A.S., 2006. Regression Analysis by Example. John Wiley & Sons,
Hoboken, ISBN 0471746967, 9780471746966 Length 375 pages.
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One of the primary goals of the Swarm multisatellite mission is to determine the 3-D distribution of electrical
conductivity in the Earth’s mantle. This paper presents an inversion method based on direct integration of
magnetic fields in the time domain, and using the adjoint solution for fast evaluation of data sensitivities to model
perturbations. Two tests of the method are presented. The first one is using a 3-D checkerboard conductivity
model and noise-free synthetic data. The second test is based on the closed-loop simulation of Swarm mission,
including recovery of external and induced fields from simulated data along satellite tracks, and realistic noise
estimates.
Key words: 3-D electromagnetic induction, 3-D inversion, mantle conductivity anomalies, time domain.

1. Introduction
The method of electromagnetic (EM) induction has long

been a standard geophysical tool used to study the elec-
trical conductivity of the Earth (Lahiri and Price, 1939;
Banks, 1969). On a planetary scale, long-period data (in
the period range from few hours to years) from permanent
geomagnetic observatories have been traditionally used in
1-D inversions for depth-dependent mantle conductivity
structure. Availability of new geomagnetic measurements
from low-altitude satellites and from the expanding obser-
vatory network has also inspired development of fully three-
dimensional (3-D) techniques (Koyama et al., 2006; Kelbert
et al., 2008, 2009; Shimizu et al., 2010; Tarits and Mandea,
2010; Kuvshinov and Semenov, 2012; Semenov and Ku-
vshinov, 2012). Thorough reviews of recent advancements
in the area of global EM induction are presented by Kuvshi-
nov (2008, 2012).

Most of these methods work in the frequency domain,
for which the EM induction equation is solved at discrete
time-harmonics. The time-domain approaches introduced
by Hamano (2002) and Velı́mský and Martinec (2005) al-
low to model EM induction due to transient excitation. This
paper presents the development of a 3-D time-domain inver-
sion scheme tailored for the upcoming Swarm multisatellite
mission as part of the Swarm Satellite Constellation Appli-
cation and Research Facility (Olsen et al., 2013, SCARF).
The algorithm uses the time-series of external field Gauss
coefficients, and their induced counterparts, obtained by the
comprehensive inversion (Sabaka et al., 2013, CI) of Swarm
satellite and ground observatory data, and inverts them in
terms of 3-D electrical conductivity structure in the Earth’s
mantle.

Copyright c© The Society of Geomagnetism and Earth, Planetary and Space Sci-
ences (SGEPSS); The Seismological Society of Japan; The Volcanological Society
of Japan; The Geodetic Society of Japan; The Japanese Society for Planetary Sci-
ences; TERRAPUB.
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The key features of the algorithm are described in Sec-
tion 2. The results of two basic tests of the method: a noise-
free checkerboard test demonstrating the spatial resolution
under ideal conditions, and a closed-loop test allowing
for direct comparison with the complementary frequency-
domain chain (Püthe and Kuvshinov, 2013, 3FDI), are pre-
sented in Section 3. In the last section, the results, and out-
looks for further development of the method are summa-
rized.

Electrical resistivity ρ is used throughout Section 2 to al-
low simple notation in the B-field formulation, and to pre-
serve compatibility between the manuscript and the actual
software implementation. Electrical conductivity σ = 1/ρ

is preferred in Section 3, discussions, and plots for easy
comparison with the accompanying paper (Püthe and Ku-
vshinov, 2013).

2. Inverse Modelling in the Time Domain
2.1 Forward problem

A detailed description of the forward solver used in this
work is given by Velı́mský and Martinec (2005). Here we
give only a brief overview.

The magnetic field B(r; t) inside a conductive, non-
magnetic, solid spherical Earth of radius a with three-
dimensional, isotropic distribution of electrical resistivity
ρ(r) > 0, and under the magneto-quasistatic approxima-
tion (σ � ωε), is subject to the induction equation,

∇ × [ρ(r) ∇ × B(r; t)] + µ0
∂B(r; t)

∂t
= 0. (1)

Here r = (r, �) = (r, ϑ, ϕ) is the position vector described
by radius, colatitude, and longitude in spherical coordi-
nates, t is time, and µ0 is the magnetic permeability, as-
sumed to be that of non-magnetic geomaterial in the scope
of global EM induction problem. The magnetic field in the
insulating atmosphere above the conductive sphere, but be-
low the region of magnetospheric electric currents (which

1239

104
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are present at radial distances greater than some radius b) is
described by scalar magnetic potential U (r; t),

B(r; t) = −∇U (r; t). (2)

The potential satisfies the Laplace equation,

�U (r; t) = 0, a ≤ r ≤ b, (3)

and therefore can be written in terms of infinite series
of real, fully normalized spherical harmonic functions
Y jm(�),

U (r; t) = a
∞∑
j=1

j∑
m=− j

[
G(e)

jm(t)
( r

a

) j

+ G(i)
jm(t)

(a

r

) j+1
]

Y jm(�). (4)

The setup of the problem doesn’t take into account iono-
spheric electric currents flowing above the Earth’s surface,
but below the satellite orbit, and their induced counterparts
in the Earth (Kuvshinov, 2008, and references therein).
These signals must be modelled separately, and subtracted
from the magnetic field in the preprocessing, making use of
linearity of the induction equation (1). This approach is in-
deed applied in the CI processing of satellite data (Sabaka
et al., 2013), which employs also the ground observatory
data to resolve the ionospheric currents from the induced
currents.

The time series of coefficients G(e)
jm(t), and G(i)

jm(t) de-
scribe the spatio-temporal evolution of the primary mag-
netic field of the electric currents in the magnetosphere, and
the secondary electric currents induced in the conductive
Earth, respectively. They are related to the traditional set
of Gauss coeffcients g jm , h jm , q jm , s jm in Schmidt’s semi-
normalization (Langel, 1987) by equations,

G(i)
jm =

√
4 π

2 j + 1




g jm m = 0,

(−1)m g jm m > 0,

h j |m| m < 0,

(5)

G(e)
jm =

√
4 π

2 j + 1




q jm m = 0,

(−1)m q jm m > 0,

s j |m| m < 0.

(6)

The series of coefficients, and therefore the summation in
Eq. (4) is truncated at a finite degree jmax. Assuming con-
tinutity of magnetic field B across the Earth’s surface r = a,
and expressing B in the base of vector spherical harmonic
functions combined with finite elements in the radial direc-
tion, the Eqs. (1)–(2) can be discretized and coupled. Given
the resistivity ρ(r), and the source model G(e)

jm(t), the for-
ward solution is integrated from the initial condition,

B(r; 0) = 0, (7)

to provide a time series of induced coefficients G(i)
jm(t).

The original approach to the integration introduced in
Velı́mský and Martinec (2005) was based on a semi-implicit
scheme that treated implicitly the dominant effect of 1-D
resistivity profile for stability, while the effects of lateral

variations were taken from the previous time step. How-
ever, this approach yields large inaccuracies in the evalua-
tion of data sensitivities based on the adjoint problem so-
lution, as described in the next section. Therefore, a new
version of the program was developed (Kuvshinov et al.,
2010), based on an unconditionally stable, second-order
accurate Crank-Nicolson integration scheme (Press et al.,
1992, chapter 19). Such approach leads to a banded linear
system of equations; however, the width of the band can
become large since it depends on j2

max. Factorization of a
large, wide-banded linear system, and its repeated solutions
at each time step are CPU-intensive. They were therefore
paralellized on a distributed-memory architecture, using the
ScaLAPACK and MPI libraries (Blackford et al., 1997).
The matrix structure invites paralellization by layers, where
each computational node stores the matrix and solution for
at least 4 adjacent layers. Therefore, for optimal efficiency,
the total number of layers in the forward modelling should
be divisible by 4.
2.2 Inverse problem

In order to formulate the inverse problem, the resistivity
distribution in the Earth is first described by a finite number
of model parameters. Spherical harmonic expansion in K
discrete layers is used, following similar setup by Kelbert et
al. (2008) and Püthe and Kuvshinov (2013),

log10 ρ(r) =
K∑

k=1

jρ
max∑

j=0

j∑
m=− j

ρk
jm ξk(r) Y jm(�), (8)

where ξk(r) = 1 in the k-th layer, rk ≤ r ≤ rk+1, and is zero
otherwise. Although this parameterization has no phys-
ical justification based on the likely geological processes
in the mantle, detection of small-scale conductivity hetero-
geneities, such as related to the subducted crustal slabs in
the mantle, is beyond the expected resolution of the Swarm
dataset. Moreover, since the input data to the inverse prob-
lem are provided in the form of spherical harmonics, it is
natural to choose the same basis also for the conductivity
model. The coefficients ρk

jm are arranged into the model
vector m of dimension M . Not necessarily all coefficients
are included in m, and M ≤ K ( jρ

max + 1)2. At the start of
the inversion process, selected coefficients can be set to a-
priori values, and excluded from m. This allows for a flex-
ible setup of the inverse problem, such as combination of
layers with different lateral resolution, and uniform layers.

To solve the inverse problem, one seeks a model m̃λ that
minimizes the penalty function

F(m; λ) = χ2(m) + λR2(m), (9)

where χ2(m) is the data misfit, λ is the regularization pa-
rameter, and R2(m) is the regularization term described in
Subsection 2.3.

The data misfit χ2(m) measures the difference between
the observed data, and data predicted by forward modelling
for given model m. We define

χ2(m) =
∑

jm

2 j + 1

8π(t1 − t0)
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×
t1∫

t0


 j

(
G(e)

jm(m; t) − G(e,obs)
jm (t)

δ
(e)
jm(t)

)2

+ ( j + 1)

(
G(i)

jm(m; t) − G(i,obs)
jm (t)

δ
(i)
jm(t)

)2

 dt. (10)

Symbols G(e,obs)
jm (t), and G(i,obs)

jm (t) denote the time series of
external and internal field coefficients, provided in time in-
terval (t0, t1) with their respective error estimates δ

(e)
jm(t),

δ
(i)
jm(t). They are obtained from the satellite data by the

process of comprehensive inversion (Sabaka et al., 2013),
which involves separation of fields of core, lithospheric,
and magnetospheric origin, and their induced counterparts.
Since this is basically a least-square fit of spherical har-
monic coefficients into data along satellite tracks and on
surface, the CI is capable of providing not only coefficient
errors, but even full covariance matrices, including covari-
ances between external and internal field coefficients.

The summation limits in Eq. (10) are the same as in Eq.
(4). If a particular coefficient is not provided by the dataset,
we set formally 1/δ

(e)
jm = 0 or 1/δ

(i)
jm = 0. The G(i)

jm(m; t)
coefficients are predicted by the forward solver for each par-
ticular model m. As for the external field which is required
as the boundary condition for the forward solver, the obvi-
ous choice is setting G(e)

jm(m; t) = G(e,obs)
jm (t), independent

of m, which also cancels the first part of integral in Eq. (10).
This means that we assume perfect knowledge of the source
field, and discard any information about its uncertainty pro-
vided by errors δ

(e)
jm(t). The time interval (t0, t1) can span

the entire duration of the mission or only selected subset.
However, the initial time t0 at which the evaluation of mis-
fit starts should be chosen at least few days later than the
zero time of the initial condition (7) of the forward problem.
In this way, the transient (switch-on) effect is minimized
(Velı́mský and Martinec, 2005; Velı́mský et al., 2006).

Two additional properties of definition (10) are worth
mentioning. Firstly, in the (however unlikely) case of error
estimates independent of spherical harmonic degree and
order, δ

(e)
jm(t) = δ

(i)
jm(t) = δB(t), Eqs. (2) and (4) lead to

χ2(m) = 1

2 S (t1 − t0)

×
∫
S

t1∫
t0

[
B(m; a, �; t) − B(obs)(a, �; t)

δB(t)

]2

dt dS, (11)

where S = 4πa2 is the surface of the spherical Earth.
Therefore, the data misfit corresponds to a dimensionless,
weighted L2 norm of differences between the predicted and
observed magnetic fields over the Earth’s surface and time.
The presence of j , ( j +1), and (2 j +1) factors in Eq. (10) is
thus justified. Secondly, a straightforward generalization of
definition (10) that would take into account entire covari-
ance matrices is possible. Use of the time-dependent co-
variance matrices, or, at least, their diagonal parts δ

(i)
jm(t)−2,

allows selective downweighting of coefficients poorly con-
strained by the CI, i.e., due to temporary data gaps at indi-
vidual satellites, or a particulary disadvantageous geometry

of the satellite constellation. However, allowing for uncer-
tainties in the external field would require its coefficients to
be incorporated in the model vector m, and then recovered
by the inversion jointly with the conductivity model.

Returning back to the problem of minimization of penalty
function F(m; λ), several effective multidimensional al-
gorithms, such as conjugate gradients or quasi-Newton
method (Press et al., 1992, chapters 10.6–7), are based on
the computation of the gradient of the function F(m; λ) in
the space of model parameters,

∇mF(m; λ) = ∇mχ2(m) + λ∇m R2(m). (12)

Effective evaluation of the first term is not trivial. The
straightforward approach would be to solve 2M + 1 for-
ward problems for small perturbations of the model m into
each direction in the model space. Then, by numerical dif-
ferentiation, we could obtain an approximation of ∇mχ2.

Here we use a different approach based on the adjoint
method (McGillivray et al., 1994; Dorn et al., 1999; Ficht-
ner, 2011). Direct differentiation of (10) yields

∇mχ2 =
∑

jm

(2 j + 1)( j + 1)

4π (t1 − t0)

×
t1∫

t0

G(i)
jm − G(i,obs)

jm

δ
(i)
jm(t)2

∇mG(i)
jm dt. (13)

The adjoint method allows us to evaluate ∇mχ2 without
explicit knowledge of ∇mG(i)

jm . It reduces the computa-
tional burden to the solution of one forward and one adjoint
problem. Following a similar derivation as for the 2-D ax-
isymmetric case (Martinec and Velı́mský, 2009), we define
the adjoint magnetic field B̂(r; t̂), and magnetic potential
Û (r; t̂), as solution of the adjoint problem

∇ ×
[
ρ(r) ∇ × B̂(r; t̂)

]

+µ0
∂B̂(r; t̂)

∂ t̂
= 0, r ≤ a, (14)

B̂(r; t̂) = −∇Û (r; t̂), r = a, (15)

�Û (r; t̂) = 0, r ≥ a. (16)

The adjoint time, t̂ = t1 − t , runs in the opposite direction
to normal time, starting from the end of the dataset. The
adjoint external field is given by the residua of the forward
problem,

Ĝ(e)
jm(t̂) = − j + 1

t1 − t0

×
t1∫

max(t0,t1−t̂)

G(i)
jm(m; τ) − G(i,obs)

jm (τ )

δ
(i)
jm(τ )2

dτ, (17)

and the initial condition for the adjoint field is

B̂(r; t̂ = 0) = 0. (18)

Note that the system of Eqs. (14)–(16) is equivalent to the
forward problem (1)–(3), and can be solved with the identi-
cal numerical technique. Also, Eq. (17) yields Ĝ(e)

jm(0) = 0,
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i.e., the adjoint source is compatible with the initial condi-
tion (18).

Application of the operator ∇m to Eq. (1), multiplication
by B̂, integration over time interval (t0, t1) and volume of
the sphere G, and finally, use of the Gauss theorem and
integration per parts, yields after some algebra,

∇mχ2(m) = 1

4π a3 µ0

×
t1∫

t0

∫
G

∇mρ(m; r)
[
∇ × B(m; r; t)

]

·
[
∇ × B̂(m; r; t̂)

]
dV dt. (19)

Differentiating the resistivity with respect to any parameter
ρk

jm is trivial,

∂

∂ρk
jm

ρ(m; r) = ln 10 ρ(m; r) ξk(r) Y jm(�). (20)

Integration of (19) is therefore straightforward with only
one caveat. In order to know the adjoint solution B̂ at time t̂ ,
Eq. (17) requires that the forward solution is known for all
times t ≥ t1 − t̂ . The forward and adjoint problems cannot
be solved concurrently, the forward problem must be solved
first, the entire solution B(r; t) stored, and then the time in-
tegration of Eq. (19) is performed together with the inte-
gration of the adjoint problem. The large memory require-
ments are handled by parallel distribution to the computa-
tional nodes, using the layer structure already established
for the forward solver to minimize data transfers between
nodes.
2.3 Regularization

The purpose of the regularization term is to control over-
fitting of data by unrealistic, spurious oscillations of the
resistivity model. Two regularizations were implemented,
constraining the first and second derivative, respectively,

R2
1(m) = 1

a

∫
G

∣∣∇ log10 ρ(m; r)
∣∣2

dV, (21)

R2
2(m) = a

∫
G

∣∣� log10 ρ(m; r)
∣∣2

dV . (22)

Because the forward solver represents resistivity on a
grid, the spatial derivatives in the regularizations (21)–(22)
are evaluated numerically using a simple 3-point finite-
difference stencil (Fornberg, 1996).

The trade-off between the data misfit χ2(m), and the reg-
ularization R2(m) in Eq. (9) is governed by the choice of
the regularization parameter λ. The optimal value of λ is
selected by an L-curve analysis (Hansen, 1992). A local
minimum m̃λ of the penalty function F(λ; m) is found for
several values of λ. Then, the data misfit χ2(m̃λ

) is plotted
versus regularization R2(m̃λ

), and the maximum inflection
point λ̃ of the curve is found visually, using refined sam-
pling of λ in its vicinity, as necessary. The corresponding

model m̃λ̃ then represents the solution of the regularized in-
verse problem.

2.4 Quasi-Newton minimization
Our implementation of quasi-Newton minimization

closely follows the method described in Press et al. (1992,
section 10.7). For a given λ, and starting model mλ

0, the al-
gorithm gradually builds an approximation of the inverse
Hessian from the values of F(mλ

i ) and ∇mF(mλ
i ) using

the Broyden-Fletcher-Goldfarb-Shanno formula. Line min-
imization along a given direction uses Brent’s method to
proceed to the next iteration point mλ

i+1. The iteration
terminates when the difference of two successive models
mλ

i+1 − mλ
i , or the gradient ∇mF(mλ

i ) drops below a spec-
ified tolerance, or after a maximum number of iterations is
reached. Experiments have shown that faster convergence is
achieved when the initial model mλ

0 is chosen as the optimal
result m̃λ′

from a run with stronger regularization, λ′ > λ.
Therefore, runs for individual values of λ are chained in de-
scending order.

3. Results
3.1 Checkerboard test

In this section we present the results of two tests of the
time-domain 3-D spherical conductivity inversion method.
The purpose of the first test is to determine the resolution
of the method under idealized conditions with no source of
errors. The target 3-D conductivity model, as shown in the
right panel of Fig. 1, is based on the 1-D conductivity pro-
file of Kuvshinov and Olsen (2006), resampled to 200 km
layers spanning the entire crust and mantle. Using the ex-
pansion (8), the 1-D model thus defines the coefficients ρk

00.
Over the 1-D background a 3-D checkerboard-like structure
is superimposed (Kelbert et al., 2008). The coefficients ρk

32
are set to ±1.0 with the sign alternating between layers. The
scaling is such that the lateral contrast in each layer is about
0.8 orders of magnitude. All other coefficients describing
the model are zero. At the top of the conductivity model,
an empirical surface conductance map scaled to a common
thickness of 10 km is imposed. It is based on bathymetry,
topography, and electrical conductivity of seawater, crys-
talline rocks, and sediments, and assembled using the pro-
cedure described by Everett et al. (2003). The electrical
conductivity of the core is assumed to be 105 S·m−1.

The target conductivity model is excited by an external
magnetic field represented by spherical harmonic coeffi-
cients for orders j = 1, 2, 3, and degrees m = −1, 0, 1.
The length of time series is 4 years with uniform 1.5 hr sam-
pling interval. The induced field coefficients are evaluated
by the forward solver up to degree and order 5. Homoge-
neous error δ

(i)
jm(t) = 1 nT is assumed. These settings rep-

resent a rather optimistic expectation of the spatio-temporal
resolution of magnetospheric field and their induced coun-
terparts by the Swarm mission (Sabaka et al., 2013).

The time series is then inverted in terms of 3-D conduc-
tivity distribution. Because no noise is present, regulariza-
tion is switched off by setting λ = 0. The surface con-
ductance map is not recovered by the inversion, but rather
overlaid over each conductivity model in the process of in-
version. The recovered model is shown in the left panel of
Fig. 1. This result clearly demonstrates the resolution of the
inversion with realistic spatio-temporal resolution of simu-
lated Swarm data. In the depth range 400–1000 km the 3-D
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Fig. 1. Checkerboard test: Recovered model (left panel) compared to the target model (right panel). Color cross-sections through individual layers are
staggered from top to bottom. Color scale corresponds to log10 (σ in S·m−1).

structure is well-resolved. In the uppermost mantle, here
represented by depth range 10–400 km, the conductive and
resistive heterogeneities are well resolved below the resis-
tive continents. However, large difference between recov-
ered and target model occurs below the oceans, especially
the Pacific, a result of strong attenuation of the signal by
highly conductive seawater. Below 1000 km, the method is
unable to resolve lateral variations of mantle conductivity,
and only the 1-D average conductivity is recovered. Con-
siderably longer time series would be needed for that task
(Velı́mský and Finlay, 2011).

3.2 Closed-loop test
The second test case uses a target conductivity model that

has been designed to test various elements of the SCARF
(Olsen et al., 2013), in particular the CI (Sabaka et al.,
2013), the 3FDI (Püthe and Kuvshinov, 2013), and the 3TDI
(this paper).

From top to bottom, the model consists of the surface
conductance map scaled to common thickness of 10 km, a
390 km thick resistive layer (0.004 S·m−1) with three small-
scale conductors embedded in it (0.04 S·m−1), a 300 km
layer of conductivity of 0.04 S·m−1 with a large heterogene-
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Fig. 2. Full closed-loop test: Recovered model (left panel) compared to the target model (right panel). Color cross-sections through individual layers
are staggered from top to bottom. Color scale corresponds log10 (σ in S·m−1), and is identical with the colorscale used in Fig. 3 in the companion
3FDI paper.

Fig. 3. L-curve used showing the data misfit χ2(m) against the regularization term R2
1(m) for different values of parameter λ (red numbers) in the

closed-loop test.

ity of 1 S·m−1 approximately in the shape of the Pacific
plate, a uniform conductor of 2 S·m−1 down to the core-
mantle boundary, and highly conductive core (105 S·m−1).
The model is shown in the right panel of Fig. 2.

An external field model up to degree 3 and order 1 (in the
geomagnetic coordinate system), and with 1 hr sampling
interval was derived by analysis of 4.5 years of ground ob-
servatory hourly means from July 1998 to December 2002

(Olsen et al., 2005). Induced field coefficients for the tar-
get model were computed up to degree and order 15, using
a frequency-domain integral equation solver (Pankratov et
al., 1995). Details of the method, which involves Fourier
transform of external field coefficients, evaluation of trans-
fer matrices at discrete frequencies, and their spline interpo-
lation in the frequency domain, and finally inverse Fourier
transform of the induced coefficients back to time domain
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with 1 hr step, are given in Olsen and Kuvshinov (2004) and
Kuvshinov and Olsen (2005).

Realistic Swarm satellite trajectories were simulated for
the same period, the external and induced fields were syn-
thetized along the tracks with 1 Hz sampling rate, together
with other components of geomagnetic field (main, litho-
spheric, ionospheric and corresponding induced field), as
well as a model of instrument noise. Detailed description
on the test dataset assembly is given by Olsen et al. (2006).
The CI was then used to reconstruct the individual field
components, including the magnetospheric field and its in-
duced counterpart (Sabaka et al., 2013).

Thus, the input for the inversion discussed here were 4.5
years long time series of reconstructed external and inter-
nal Gauss coefficients in the geomagnetic reference frame.
Similarly to the checkerboard test, the external field was
truncated at degree 3 and order 1, the internal field was
modelled up to degree and order 5. The dipolar coefficients
g10, q10 were provided with 1.5 hr sampling, other coeffi-
cients were sampled at 6 hr due to the limited longitudinal
coverage of three satellites. Error estimates were also pro-
vided in the input dataset.

The coefficients were first preprocessed by rescaling to
full normalization, using Eqs. (5)–(6). The non-dipolar co-
efficients were interpolated in time by cubic splines to com-
mon sampling interval of 1.5 hr. The conductivity model
was parameterized using 5 layers each 200 km thick with
spherical harmonic expansion truncated at jρ

max = 5. Note
that the layer boundaries used in the inversion do not cor-
respond to the layer boundaries of the target model. All
computations were performed in the geomagnetic reference
frame; however, the final conductivity model was rotated to
the geographic coordinate system. The inversion was run
using the R1 regularization (21) for 8 values of λ, rang-
ing from 10−5 to 100. Based on an L-curve visual analy-
sis (Fig. 3), we have chosen λ̃ = 2 × 10−2 as the optimal
balance between data fit and model smoothness.

The resulting model is shown in the left panel of Fig. 2.
The recovery of the uppermost 400 km is poor with spu-
rious 3-D oscillations present below the oceans, and im-
mediately above the large target heterogeneity. These can
be assigned to combined effect of surface conductance, as
observed in the checkerboard test, with the regularization
term constraining the size of the conductivity jump across
the 400 km boundary, and the lower sampling rate of non-
dipolar coefficients, reducing the information contained in
the signal at periods below 1 day, which are the most sen-
sitive to upper mantle conductivity. Obviously, given the
limited lateral resolution of the data, it is difficult to resolve
small scale features present in the upper 400 km. However,
the shape and conductivity of the large heterogeneity are
well reconstructed in the 400–600 km depth range. In the
600–800 km span, the reconstructed model contains a com-
bination of the heterogeneous layer in the target model with
the underlying homogeneous, conductive layer; the conduc-
tivity below Pacific is well resolved, while the background
value is increased elsewhere. Finally, the conductivity of
the lower mantle is recovered as a 1-D structure, with small
oscillations that are suppressed by regularization.

4. Conclusions and Outlook
We have developed and tested a new technique to invert

a time series of Gauss coefficients representing the exter-
nal and internal magnetic field in terms of a 3-D distribu-
tion of electrical conductivity, using direct integration of
the magnetic field in the time domain. The approach is
designed to process time series provided by the CI for the
Swarm multisatellite mission (Olsen et al., 2013), and com-
plements a traditional 3FDI approach (Püthe and Kuvshi-
nov, 2013). We have demonstrated the ability to recover the
shape and conductivity of a large heterogeneous sctructure
positioned in the mid-mantle from a closed-loop simulation
of the Swarm satellite mission that includes realistic model
of satellite trajectories, instrument noise, and separation of
signals of core, lithospheric, ionospheric, magnetospheric,
and induced origin. Moreover, the induced signals for the
test dataset were generated using an independent forward
solver in the frequency-domain, introducing an additional
source of discrepancies in forward modelling. The parame-
terization of the model space in the inverse problem did not
conform to the target model, both in terms of layer inter-
faces positioned at different depths, and sharp lateral con-
ductivity contrasts being fitted by spherical harmonics.

The time-domain method, and accompanying programs
are currently being expanded. Use of full data covariance
matrix, and external field adjustments taking into account
its uncertainties are being investigated. Modifications of
the regularization methods are also considered. In particu-
lar, since the electrical conductivity varies dominantly with
depth, separation of the gradient or Laplacian operator in
Eqs. (21)–(22) into the radial and angular parts, and down-
weighting the first one, could allow for larger radial vari-
ability without introducing spurious lateral oscillations to
the results of the inverse problem.
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Department of Geophysics, Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic. E-mail: mx@cn.ru

Accepted 2017 April 24. Received 2017 April 21; in original form 2017 January 31

S U M M A R Y
The deterministic approach to the inverse problem of the time-domain electromagnetic induc-
tion in a spherical Earth requires the calculation of the first derivative of a misfit function in
every step of the minimization process. In addition, an a-posteriori error analysis can benefit
from the knowledge of the Hessian, the matrix of the second derivatives. We present the
derivation of the formulas for the fast calculation of the misfit gradient, the Hessian, and the
Hessian-vector product, based on the solution of an adjoint problem. We validate our results
on a synthetic model against a slow finite-difference scheme.

Key words: Adjoint problem; Global EM induction problem; Gradient and Hessian.

1 I N T RO D U C T I O N

The electrical conductivity of the Earth’s mantle is an important geophysical parameter, closely related to its thermal, chemical and
mineralogical state (Khan 2016). In order to recover the 3-D electrical structure of the mantle from geomagnetic data measured at the Earth’s
surface, on the seafloor, or in the space, the global inverse EM induction problem in the spherical domain must be solved. While different data
sets and approaches have been employed to solve this task recently (e.g. Kelbert et al. 2009; Kuvshinov & Semenov 2012; Puethe & Kuvshinov
2013, 2014; Velı́mský 2013), one common problem is the large computational cost of the inversion. It arises primarily from two causes:
the large dimension of the model space to explore and the high computational demands of the 3-D forward problem itself. The Bayesian
approaches, providing the a-posteriori probability density of the model parameters, require extremely large number of solutions of the forward
problem, making them so far unfeasible, although this could change in the near future (Pankratov & Kuvshinov 2016). Most of the techniques
so far used, aim to solve the deterministic inverse problem, searching for a minimum of a suitable misfit function by a gradient-based method,
such as the (preconditioned) conjugate gradients, or the limited-memory quasi-Newton method. For a successful implementation of these
techniques, one needs to be able to quickly and accurately evaluate the gradient of the misfit function in the model space. This can be effectively
performed using the adjoint approach. It has been previously described in different sources, such as a comprehensive application of the adjoint
theory in seismology by Fichtner (2011). In the general area of EM induction, the adjoint approach has been developed by Haber (2005) and
Egbert & Kelbert (2012) in the frequency domain, and by Plessix (2006) and Haber et al. (2007) in the time domain. Kelbert et al. (2008)
and Pankratov & Kuvshinov (2010) have applied the adjoint method to the inverse problem formulations using frequency-domain global
electromagnetic transfer functions. Our 3-D approach introduced here builds on the 2-D axisymmetric formulation in the time domain by
Martinec & Velı́mský (2009). Hagedoorn & Martinec (2015) have applied the adjoint approach to the problem of the downward continuation
of the observed magnetic field through a conductive mantle from the surface to the core-mantle boundary.

Taking the problem of effective calculation of the misfit function derivatives one step further, one can also use the adjoint approach
for the evaluation of the Hessian, the matrix of the second derivatives. Pankratov & Kuvshinov (2015) have developed the technique for the
frequency-domain EM induction problem, using the formalism of the Green functions. Here we present an alternative formulation suitable for
the time-domain approach, using the spherical-harmonic parameterization of the electric and magnetic fields, that allows simple expression
of the external boundary condition. In Section 2, we recall the formulation of the forward problem by Velı́mský & Martinec (2005) and
proceed with the formulation of the adjoint, forward scatter and adjoint scatter problems, which are needed for the fast Hessian calculation.
In Section 3, we validate the fast formulas on a synthetic case study, using finite differences. The derivation of the adjoint external boundary
condition and corresponding formula for the misfit gradient is offloaded to Appendix B.
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2 T H E O RY

2.1 The forward problem

In this section we recall the formulation of the forward problem of the global EM induction equation in the time domain, as presented by
Velı́mský & Martinec (2005). We start by introducing some basic notation. We use the spherical coordinate system of the radius, the colatitude
and the longitude, r = (r, ϑ, ϕ) = (r,�). Let G be the electrically conductive spherical Earth of radius a, its surface we denote by ∂G. The
electrical conductivity σ (r) and the electrical resistivity ρ(r) = 1/σ (r) are isotropic, heterogeneous, and positive. The Earth is surrounded by
a perfectly insulating layer A with an outer radius b > a, with a system of magnetospheric and ionospheric electrical currents present above
b. Assuming that the time variations of the electromagnetic fields are sufficiently slow to allow the neglection of the displacement electric
currents, the magnetic field B and the electric field E satisfy the quasi-static Maxwell equations,

curl B = μ0σ E, (1)

curl E = −∂ B

∂t
, (2)

div B = 0. (3)

From these, the electromagnetic induction equation is easily derived,

curl [ρ(r) curl B(r; t)] + μ0
∂ B(r; t)

∂t
= 0 in G. (4)

The divergence-free condition (3) imposed on the magnetic field B is automatically satisfied by eq. (4), assuming a divergence-free initial
condition, but it can be useful to enforce it explicitly in the numerical solution of the system.

To complete the formulation of the forward problem, the initial and boundary conditions must be specified. We solve the induction
equation in a finite time interval (0, t1), and we specify the zero initial condition,

B(r; 0) = 0. (5)

In order to derive the boundary condition at the Earth’s surface, we link the magnetic field in G to the analytical solution in A. At any
time t, the magnetic field in the insulator is fully described by a scalar magnetic potential U, satisfying the Laplace equation,

�U (r; t) = 0 in A, (6)

with the continuity condition imposed across the interface ∂G,

B(r; t) = −grad U (r; t) on ∂G. (7)

The Laplace equation (6) has an analytical solution in terms of spherical harmonic series,

U (r; t) = U (e)(r; t) + U (i)(r; t) = a
∞∑
j=1

j∑
m=− j

[
G(e)

jm(t)
( r

a

) j
+ G(i)

jm(t)
(a

r

) j+1
]

Y jm(�), (8)

where Yjm(�) are real, fully normalized scalar spherical harmonics (see Appendix A for the definition and some of their properties). The first
part of the potential, U(e), represented by the spherical harmonic coefficients G(e)

jm(t), corresponds to the magnetic field with sources in the

magnetosphere, above b, while the second part, U(i), described by coefficients G(i)
jm(t), represents the magnetic fields induced in G. Now we

express the magnetic and electric fields in G in terms of vector spherical harmonics,(
B(r; t)
E(r; t)

)
=

∞∑
j=1

j∑
m=− j

+1∑
λ=−1

(
B(λ)

jm(r ; t)

E (λ)
jm(r ; t)

)
S(λ)

jm(�). (9)

We apply the gradient formula (A10), and rewrite the boundary condition (7) as

B(0)
jm(a; t) = 0, (10)

B(−1)
jm (a; t) = −

[
j G(e)

jm(t) − ( j + 1) G(i)
jm(t)

]
, (11)

B(+1)
jm (a; t) = −

[
G(e)

jm(t) + G(i)
jm(t)

]
, (12)

for all j = 1, 2, . . . ∞ and m = −j, . . . , +j (Velı́mský & Martinec 2005). There are several possible boundary conditions that uniquely
determine the solution of the induction equation (4). The Dirichlet boundary condition prescribes the total horizontal field, that is, the
right-hand sides of eqs (10) and (12). The mixed boundary condition (Martinec 1999) prescribes the toroidal magnetic field (10) and the
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toroidal electric field E (0)
jm(t), which is directly related to the vertical component of magnetic field at the surface. Here, we will adhere to the

external boundary condition (Velı́mský & Martinec 2005), which fixes the zero toroidal magnetic field at the surface (10) and prescribes the
model of the magnetospheric currents by means of the Gaussian coefficients G(e)

jm(t) of the external field. The internal induced coefficients

G(i)
jm(t) are then obtained by the solution of the induction equation. To summarize, the forward problem of global EM induction in the time

domain can be formulated as follows:

Given ρ(r) > 0, and G(e,obs)
jm (t), find B(r; t) and G(i)

jm(t) for t ∈ (0, t1), such that

curl [ρ(r) curl B(r; t)] + μ0
∂ B(r; t)

∂t
= 0, (13)

B(r; 0) = 0, (14)

B(0)
jm(a; t) = 0, (15)

G(e)
jm(t) = G(e,obs)

jm (t). (16)

We refer to Velı́mský & Martinec (2005) for the details of the strong and weak formulation of problem (13)–(16), and its numerical
solution.

2.2 The inverse problem

The purpose of the inverse problem is to reconstruct the 3-D resistivity structure ρ(r) from the observed time variations of the magnetic field
at the surface. At first, we need to introduce a discrete parameterization of the resistivity, represented by N real numbers arranged into a vector
m. There are many different ways to achieve this. For example, Velı́mský (2013) has used spherical harmonic expansion of decadic logarithm
of resistivity up to degree jσ

max in K discrete layers. Here we introduce an alternative representation,

m =
{[(

σi jk

)I

i=1

]J

j=1

}K

k=1

, (17)

log10 [ρ(m; r)/ρ0] = − log10 [σ (m; r)/σ0] = −
K∑

k=1

I∑
i=1

J∑
j=1

σki j ζki j (r), (18)

using 3-D piecewise constant functions for discretizations of the radius 0 = r1 < r2 < . . . < rK+1 = a, the colatitude 0 = ϑ1 < ϑ2 < . . . <

ϑ I+1 = π and the longitude 0 = ϕ1 < ϕ2 < . . . < ϕJ+1 = 2π ,

ζki j (r, ϑ, ϕ) =
{

1 for rk < r < rk+1 and ϑi < ϑ < ϑI+1 and ϕ j < ϕ < ϕJ+1,

0 otherwise,
(19)

and a multi-index α = (k, i, j), such that mα = σ kij, and N = K I J. The scaling factors ρ0 = 1 � m and σ0 = 1 S m−1 are used for consistency
of physical units. While our modular codebase contains both the spherical harmonic and cell-type representations of the resistivity model,
we will use only the latter parameterization in this paper, as the local support of the base functions ζ kij in spatial coordinates allows a more
instructive presentation of the results in the next section.

Introducing a shorthand notation for partial derivatives with respect to model parameters,

Dα = ∂

∂mα

, (20)

Dαβ = ∂2

∂mα ∂mβ

, (21)

we obtain analytical formulas for the first and second derivatives of the resistivity,

Dαρ = ∂

∂σki j
ρ(m; r) = − ln 10 ρ(m; r) ζki j (r), (22)
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Dαβρ = (ln 10)2 ρ(m; r) ζki j (r) ζk′i ′ j ′ (r) = (ln 10)2 ρ(m; r) ζki j (r) δαβ, (23)

where β = (k′, i′, j′). Note that both the first and second derivative are localized in space to a single cell; the matrix of second derivatives is
therefore diagonal.

Now we are ready to define the misfit function to be minimized over the space of model parameters RN . We assume, that the magnetic
field at the surface is represented by the time series of its Gaussian coefficients, G(e,obs)

jm (t) and G(i,obs)
jm (t). They can be obtained by spherical

harmonic analysis of observatory, satellite, or combined data sets. Following Velı́mský (2013), and taking into account the external boundary
condition (16), we define the misfit as

χ 2(m) =
∑

jm

(2 j + 1) ( j + 1)

8π (t1 − t0)

∫ t1

t0

(
G(i)

jm(m; t) − G(i,obs)
jm (t)

δ
(i)
jm(t)

)2

dt, (24)

where δ
(i)
jm(t) are the errors of the individual internal field coefficients G(i,obs)

jm (t). An extension of the formula to include a full covariance
matrix of the coefficients is straightforward. The summation is truncated at some finite jmax. The pre-factors dependent on j arise from the
normalization of the spherical harmonics. In the special case of δ

(i)
jm(t) = 1 nT ∀ j, m, the definition (24) corresponds to the L2 norm of

magnetic field differences over the Earth surface and time interval (t0, t1). The time interval of interest starts at t0 ≥ 0, assuming that at times
t > t0 the effect of the initial condition of the forward problem imposed at t = 0 is negligible.

The solution of the inverse problem is then such model vector m̃, that minimizes the weighted sum of the magnetic field misfit, and the
model regularization

m̃(λ) = arg min
m∈RN

[
χ 2(m) + λ R(m)

]
. (25)

There is a wide choice of regularization functions R(m) limiting the complexity of the resistivity model, such as minimizing the variations
from an a-priori model m0, or constraining the first or the second spatial derivative. The regularization parameter λ is then chosen in such a
way, that the data fit and the model complexity are balanced (Hansen 1992). Here we will not deal with any particular regularization function,
we will only assume, that the first and second derivatives, Dα R(m) and Dαβ R(m) exist, and the burden of their numerical calculation is
negligible compared to the evaluation of Dαχ

2(m) and Dαβχ 2(m).

2.3 The adjoint problem and the first derivative of the misfit

In order to effectively evaluate the first and second derivatives of the misfit with respect to model parameters, we introduce the adjoint problem
of time-domain global EM induction. Following in general similar derivations for the seismic wavefield by Fichtner (2011), we first define
the adjoint time

t̂ = t1 − t. (26)

Now, let us consider the adjoint magnetic and electric fields B̂(r; t̂), Ê(r; t̂), the adjoint scalar magnetic potential Û (r; t̂), and the corresponding
spherical harmonic coefficients B̂(λ)

jm(r ; t̂), Ê (λ)
jm(r ; t̂), Ĝ(e)

jm(t̂) and Ĝ(i)
jm(t̂). Let us postulate, that the adjoint fields satisfy the same Maxwell

equations, EM induction equation, initial and boundary conditions (1)–(16), where the regular time t is replaced by the adjoint time t̂ . From
now on, we will also use the hat in reference to a particular adjoint equation, so that, for example, the adjoint Faraday law will be read as

curl Ê = − ∂
ˆB

∂ t̂
, and will be referred to as eq. (2̂).

Let us define the external coefficients of the adjoint magnetic potential Û (r; t̂) as time-integrated, weighted residua of the forward
problem,

Ĝ(e,obs)
jm (t̂) = − j + 1

t1 − t0

∫ t̂

0̂
1t1−τ̂≥t0

G(i)
jm(m; t1 − τ̂ ) − G(i,obs)

jm (t1 − τ̂ )[
δ

(i)
jm(t1 − τ̂ )

]2
dτ̂ , (27)

where 1f is the indicator function, having values of 1 and 0, if the expression f is or is not satisfied, respectively. Then the derivative of the
misfit (24) with respect to a model parameter mα can be calculated by evaluating the integral

Dαχ
2(m) = 1

4π a3 μ0

∫ t1

0

∫
G

Dαρ(m; r) curl B(m; r; t) · curl B̂(m; r; t̂) dV dt. (28)
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The detailed derivation of the eq. (28) is given in Appendix B. We note that since the physical unit of coefficients G(i)
jm , and their errors

δ
(i)
jm , is Tesla, or more practically nT, the physical unit of Ĝ(e,obs)

jm is nT−1, and so is the unit of B̂. A quick unit check shows that the eq. (28) is
dimensionless.

Let us compare the computation costs of the misfit gradient calculation using the adjoint problem (1̂3–1̂6) and formula (28), with that
of a brute-force finite difference approach. In the latter case, using a small real variable ε, and denoting 1α the unit vector in the model space
in the direction of the parameter mα , we calculate each component of the misfit gradient as

Dαχ
2(m) = χ 2(m + ε1α) − χ 2(m − ε1α)

2ε
. (29)

Therefore, 2 N solutions of the forward problem are needed, with each model parameter consecutively perturbed in both directions, to obtain
the full gradient. On the other hand, the adjoint approach requires the calculation of one forward and one adjoint problem, and N evaluations
of integral (28), where the localized support of resistivity derivative Dαρ can be effectively used. Moreover, the adjoint problem is identical
to the forward problem, except for the source term, and can therefore profit from its pre-calculated results, such as the factorization of the
stiffness matrix.

The superiority of the adjoint approach in terms of computational time is slightly offset by its memory requirements. The entire time
series of the forward solution B(r; t) has to be calculated and stored before assembling the adjoint source term (27). Then the integral (28)
can be calculated together with the solution of the adjoint problem, keeping in the memory only few time levels of B̂(r; t̂), depending on the
time integration scheme. When the entire B(r; t) doesn’t fit into the computer memory, temporary swapping to a hard drive is needed with
possible speed penalty.

2.4 The forward and adjoint scatter problems and the second derivatives of the misfit

The adjoint problem introduced in the previous section can be used also in the construction of the Hessian matrix. Instead of applying the
Dαβ operator to eq. (24), which would spawn the products of first derivatives of internal field coefficients, we apply the Dβ operator directly
to the eq. (28), obtaining

Hαβ = Dαβχ 2 = 1

4π a3 μ0

∫ t1

0

∫
G

(
Dαβρ curl B · curl B̂ + Dαρ curl Dβ B · curl B̂ + Dαρ curl B · curl Dβ B̂

)
dV dt. (30)

There is no way to avoid calculation of fields Dα B and Dα B̂, which we will call the forward scattered, and the adjoint scattered field,
respectively. Applying the operator Dα to eqs (13)–(16), and rearranging terms, yields a modified induction equation and boundary conditions
for the forward scatter problem.

Given ρ(m; r) > 0, Dαρ(m; r), and B(r; t), calculate Dα B(r; t) and DαG(i)
jm(t) for t ∈ (0, t1), such that

curl [ρ(r) curl Dα B(r; t)] + μ0
∂ Dα B(r; t)

∂t
= −curl [Dαρ(r) curl B(r; t)] , (31)

Dα B(r; 0) = 0, (32)

Dα B(0)
jm(a; t) = 0, (33)

DαG(e)
jm(t) = 0. (34)

Similarly, applying the operator Dα to the adjoint equations (1̂3–1̂6) and the boundary condition (27) defines the adjoint scatter problem.

Given ρ(m; r) > 0, Dαρ(m; r), B̂(r; t̂) and DαG(i)
jm(t), calculate Dα B̂(r; t̂) and DαĜ(i)

jm(t̂) for t̂ ∈ (0̂, t1), such that

curl
[
ρ(r) curl Dα B̂(r; t̂)

]
+ μ0

∂ Dα B̂(r; t̂)

∂ t̂
= −curl

[
Dαρ(r) curl B̂(r; t̂)

]
, (35)
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Dα B̂(r; 0̂) = 0, (36)

Dα B̂(0)
jm(a; t̂) = 0, (37)

DαĜ(e)
jm(t̂) = − j + 1

t1 − t0

∫ t̂

0̂
1t1−τ̂≥t0

DαG(i)
jm(t1 − τ̂ )[

δ
(i)
jm(t1 − τ̂ )

]2
dτ̂ . (38)

Both scatter problems are formally similar to the forward and adjoint problems and, given same discretization, use the same stiffness
matrix. Whereas the forward and adjoint problems were excited only by their respective boundary conditions, provided by the external field
coefficients G(e)

jm and Ĝ(e)
jm , the additional terms on the right-hand sides of the scatter induction equations introduce additional sources inside

the computation volume. Depending on the parameterization of ρ, they are usually localized for given α to a limited volume, such as a single
cell. The forward scatter problem is excited purely by the internal sources, while the adjoint scatter problem combines both the boundary
condition and the internal sources.

The evaluation of the Hessian matrix requires the calculation of one forward and one adjoint problem, and N forward scatter and adjoint
scatter problems, yielding the total of 2 N + 2 calculations. As for the memory requirements, the full time series of the forward and adjoint
solution, B(r; t) and B̂(r; t̂), must be kept in memory or stored on a drive, while the second and third part of the integral in eq. (30) can be
evaluated on the go, as the individual forward and adjoint scatter problems are calculated.

On the other hand, the computational costs of the brute-force approach of the Hessian calculations are staggering. Using a four-point
finite-difference formula,

Hαβ = Dαβχ 2 = 1

4ε2

[
χ 2(m + ε1α + ε1β ) − χ 2(m − ε1α + ε1β ) − χ 2(m + ε1α − ε1β ) + χ 2(m − ε1α − ε1β )

]
, (39)

even taking into account the simplifications for diagonal terms, and the symmetry of the Hessian, we still need 2 N2 calculations of the forward
problem with perturbed model parameters, beside the original forward problem at m.

Another time-saving approach using the adjoint solution is to neglect the scattered fields completely, and use only the first part of eq. (30)
to define the approximated Hessian,

H̃αβ = 1

4π a3 μ0

∫ t1

0

∫
G

Dαβρ curl B · curl B̂ dV dt. (40)

The calculation cost is obviously same as for the misfit gradient. However, the differences between the approximate and full Hessian can be
significant, as shown in the next section.

Finally, let us discuss the case where the calculation of the full Hessian matrix is not necessary, but only its product with some arbitrary
vector v from the space of model parameters is needed. Such operation can be useful to calculate the inverse of the Hessian by an iterative
method to obtain the a-posteriori covariance matrix, or in the extremal bound analysis. Using eq. (30), and assuming the Einstein summation
convention for β, the product can be arranged as

vβ Hαβ = 1

4π a3 μ0

∫ t1

0

∫
G

[(
vβ Dαβρ

)
curl B · curl B̂ + Dαρ curl

(
vβ Dβ B

) · curl B̂ + Dαρ curl B · curl
(

vβ Dβ B̂
)]

dV dt. (41)

The linear combinations of the forward and adjoint scattered fields, vβ Dβ B, and vβ Dβ B̂ can be obtained by single solutions of both scatter
problems, replacing formally Dα with vβDβ in eqs (31–34), (35–38), respectively. The total cost of calculating such product is therefore four
solutions of the induction equation. Applying similar approach to the brute-force method by replacing 1β with vβ1β/|vβ1β | in eq. (39) reduces
the number of forward problem calculations only to 4 N + 1. A comprehensive comparison of the computer resources required by the adjoint
and brute-force approaches for different tasks is presented in Table 1.

3 N U M E R I C A L VA L I DAT I O N

Here we present the numerical tests of the fast evaluation of the misfit gradient and the Hessian using the adjoint approach. We assemble a
simplified 1-D conductivity model, henceforth referred as the background model. The Earth is parameterized by five layers, whose outer radii
and conductivities are described in Table 2. The target model is then a 3-D electrical conductivity model shown in Fig. 1. It consists of the
background model, but includes also a large block of increased conductivity σ b = 0.1 s m−1 spanning the colatitudes 57◦–123◦, the longitudes
90◦–270◦, and the radii 5571–6171 km. We will use mb and mt to denote the vectors of model parameters, corresponding respectively to the
background and target models.

Throughout the paper, we use the recent version of the time-domain, spherical harmonic-finite element forward solver (Velı́mský &
Martinec 2005; Velı́mský 2013) that employs the Crank–Nicolson time integration scheme, enforces the divergence-free constraint on the

Downloaded from https://academic.oup.com/gji/article-abstract/210/1/270/3760179
by Univerzita Karlova v Praze, Matematicko-fyzikalni fakulta user
on 18 July 2018 119



276 M.A. Maksimov and J. Velı́mský

Table 1. Comparison of the computer resources required respec-
tively by the adjoint and brute-force approaches. Calculation time
is expressed in the number of solutions of the induction equa-
tion; the calculations of the right-hand sides and integrals of field
products are neglected. The memory unit is the size needed to
store one full magnetic field solution at all times; the storage of
only few time levels of the magnetic field, or the storage of only
the induced coefficients of the magnetic potential is considered
negligible. N is the number of model parameters.

Task Adjoint approach Brute-force approach
Time Memory Time Memory

χ2 1 0 1 0
Dαχ2 2 1 2N + 1 0
H̃ 2 1 — —
H 2N + 2 2 2N2 + 1 0
H · v 4 2 4N + 1 0

Table 2. Radial interfaces and conductivities of the 1-D back-
ground model.

Outer radius (km) Conductivity (s m−1)

3480 100 000
5171 1
5571 0.3162
6171 0.01
6371 0.01

magnetic field, following the Lagrange-multiplier approach by Martinec (1999), and implements the additional forcing on the right-hand
side of the induction equation, as required by the scatter problems (31) and (35). The electrical conductivity is parameterized in the upper
three layers on a 32 × 64 lateral grid, yielding the total dimension of the model space N = 6144. An additional internal subdivision into
70 layers is used to provide numerically accurate results, however it does not affect N. The lateral dimensions of cells are equidistant in
the longitude, while in the colatitude they follow the nodes of the Gauss–Legendre quadrature (Martinec 1989). The truncation degree of
spherical harmonics is 20.

We generate a test data set by exciting the target conductivity model with a synthetic model of a geomagnetic storm with dipolar
geometry. The only non-zero external field coefficient is prescribed for degree 1 and order 0, and it follows an analytical formula, similar to
that used by Everett & Martinec (2003),

G(e,obs)
10 (t) = 530 nT

t

24 h
exp

( −t

48 h

)
, (42)

Figure 1. Description of the target conductivity model. A large conductive block is included in the mantle over a simple background 1-D conductivity model.
Dashed line at the 180◦ longitude shows the position of the cross-section C, where examples of the fields, misfit gradients and Hessians are plotted. We also
mark one conductivity cell inside the block with index α0,we use it later for the demonstration of the scattered fields.
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Figure 2. Dipolar external field coefficients of the forward problem (left panel), adjoint problem (middle panel) and adjoint scatter problem (right panel). The
adjoint coefficients are calculated in mb , and the index α = α0 of the scatter problem corresponds to the marked cell in Fig. 1.

Figure 3. Snapshots of the radial components of magnetic fields shown along the cross-section C, at time t = 50 hr (adjoint time t̂ = 450 hr). From left to
right we plot the forward, adjoint, the forward scatter and the adjoint scatter fields. The calculation was done for the background model mb , and the index α of
the scattered fields corresponds to the marked cell inside the block heterogeneity, α = α0.

as shown also in the left panel of Fig. 2. We calculate the test data in terms of 500 hours long time series of the internal field coefficients
G(i,obs)

jm (t) with 1 hr time step. As we do not provide the complete solution of the inverse problem in the presented paper, but rather concentrate
on the demonstration of the efficient gradient and Hessian calculations, we assume, that the synthetic data are noise-free, and the respective
errors are formally set to

δ
(i)
jm(t) = 1 nT ∀ j, m. (43)

Because of the zero initial condition of the storm model (42) imposed at t = 0, we are not concerned with the switch-on effect, and can
assume t0 = 0 in the misfit definition (24).

First, we demonstrate the physical properties of the forward, adjoint, and scattered fields. Figs 3 and 4 show the snapshots of the radial
components Br, B̂r , DαBr and Dα B̂r calculated respectively for the background (mb) and the target (mt ) models. We plot all fields in a
meridional cross-section C positioned at longitude ϕc = 180◦ (as marked in Fig. 1), going through the centre of the block heterogeneity. We
show only one example of each scattered field, with the index α = α0 ∈ C corresponding to one conductivity cell inside the heterogeneous
block.

Both forward field solutions are very similar, dominated by the external dipolar excitation, although small differences appear, due to the
presence of the conductive block for mt . The adjoint field is driven solely by the integrated residua of the forward problem on the surface.
One such coefficient is shown in the middle panel of Fig. 2. For mb we see localized features placed at the Earth’s surface near the boundaries
of the block, diffusing into the mantle, while for mt the adjoint field is exactly zero, there are no residua between the error-free synthetic
observed and predicted fields. The forward scattered field is driven from the α0-cell in the block, and diffuses away from it. Note that it is
an order of magnitude stronger in mt than in mb, demonstrating the differences between the forward fields that were so difficult to see in the
direct comparison of the left panels. Similar argument is valid also for the adjoint scattered field. When in mt , it is driven only by its boundary
condition, while in mb, both the internal forcing and the boundary condition (as shown in the right panel of Fig. 2) contribute, although the
boundary condition seems to dominate.
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Figure 4. Same as Fig. 3, but the fields were calculated exactly in the target model mt .

Figure 5. The misfit gradient, the approximate Hessian, and the full Hessian calculated for the background model mb , using the fast approach based on the
adjoint and scattered fields. For the misfit gradient on the left, we show only the vector elements corresponding to the cross-section, α ∈ C. The same selection
criterion is applied to the approximate Hessian, which is diagonal, and the diagonal part of the full Hessian in the second and the third panel, respectively. The
right panel shows a selection from one row of the Hessian matrix, with index α fixed to the marked cell in the block, α = α0, and index β ranging through C.

Now we proceed to the calculation of the misfit gradient Dαχ
2, the approximate Hessian H̃αβ , and the full Hessian Hαβ . Fig. 5 shows

the calculation obtained by the fast technique based on the use of adjoint and scattered fields for the background model mb. Obviously, the
misfit gradient is negative inside the heterogeneous block, suggesting that increase of the conductivity in the block cells would yield a lower
misfit. As the synthetic data are more sensitive to the conductivity in the 800–1200 km depth range, we see even larger negative values there.
Increasing the conductivity below the heterogeneous block would have even larger impact on the data misfit calculated in point mb. The
approximate Hessian is calculated using eq. (40) yielding a diagonal matrix, thanks to the selection of non-overlapping base function, as
exhibited by eq. (23). A comparison with the diagonal terms of the full Hessian shows very similar spatial distribution, and therefore relative
sensitivities to conductivities of individual parameters, however the scale differs by a factor of two. The off-diagonal terms of Hαβ quickly
taper off as the distance between conductivity cells α and β increases.
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Figure 6. Same as Fig. 5, except that we show the differences of the values calculated by the fast method with respect to the brute-force approach.

Figure 7. The misfit gradient, the approximate Hessian and the full Hessian calculated for the target model mt , using the fast approach based on the adjoint
and scattered fields. Detailed description follows that of Fig. 5.

We validate our fast calculations with the brute-force approach. The differences between both methods are shown in Fig. 6. The
calculation of the gradient differs by about 1 per cent with no systematic trend. The full Hessians agree to a similar relative accuracy, both for
the diagonal, and the off-diagonal terms. As there is no equivalent of the approximate Hessian in the finite-difference scheme, it is compared
against the diagonal terms of the full Hessian, and is therefore about 50 per cent off.

Finally, Figs 7 and 8 show the misfit gradient and the Hessian calculated for the target model mt , and its validation by the finite
differences. The misfit gradient obtained by the fast technique is exactly zero, we are in the minimum of the misfit function, and the adjoint
field is zero. The same holds for the approximate Hessian. The diagonal elements of the full Hessian clearly demonstrate, that the misfit
function is now mostly sensitive to the changes of the conductivity in the block. Again, the off-diagonal terms taper off with the cell distance.
There is a significant correlation between the neighbouring cells in the block, which turns into an anticorrelation further away.
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Figure 8. Differences between the fast and brute-force approaches calculated for the target model mt .

4 C O N C LU S I O N S

We have applied the mathematical apparatus of adjoint fields to the time-domain global EM induction problem in the spherical domain, and
derived the formulas for fast calculations of the first and second derivatives of the quadratic misfit function in the N-dimensional space of
model parameters. We have validated our approach against the numerical method based on the finite-difference scheme, and demonstrated its
superiority in terms of computational time requirements. The fast calculation of the misfit gradient can be directly applied to the solution of
the inverse problem by the conjugate gradient or quasi-Newton methods. While the direct use of the Hessian in multiple steps of the inversion
process is still prohibitive for realistic problem sizes, it can be used in an a-posteriori analysis of the inverse problem, providing an insight
into the behaviour of the misfit function in the vicinity of the minimum, yielding the model covariance matrix, or studying the sensitivity of
data to individual model parameters.
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A P P E N D I X A : S P H E R I C A L H A R M O N I C F U N C T I O N S

We expand scalar functions into series of fully normalized, real, scalar, spherical harmonic functions of degree j ≥ 0 and order m, |m| ≤ j
(Varshalovich et al. 1989),

Y jm(�) =
√

2 j + 1

4π

( j − |m|)!
( j + |m|)! P |m|

j (cos ϑ)

⎧⎪⎨
⎪⎩

1 for m = 0,√
2 cos(mϕ) for m > 0,√
2 sin(|m|ϕ) for m < 0,

(A1)

where Pm
j (cos ϑ) are the associated Legendre polynomials. Similarly, vector functions can be expanded into series of vector spherical

harmonics. Here we use the real variant S(λ)
jm (Varshalovich et al. 1989) that separates the toroidal, the vertical poloidal, and the horizontal

poloidal part of the field (λ = 0, −1, +1, respectively),

S(0)
jm(�) = er × grad �Y jm(�) =

[
∂Y jm(�)

∂ϑ
eϕ − 1

sin ϑ

∂Y jm(�)

∂ϕ
eϑ

]
, (A2)

S(−1)
jm (�) = Y jm(�) er , (A3)

S(1)
jm(�) = grad �Y jm(�) =

[
∂Y jm(�)

∂ϑ
eϑ + 1

sin ϑ

∂Y jm(�)

∂ϕ
eϕ

]
. (A4)

Here er , eϑ , and eϕ denote the unit vectors corresponding to the radial coordinate r, the colatitude ϑ , and the longitude ϕ, respectively. The
spherical harmonic functions are orthogonal on a unit sphere,∫

�

Y jm(�) Y j ′m′ (�) d� = δ j j ′ δmm′ ,

∫
�

S(λ)
jm(�) · S(λ′)

j ′m′ (�) d� = δ j j ′ δmm′ δλλ′

{
1 for λ = −1,

� j for λ = 0, +1,
(A5)

where

� j = j( j + 1). (A6)

From the definitions (A2)–(A4), the following relations can be derived,

er × S(0)
jm(�) = −S(1)

jm(�), (A7)

er × S(−1)
jm (�) = 0, (A8)

er × S(1)
jm(�) = S(0)

jm(�), (A9)

grad
[

f (r ) Y jm(�)
] = d f (r )

dr
S(−1)

jm (�) + f (r )

r
S(1)

jm(�), (A10)

curl
[

f (r ) S(0)
jm(�)

]
= −� j

f (r )

r
S(−1)

jm (�) −
(

d

dr
+ 1

r

)
f (r ) S(1)

jm(�), (A11)
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curl
[

f (r ) S(−1)
jm (�)

]
= − f (r )

r
S(0)

jm(�), (A12)

curl
[

f (r ) S(1)
jm(�)

]
=

(
d

dr
+ 1

r

)
f (r ) S(0)

jm(�), (A13)

div
[

f (r ) S(0)
jm(�)

]
= 0, (A14)

div
[

f (r ) S(−1)
jm (�)

]
=

(
d

dr
+ 2

r

)
f (r ) Y jm(�), (A15)

div
[

f (r ) S(1)
jm(�)

]
= −� j

f (r )

r
Y jm(�). (A16)

By f(r) we mean an arbitrary continuous function of radius r.

A P P E N D I X B : D E R I VAT I O N O F T H E M I S F I T G R A D I E N T

Let B(r; t) and B̂(r; t̂) be the solutions of the forward problem (13)–(16), and the adjoint problem (1̂3–1̂6, recalling the definition of hatted
references in Section 2.3), respectively, with the adjoint external field coefficients given by eq. (27).

We start the derivation of eq. (28) by applying the Dα operator on eq. (13), multiplying it by B̂, and integrating over G and (0, t1). We
obtain an integral expression

I =
∫ t1

0

∫
G

B̂(r; t̂) ·
{

curl Dα [ρ(r)curl B(r; t)] + μ0
∂ Dα B(r; t)

∂t

}
dV dt = 0. (B1)

Now we aim to eliminate Dα B from this expression. Note that ρ, B, and B̂ all implicitly depend on m.
We start with the second term in eq. (B1). Using integration by parts, and taking into account the initial conditions (5) and (5̂), we can

write∫ t1

0

∫
G

μ0 B̂(r; t̂) · ∂ Dα B(r; t)

∂t
dV dt = −

∫ t1

0

∫
G

μ0
∂ B̂(r; t̂)

∂t
· Dα B(r; t)dV dt +

[∫
G

μ0 B̂(r; t̂) · Dα B(r; t)dV

]t=t1

t=0

=
∫ t1

0

∫
G

μ0
∂ B̂(r; t̂)

∂ t̂
· Dα B(r; t)dV dt. (B2)

Note that ∂

∂ t̂
= − ∂

∂t follows from eq. (26). For the first part of the integral (B1), we shorten the notation by using the electric field vectors, the
Ampère laws (1, 1̂), and apply twice the vector identity (a corollary of the divergence theorem),∫

G
g · curl f dV =

∫
G

f · curl g dV +
∫

∂G
( f × g) · er dS. (B3)

We obtain∫ t1

0

∫
G

B̂ · curl Dα (ρcurl B) dV dt = μ0

∫ t1

0

∫
G

B̂ · curl Dα E dV dt

= μ0

∫ t1

0

∫
G

curl B̂ · Dα E dV dt + μ0

∫ t1

0

∫
∂G

(Dα E × B̂) · er dSdt

=
∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt + μ0

∫ t1

0

∫
G

Ê · curl Dα B dV dt + μ0

∫ t1

0

∫
∂G

(Dα E × B̂) · er dSdt

=
∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt + μ0

∫ t1

0

∫
G

Dα B · curl Ê dV dt

+ μ0

∫ t1

0

∫
∂G

(Dα E × B̂) · er dSdt + μ0

∫ t1

0

∫
∂G

(Dα B × Ê) · er dSdt

=
∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt +
∫ t1

0

∫
G

Dα B · curl
(
ρcurl B̂

)
dV dt

+ μ0

∫ t1

0

∫
∂G

(Dα E × B̂) · er dSdt + μ0

∫ t1

0

∫
∂G

(Dα B × Ê) · er dSdt. (B4)

Combining the result (B4) with (B2), and using eq. (1̂3), we can write,

I =
∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt + μ0

∫ t1

0

∫
∂G

[
(Dα E × B̂) · er + (Dα B × Ê) · er

]
dSdt. (B5)
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Now it remains to simplify the surface integrals. With the help of the spherical harmonics’ properties (A7)–(A9), we can write the
surface integrals from eq. (B5) as

IS = μ0

∫ t1

0

∫
∂G

[
(Dα E × B̂) + (Dα B × Ê)

]
· er dSdt

= μ0a2
∑

jm

� j

∫ t1

0

[
B̂(0)

jm(a; t̂) Dα E (1)
jm(a; t) − B̂(1)

jm(a; t̂) Dα E (0)
jm(a; t) − Ê (1)

jm(a; t̂) Dα B(0)
jm(a; t) + Ê (0)

jm(a; t̂) Dα B(1)
jm(a; t)

]
dt. (B6)

The toroidal magnetic field is zero at the surface and so must be its derivative,

Dα B(0)
jm(a; t) = 0. (B7)

Together with the boundary condition (1̂5), the first and third term in (B6) are cancelled. Using the spherical harmonic expansions (9, 9̂), and
eq. (A11), we write the radial component of the Faraday laws (2, 2̂) as

− � j

r

(
E (0)

jm(r ; t)

Ê (0)
jm(r ; t̂)

)
= −

(
∂

∂t B(−1)
jm (r ; t)

∂

∂ t̂
B̂(−1)

jm (r ; t̂)

)
. (B8)

Substituting from eq. (B8) at r = a into eq. (B6), applying the integration by parts in time, noting the initial conditions (14, 1̂4), substituting
from eqs (11–12, 1̂1–1̂2), and finally taking into account that

DαG(e)
jm(t) = 0, (B9)

we arrive at

IS = μ0a3
∑

jm

∫ t1

0

[
−B̂(1)

jm Dα

∂ B(−1)
jm

∂t
+ ∂ B̂(−1)

jm

∂ t̂
Dα B(1)

jm

]
dt

= μ0a3
∑

jm

∫ t1

0

[
−∂ B̂(1)

jm

∂ t̂
Dα B(−1)

jm + ∂ B̂(−1)
jm

∂ t̂
Dα B(1)

jm

]
dt

= μ0a3
∑

jm

∫ t1

0

[
−

(
∂Ĝ(e)

jm

∂ t̂
+ ∂Ĝ(i)

jm

∂ t̂

) (
j DαG(e)

jm − ( j + 1)DαG(i)
jm

)
+

(
j
∂Ĝ(e)

jm

∂ t̂
− ( j + 1)

∂Ĝ(i)
jm

∂ t̂

) (
DαG(e)

jm + DαG(i)
jm

)]
dt

= μ0a3
∑

jm

∫ t1

0
(2 j + 1)DαG(i)

jm

∂Ĝ(e)
jm

∂ t̂
dt. (B10)

Hence

I =
∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt + μ0a3
∑

jm

∫ t1

0
(2 j + 1)DαG(i)

jm

∂Ĝ(e)
jm

∂ t̂
dt. (B11)

Taking the model derivative of the misfit definition (24) yields

Dαχ
2 =

∑
jm

(2 j + 1) ( j + 1)

4π (t1 − t0)

∫ t1

t0

(
G(i)

jm − G(i,obs)
jm

)
DαG(i)

jm

δ
(i)
jm

2
dt, (B12)

and bearing in mind that I = 0, we can write

Dαχ
2 = Dαχ

2 + 1

4πa3μ0
I = 1

4πa3μ0

∫ t1

0

∫
G

Dαρ curl B̂ · curl B dV dt

+
∑

jm

(2 j + 1)

4π

∫ t1

0

⎡
⎣1t≥t0

( j + 1)

(t1 − t0)

G(i)
jm − G(i,obs)

jm

δ
(i)
jm

2
+ ∂Ĝ(e)

jm

∂ t̂

⎤
⎦ DαG(i)

jmdt. (B13)

Now we see the reason behind the construction of the adjoint external field coefficients (27). Taking into account also eqs (1̂6) and (26), the
square bracket in eq. (B13) is cancelled, and we have thus derived eq. (28).
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Abstract 

The magnetic signatures of ocean M2 tides have been successfully detected by the low-orbit satellite missions CHAMP 
and Swarm. They have been also used to constrain the electrical conductivity in the uppermost regions of the Earth’s 
mantle. Here, we concentrate on the problem of accurate numerical modelling of tidally induced magnetic field, 
using two different three-dimensional approaches: the contraction integral equation method and the spherical har-
monic-finite element method. In particular, we discuss the effects of numerical resolution, self-induction, the galvanic 
and inductive coupling between the oceans and the underlying mantle. We also study the applicability of a simplified 
two-dimensional approximation, where the ocean is approximated by a single layer with vertically averaged conduc-
tivity and tidal forcing. We demonstrate that the two-dimensional approach is sufficient to predict the large-scale 
tidal signals observable on the satellite altitude. However, for accurate predictions of M2 tidal signals in the areas with 
significant variations of bathymetry, and close to the coastlines, full three-dimensional calculations are required. The 
ocean–mantle electromagnetic coupling has to be treated in the full complexity, including the toroidal magnetic field 
generated by the vertical currents flowing from and into the mantle.
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Introduction
The phenomenon of electromagnetic fields induced 
in the Earth’s oceans by the motion of the conductive 
seawater in the presence of the main magnetic field has 
been known for decades (Sanford 1971). In particu-
lar, the electromagnetic signatures of the ocean flows 
driven by the gravitational forcing of the Sun and the 
Moon have recently attracted an increased interest in 
the geomagnetic field community. Although the exist-
ence of compound tides generated by nonlinear ocean 
dynamics is also well established (Einšpigel and Mar-
tinec 2017), the fundamental part of tidal flows con-
sists of the constituents present at discrete frequencies 
related to the movements of the celestial bodies. This 
attribute allows us to distinguish the tidally induced 

magnetic field from the magnetic field originated in the 
Earth’s liquid core, in the lithosphere, or the external 
contributions from the magnetosphere and ionosphere, 
and their induced counterparts. Indeed, the magnetic 
signatures of the principal lunar semi-diurnal constitu-
ent M2 , the larger lunar elliptic semi-diurnal constitu-
ent N2 , and partially also the lunar diurnal constituent 
O1 have been detected in ground geomagnetic obser-
vatory data (Maus and Kuvshinov 2004) and seafloor 
measurements in the Northwestern Pacific (Schnepf 
et  al. 2014). Similarly, the low-orbit satellite missions, 
such as CHAMP (Sabaka et al. 2015; Tyler et al. 2003) 
and Swarm (Sabaka et  al. 2016), have successfully 
recovered the M2 and partially also the N2 tidally 
induced magnetic signals. Other tidal signal, such as S2 , 
K1 , and P1 can be obscured by external fields (Guzavina 
et  al. 2018; Maus and Kuvshinov 2004). Consequently, 
the tidal signals extracted from satellite data were used 
to constrain the electrical conductivity across the litho-
sphere–asthenosphere boundary (Grayver et  al. 2016, 
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2017). Recently, Schnepf et  al. (2018) have compared 
the numerical predictions of magnetic fields generated 
by oceanic and ionospheric tides. The idea to assimi-
late the magnetic field measurements directly into the 
global ocean flow modelling has been implemented by 
Irrgang et  al. (2017); however, tides were not consid-
ered there. Another application of the forward model-
ling of tidal signals is the construction of base functions 
optimized for tidal signal recovery from satellite and 
observatory data (Telschow et al. 2018).

The question of accurate calculation of the tidal mag-
netic signatures embraces several problems. The choice 
of the tidal flow model from a plethora of purely hydro-
dynamical or assimilative approaches definitely plays 
a role (Saynisch et  al. 2018). The effect of the seawater 
conductivity and its seasonal variations has been dis-
cussed by Saynisch et al. (2016). This paper returns back 
to the basic physical formulation of the problem of tid-
ally induced magnetic fields. The two-dimensional (2-D) 
horizontal characteristics of the tidal flows were tradi-
tionally exploited in the solution of the electromagnetic 
induction equation by assuming a 2-D conductive sheet 
of infinitesimal or finite thickness with a prescribed dis-
tribution of 2-D imposed surface electric currents. Here, 
we refer to a recent detailed derivation by Tyler (2017) 
and references therein. Another level of simplification is 
related to the treatment of the underlying solid mantle. 

In the simplest case, it is assumed to be a perfect insula-
tor; more advanced methods allow for purely inductive, 
or inductive and galvanic coupling between the mantle 
and the ocean. Our paper aims to study the applicabil-
ity of such simplifications using two state-of-the-art, 
fully three-dimensional (3-D) global modelling methods. 
Although the 3-D codes have been around for some time, 
only recently it has become computationally feasible to 
carry out such an analysis at sufficient resolutions. We 
do not attempt to play down the computational effec-
tiveness of the approximate solutions. As discussed later 
in this manuscript, the computational costs of the fully 
3-D solutions at high resolution are still prohibitive for 
inverse studies. Here, we merely test the validity of vari-
ous physical approximations for modelling the magnetic 
field at the Earth’s surface and low-orbit satellite altitude 
induced by the principal lunar semi-diurnal constituent 
M2.

The paper is organized as follows. We begin by recall-
ing the 3-D formulation of the problem stemming from 
the quasi-stationary Maxwell equations and proceed to 
a 2-D approximation. We then look at the effects of elec-
tromagnetic interaction of the ocean and mantle, treating 
separately the galvanic and inductive coupling. Using two 
independent solutions ensures that the observed effects 
correspond to real physical phenomena and issues of 
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−100 −50 0 50 100
Im U (m2/s)

−100 −50 0 50 100
Re V (m2/s)

−100 −50 0 50 100
Im V (m2/s)

Fig. 1 M2 transports. The northward component V and the eastward component U of the M2 transports according to the TPXO8-atlas model 
(Egbert and Erofeeva 2002)
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implementation, resolution, and numerical accuracy are 
clearly separated.

Tidally induced magnetic field in the Earth’s oceans
The three‑dimensional electromagnetic induction 
equation
The magnetic field B(r; t) and the electric field E(r; t) 
induced in the Earth’s oceans by the motion of the salt-
water in the presence of the Earth’s main magnetic 
field BM(r; t) are governed by the quasi-static Maxwell 
equations,

Here, µ0 is the magnetic permeability of vacuum. The 
electric current density j(r; t) is related to the electric 
field through the Ohm’s law,

(1)∇ × B =µ0

(
j + jimp

)
,

(2)∇ × E = −
∂B

∂t
,

(3)∇ · B = 0.

with σ(r) representing the electrical conductivity, in gen-
eral both laterally and radially varying. The imposed elec-
tric current density jimp(r; t) and the imposed electric 
field Eimp(r; t) are defined as

Here, u(r; t) is the spatially and temporally dependent 
velocity of the ocean flow. In general, it is fully three-
dimensional (3-D), containing all three vector compo-
nents varying along all three dimensions in the oceans. 
The same equations with zero imposed electric field or 
current also hold in the conductive Earth’s mantle. We 
have implicitly assumed that BM is a potential field, its 
amplitude is much larger than that of the induced field, 
and its time variations are too slow to be considered in 
the diffusion process. At the Earth surface, r = a , the 
induced magnetic field is coupled to a scalar magnetic 
potential U(r; t),

(4)j = σE,

(5)jimp
= σEimp

= σ(u× BM).

(6)B = −∇U at r = a,
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Fig. 2 Electrical conductivity. Top left: The 1-D electrical conductivity profile of the Earth’s mantle after Grayver et al. (2017). Top right: Map of the 
electrical surface conductance of the oceans and continents used in the 2-D models. Bottom: Electrical conductivity map including the effects of 
seawater salinity, temperature, and the presence of sediments. Cross sections at 1.275 km depth (left) and at the surface (right)
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that satisfies the Laplace equation in the insulating 
atmosphere, and assuming the absence of external 
sources, it disappears as r → ∞.

Since the tidal flows are dominated by signals at discrete 
frequencies, it is common to reformulate the problem in 
the frequency domain. Assuming the exp(−iωt) depend-
ence of the velocities and induced fields, and ignoring the 
notation distinction between time-domain and frequency-
domain variables, we write

In this paper, we consider only the principal lunar semi-
diurnal constituent M2 with a period of 12.42 h, and thus 
angular frequency ω = 1.4 × 10−4rad/s . This component 
has by far the largest magnetic signatures, which have 
been reliably detected by satellite observations (Sabaka 
et al. 2016).

The Ampère and the Faraday laws (7–8) can be com-
bined with Eqs.  (4) and  (5) into a single second-order 
electromagnetic induction (EMI) equation for the mag-
netic field vector B,

Because of linearity, the induction caused by external 
sources in the ionosphere and magnetosphere represents 
an independent solution, which is not considered here, 
and we refer to a comprehensive benchmark of externally 
induced magnetic fields by Kelbert et al. (2014).

The  solution of Eqs. (7–8) or (10) in the computational 
domain comprising the oceans and the solid Earth below 
is a challenging task, in particular in the presence of large 
lateral variations of conductivity, which coincide with the 
spatial distribution of the source term on the right-hand 
side. Here, we employ two numerical methods.

The elmgFD code uses the spherical harmonic-finite 
element approach, introduced by Martinec (1999), to 
solve the  EMI Eq.  (10). It has been recently rewritten 
using modern parallelized FFT and LAPACK librar-
ies, the BiCGStab(2) iterative solver (Sleijpen and Fok-
kema 1993), applying an effective pre-conditioner based 
on the spherical harmonic solution of the 1-D problem 
(Martinec 1999), and incorporating the zero external 
field boundary condition (6) at the Earth–atmosphere 
interface (Velímský and Martinec 2005), and the inter-
nal forcing (5). The lateral resolution is controlled by the 
maximum spherical harmonic degree jmax . The code is 
very effective in terms of memory usage, avoiding the 

(7)∇ × B =µ0

(
j + jimp

)
,

(8)∇ × E = iωB,

(9)∇ · B = 0.

(10)∇ ×

(

1

σ
∇ × B

)

− iωµ0B = µ0∇ × Eimp.

storage of the full problem matrix. At the highest reso-
lution employed here, jmax = 480 with 102 3-D layers in 
the oceans, and additional 100 1-D layers in the mantle, 
the calculation of one forward run required 30  GiB of 
memory and took about 2 days on a 12-core modern PC. 
Note that the memory requirements scale linearly with 
the total number of layers and quadratically with jmax . 
The duration of a single iteration scales with the third 
power of jmax and linearly with the number of 3-D lay-
ers. Obviously, the total number of iterations depends 
on the requested accuracy, and convergence rate can be 
influenced also by the range of lateral conductivity vari-
ations. In general, the presented results are at the edge 
of practicality for single-frequency forward calculations. 
When employed in the inverse modelling, significant 
reduction of lateral and radial resolution is needed. For 
accurate transformations between the spatial and spheri-
cal harmonic domains by means of the Gauss–Legendre 
quadrature, the electrical conductivity, the tidal flows, 
and the solution itself are distributed on an irregular grid 
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Fig. 3 Geomagnetic power spectra. Geomagnetic power spectra at 
the Earth surface (solid lines and symbols) and at the satellite altitude 
of 400 km (dashed lines). Results of the 2-D approaches elmgFD and 
x3dg are shown for increasing resolution and compared with two 
calculations of elmgFD in 3-D settings
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in colatitude, and bilinear interpolation is used for con-
versions to and from a regular grid.

The x3dg (Kuvshinov 2008) code is based on the con-
tracting integral equation (CIE) approach (Pankratov 
et al. 1995; Singer 1995). Within the approach, the Max-
well Eqs.  (7, 8) are transformed to CIE which is solved 
using Krylov subspace iterations with pre-calculated 
Green tensors for a 1-D medium. The approach allows for 
computing the EM fields in the Earth’s models with fully 
3-D conductivity distributions. One of the advantages of 
the x3dg method lies in the fast iterative process with 
guaranteed convergence, as the condition number of the 

system matrix depends only on the square root of maxi-
mum lateral conductivity contrast. On the other hand, 
it is partially offset by the large memory requirements 
of the Green tensors in the current implementation and 
lack of parallelization for single-frequency calculations. 
For example, using a single ocean layer at 0.25◦ lateral 
resolution requires over 100 GiB of memory or swap disc 
space with corresponding speed penalty. The memory 
requirements scale quadratically with the number of 3-D 
layers and latitudinal resolution, quickly saturating even 
the most advanced shared-memory architecture available 
today.
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Fig. 4 Magnetic signatures of M2 tides. The real (left column) and the imaginary (right column) parts of the three magnetic field components at the 
Earth’s surface calculated using the elmgFD code with 2-D surface conductance and forcing at the highest lateral resolution, jmax = 480 . Note the 
use of different colour scales for vertical and horizontal components
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The three‑dimensional and the two‑dimensional 
approaches
The gravitational forcing that drives the tidal flows is 
almost independent of the vertical coordinate in the 
ocean, and therefore, the ocean tides are usually mod-
elled in the two-dimensional (2-D) barotropic approxi-
mation (Hendershott 1973). The full velocity field u(r) for 
a given tidal constituent is not calculated, and only the 
horizontal transport is available. It is defined as a vertical 
integral of the horizontal velocity uH,

(11)U(ϑ ,ϕ) =

a
∫

a−b(ϑ ,ϕ)

uH(r,ϑ ,ϕ)dr,

where b(ϑ ,ϕ) represents the local bathymetry at colati-
tude and longitude (ϑ ,ϕ) . The small contribution associ-
ated with laterally varying surface elevation is neglected 
in Eq.  (11). Figure  1 shows the M2 transport from an 
assimilative barotropic model TPXO8-atlas (Egbert and 
Erofeeva 2002) that has been used in this study.

The vertical velocity component stemming from the 
baroclinic internal tides (Kantha and Tierney 1997) is 
not considered here. A reliable baroclinic tidal model 
with assimilated altimetry data has not been pub-
lished yet. Besides, the frequency shift and spread of 
baroclinic tides would require a multi-frequency or 
time-domain approach to the solution of the induction 
Eq. (10), a task out of the scope of the present paper.
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Fig. 5 Differences between elmgFD and x3dg codes. Differences between the 2-D solutions calculated by the respective codes at the Earth’s 
surface for the highest resolution, jmax = 480 and 0.25◦ × 0.25

◦ , respectively. Note that the colour scales in Figs. 5, 6, 7 and 9, 10 are reduced with 
respect to Fig. 4
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In order to calculate the tidally induced magnetic 
fields in the 3-D settings, we need to specify the dis-
tribution of electrical conductivity in the uppermost 
layers, comprising the oceans, the continents, and the 
underlying crust, σ3D(r,ϑ ,ϕ) . In the present paper, we 
start with a simplified approach, based on only two val-
ues of electrical conductivity: one for the seawater and 
one for the solid crust,

with b(ϑ ,ϕ) = 0 at the continents. Here, h = 8000 km 
is the ocean layer thickness, which should be larger than 

(12)

σ3D(r,ϑ ,ϕ) =

{

σocean = 3.2S/m for r ≥ a− b(ϑ ,ϕ),

σcrust = 0.001S/m for a− h ≤ r < a− b(ϑ ,ϕ),

the maximum bathymetry. The actual value of σcrust has 
only small influence on the tidally induced magnetic 
fields, spatially limited to coastal areas.

An alternative approach introduces a 3-D electri-
cal conductivity distribution σ (T,s)

3D  which is based on 
the collocated seawater temperature and salinity (T,  s) 
measurements (Tyler et al. 2017). Variable thickness of 
ocean, continental, and shelf sediments is also incorpo-
rated along the lines presented by Everett et al. (2003). 
Two cross sections of σ (T,s)

3D  are shown in the bottom 
panels of Fig. 2. Near the surface, the seawater conduc-
tivity shows significant variations with colatitude. In 
the deep oceans, the lateral variations are suppressed.
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Fig. 6 Effect of dimensionality. Differences between the 3-D and 2-D solutions calculated at the Earth’s surface with the elmgFD code at 
jmax = 480 . The 3-D solution discretizes the ocean with 40 equidistant layers
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In order to construct the 3-D structure of the 
imposed electric currents or electric fields, we assume 
that the horizontal ocean velocity is constant within the 
entire ocean column. Then, we obtain from (11),

for a− b(ϑ ,ϕ) ≤ r ≤ a , and zero elsewhere. The hori-
zontal transport (11) is conserved, and Eq.  (5) can be 
used to calculate the 3-D imposed electric field or electric 
current. While the velocity field calculated by Eq.  (13) 

(13)u3D(r,ϑ ,ϕ) =
U(ϑ ,ϕ)

b(ϑ ,ϕ)
,

has only the horizontal components, its spatial distribu-
tion follows the bathymetry profile.

In the two-dimensional approach, the radial conduc-
tivity profile is averaged and replaced with a scaled, 
two-dimensional conductivity map

Similarly, the imposed currents are also vertically 
integrated,

(14)σ2D(ϑ ,ϕ) =
1

h

a
∫

a−h

σ3D(r,ϑ ,ϕ)dr.
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Fig. 7 Effect of variable seawater conductivity and sediments. Differences between the 3-D and 2-D solutions calculated at the Earth’s surface with 
the elmgFD code at jmax = 480 . The 3-D solution includes temperature and salinity-dependent seawater conductivity and variable sediment 
thickness and discretizes the ocean with 102 layers
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under the assumption that the radial variabil-
ity of the main field across the ocean is negligible, 
BM(r,ϑ ,ϕ) ≈ BM(a,ϑ ,ϕ) . The imposed electric fields 
are then expressed as

Note that the calculation of Eimp
2D  via Eq.  (16) assures 

consistency between  the Maxwell Eqs.  (7–8) and 
the  EMI Eq.  (10). On the other hand, setting simply 
E
imp
2D = U × BM/h does not.
The 2-D approach presented here only suppresses the 

radial variations of conductivity and imposed currents in 
the oceans. The formulation still includes both the gal-
vanic and inductive coupling with the underlying mantle. 
This is in contrast with the 2-D approach by Tyler (2017), 
where the galvanic coupling is omitted.

Inductive and galvanic interaction with the underlying 
mantle
One of the goals of this study is to assess the importance 
of both inductive and galvanic coupling of the ocean 
magnetic field with the underlying conductive man-
tle. We use a recent global 1-D electrical conductivity 
model by Grayver et al. (2017), derived from Swarm and 
CHAMP satellite data using a combination of magne-
tospheric and tidal forcing. The profile, as shown in the 
upper left panel of Fig. 2, features an abrupt increase in 
electrical conductivity across the lithosphere–asteno-
sphere boundary. The conductivity further increases in 
the transition zone in the upper mantle. A highly conduc-
tive core is also included in the model.

Two models with limited physics are calculated by both 
numerical methods to study the ocean–mantle interac-
tions. In the so-called decoupled model, the galvanic cou-
pling is removed. In x3dg, it is achieved by inserting a 
100-m thin layer with electrical conductivity of 10−12S/m 
between the ocean and the mantle. The spherical har-
monic approach elmgFD allows us to directly disable the 
toroidal magnetic field and hence any radial electric cur-
rents. Only the inductive interaction between the oceans 
and the mantle is preserved.

The second model, marked as insulated in the follow-
ing figures and discussion, assumes an insulating man-
tle below the ocean. In elmgFD, a perfectly insulating 

(15)

j
imp
2D (ϑ ,ϕ) =

1

h

a
∫

a−b(ϑ ,ϕ)

σ3D(r,ϑ ,ϕ)uH(r,ϑ ,ϕ)× BM(r,ϑ ,ϕ)dr

=
1

h
σoceanU(ϑ ,ϕ)× BM(a,ϑ ,ϕ),

(16)E
imp
2D (ϑ ,ϕ) =

j
imp
2D (ϑ ,ϕ)

σ2D(ϑ ,ϕ)
.

analytical boundary condition is applied at r = a− h , 
while extremely low conductivity of 10−12S/m is used in 
x3dg both for the mantle and the core. Hence, the effect 
of mantle conductivity is completely suppressed.

Results
Effect of lateral resolution and dimensionality
In the first series of runs, we have calculated the mag-
netic signatures of the TPXO8-atlas M2 tides using the 
elmgFD and x3dg codes with the 2-D settings and 
full physics. The electrical conductivity was assembled 
according to Eq.  (14), and the elmgFD and x3dg solu-
tions were, respectively, forced by the imposed electric 
field (16) or electric current (15). The spherical harmonic 
truncation degree of elmgFD was set in turn to 120, 
240, and 480. Similarly, the lateral resolution of x3dg 
was increased from 1◦ × 1◦ to 0.5◦ × 0.5◦ and finally 
to 0.25◦ × 0.25◦ . In addition, the 3-D solutions were 
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Fig. 8 Effect of physical approximations on the geomagnetic power 
spectra. Geomagnetic power spectra calculated at the Earth surface 
by the 2-D approaches elmgFD and x3dg, and the respective 
effects of galvanically decoupled and insulated mantle. The lateral 
resolution was kept at jmax = 480 and 0.25◦ × 0.25

◦ , respectively
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calculated by elmgFD at the highest lateral resolution 
and discretizing the ocean radially into 40 and 102 lay-
ers, respectively, for the conductivity models σ3D and 
σ
(T,s)
3D  . The imposed electric field was calculated using 

Eq.  (5) with quasi-3-D flows assembled according to 
Eq. (13). The large memory demands of x3dg have so far 
prevented us from calculating such high-resolution 3-D 
solutions with this code.

Figure 3 shows the power spectra of the tidally induced 
field at the Earth’s surface, and at the altitude of 400 km, 
typical for low-orbit satellite missions such as Swarm. The 
spectra were calculated using the formula by Maus (2008, 

eq.  21), taking into account the increasing number of 
coefficients with the spherical harmonic degree. The 
maximum average power is present at degree five. The 
spectra follow the power law for degrees above 10 with-
out reaching a plateau. That suggests that the induced 
field remains correlated across different spatial scales. At 
the lowest resolution, we can observe significant differ-
ences between the 2-D and 3-D methods, diverging for 
higher spherical harmonic degrees. An interesting obser-
vation is that the elmgFD method predicts systematically 
larger spectra than the x3dg method. As the lateral reso-
lution increases, the differences between both methods 
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Fig. 9 Effect of galvanically decoupled mantle. Differences between the 2-D solution and a unimodal solution without toroidal magnetic field, i.e. 
galvanically decoupled from the underlying conductive mantle. Both solutions were calculated at the Earth’s surface with the elmgFD code at 
jmax = 480
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are reduced. A possible explanation lies in the use of 
global base functions in elmgFD, compared to a local 
discretization applied in x3dg. Truncating the elmgFD 
solution at a lower degree prevents additional diffusion 
of magnetic field energy into higher degrees and hence 
increases the spectrum.

Figure  4 shows the M2 signatures predicted by the 
elmgFD code at the highest resolution of spherical har-
monic degree 480. The magnetic field components are in 
general agreement with previous studies. We will use this 

figure as a reference to demonstrate the various effects 
with difference plots.

First such difference is plotted in Fig. 5 where the 2-D 
solutions of elmgFD and x3dg at their respective high-
est resolutions are compared. As can be expected, the 
largest differences in all three components are concen-
trated in the areas where spatially complex tidal flows 
interact with strong vertical main magnetic field, such 
as in the Tasman sea and further south and east of New 

−1 0 1
Re ∆X (nT)

−1 0 1
Im ∆X (nT)

−1 0 1
Re ∆Y (nT)

−1 0 1
Im ∆Y (nT)

−2 −1 0 1 2
Re ∆Z (nT)

elmgFD 2D−elmgFD insulator

−2 −1 0 1 2
Im ∆Z (nT)

Fig. 10 Effect of insulating mantle. Differences between the 2-D solution and a solution with perfectly insulating bottom boundary condition. Both 
solutions were calculated at the Earth’s surface with the elmgFD code at jmax = 480

140



Page 12 of 15Velímský et al. Earth, Planets and Space          (2018) 70:192 

Zealand. Even there, the differences stay below 10% of the 
total predicted signal.

The effect of dimensionality is shown in the differ-
ence plots in Figs. 6 and 7. The 3-D elmgFD solutions 
differ from the 2-D solution obtained by the same code 
mostly in the shallow areas, such as the Kerguelen pla-
teau in the southern Indian ocean, the Bering sea, or 
the Rockall plateau in the northern Atlantic. In the 
more complicated σ (T,s)

3D  model, the differences are 
slightly amplified, and detailed patterns of magnetic 
fields are modified, e.g. in the Weddell Sea, the Tas-
man Sea, and in the northern Atlantic. In these areas, 
the prediction of the 2-D model can be of even by 50% 

of the signal amplitudes. In view of these results, the 
2-D approximation seems to be acceptable over deep 
oceans, where the differences are only slightly larger 
than those related to the choice of the modelling code.

Effect of conductive mantle on the tidal signatures
The effects of galvanic decoupling of the mantle and 
the insulating mantle are shown in Fig.  8 by means of 
power spectra at the Earth’s surface. In spite of imple-
mentation differences in both methods, the behaviour 
is consistent. For the decoupled model, the power spec-
tra are reduced for degrees one to six and increased 
from degree seven onwards. This is in agreement with 
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Fig. 11 Electric current density at the seafloor. The eastward, southward, and radial components of the 2-D elmgFD solution at jmax = 480 are 
shown, respectively, from top to bottom
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the theoretical arguments in Tyler (2017,  Section  5.5). 
The spatial structure of the differences between the full 
2-D model and the decoupled model is shown in Fig. 9. 
It is concentrated into the coastal areas, with the larg-
est differences pronounced around southern Africa, on 
the Australian eastern coast, in the Labrador Basin, and 
west of the British Isles.

In the case of insulating mantle, the effects become 
even more interesting. Judging from the spectra in 
Fig.  8, the amplitude of the signal is increased, espe-
cially at the lower degrees. The spatial pattern of dif-
ferences, as displayed in Fig.  10, repeats most of the 
features from Fig.  9. However, the magnetic field is 
significantly strengthened over the deep oceans, miss-
ing the counteracting field generated by the large-scale 
induced currents in the mantle. This effect is evidently 
stronger than the galvanic coupling, shifting the entire 
spectrum upwards.

Another view on the full 2-D, the decoupled, and the 
insulated solutions is provided by means of electric 
current density at the seafloor, as plotted, respectively, 
in Figs. 11, 12 and 13. The vertical currents, which are 

present only in the full solution, are concentrated in the 
coastal areas. The pattern of the horizontal electric cur-
rents is changed and the amplitude mostly weakened in 
both the decoupled and insulated solutions.

Conclusions
The recent advances in 3-D EM modelling allow us to 
calculate the magnetic signatures of the ocean tides in 
high resolution and in the full complexity. However, vari-
ous physical approximations still can provide significant 
reduction of computational time and/or memory require-
ments, which can be exploited, especially in the inver-
sion scenarios. We have evaluated the effect of various 
traditional approximations. The predictions of the 2-D 
approach match well with the 3-D approach locally above 
deep oceans, or in the interpretation of low-orbit satellite 
data dealing with spherical harmonic degrees below 20. 
However, for accurate prediction of signals at the coastal 
and island geomagnetic observatories, or more generally, 
in the areas with significant variations of bathymetry and 
coastlines, full 3-D calculations still may be required. This 
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Fig. 12 Electric current density at the seafloor. The horizontal components obtained for the decoupled solution. The radial component is zero 
everywhere in this case
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conclusion does not confirm the argument presented by 
Tyler (2017, Section 5.2) that the Earth oceans behave as 
an electrically thin sheet for periods above 10 min. Note 
that Tyler’s criterion is based on the penetration depth of 
magnetic field from the boundary. However, the imposed 
electric currents are distributed everywhere in the ocean 
volume and for tidal movements do not decrease signifi-
cantly with depth.

The 3-D approach presented here is still based on the 
2-D barotropic tidal flows. The prediction of the mag-
netic field induced by the 3-D tidal flows comprising 
the baroclinic component (Stammer et al. 2014) has not 
yet been performed. Although the comparison of Say-
nisch et al. (2018) includes several baroclinic models, the 
induced magnetic field was still calculated from horizon-
tal transports only.

The electromagnetic interactions of the oceans with 
the underlying conductive mantle are significant enough 
to be treated comprehensively in numerical model-
ling, including the galvanic coupling and possibility of 
vertical electric currents flowing from or into the man-
tle. The omission of the galvanic coupling leads to an 
underestimation of the tidal signals at degrees below 
six, in agreement with the analytical estimates by Tyler 

(2017, Section 5.5). Using a completely insulating mantle 
has the opposite effect.
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The magnetic field induced in the Earth’s ocean by the large-scale global circulation consists of the 
toroidal and poloidal modes. Lateral variations of the ocean electrical conductivity allow for the energy 
exchange between both regimes. In this paper, we predict that the eastward component of the toroidal 
magnetic field in the area of the Antarctic Circumpolar Current can reach amplitudes of 15 nT at the 
depth of about 1800 m. Moreover, even though the toroidal field is invisible on the ocean surface, it 
can significantly influence the observable poloidal field, both in terms of its amplitude, and seasonal 
variations.
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1. Introduction

It is well known that the movement of the oceans through 
the Earth’s main magnetic field generates the secondary, motion-
ally induced magnetic field (Sanford, 1971). On a global scale, the 
ocean flows and their corresponding induced magnetic signatures 
can be divided in two distinct classes (Kuvshinov, 2008). The tidal 
flows are driven by the gravitational attraction of the Sun and 
the Moon. The individual tidal constituents are manifested at dis-
crete frequencies related to the movements of the celestial bodies, 
although compound tides spurred by non-linear ocean dynamics 
are also present (Einšpigel and Martinec, 2017). Due to the vol-
ume character of the external gravitational force, the tidal flows 
have little vertical stratification, and therefore are often modelled 
in the barotropic approximation. A number of studies have been 
dedicated to the tidally induced magnetic fields, including their ob-
servation on ground observatories (Maus and Kuvshinov, 2004), by 
low-orbit satellite missions CHAMP (Tyler et al., 2003) and Swarm 
(Sabaka et al., 2016), and in sea surface measurements (Lilley et al., 
2004). Recently, Grayver et al. (2016, 2017) have used the M2 tidal 
signals to constrain the electrical conductivity at the lithosphere–
asthenosphere boundary. The toroidal magnetic field generated by 
tidal signals has been modelled by Dostal et al. (2012) in the case 
of spherically symmetric Earth.

The global ocean circulation, on the other hand, has very dif-
ferent spatio-temporal characteristics. Driven by wind stresses and 
heat fluxes on the ocean surface, the horizontal components of 
the flows possess a significant vertical gradient and the vertical 

* Corresponding author.
E-mail address: velimsky@karel.troja.mff.cuni.cz (J. Velímský).

flows are non-negligible. Their time variations are manifested on 
seasonal and longer time scales, and the numerical modelling is 
often based on the three-dimensional (3-D) baroclinic approach 
(Stewart, 2008). Such flows are capable of generating both the 
poloidal and toroidal magnetic fields. In addition, the lateral con-
ductivity variations can lead to the energy exchange between the 
magnetic modes. The toroidal field vanishes above the ocean sur-
face, where its presence can be detected only indirectly according 
to how it affects the observable poloidal field. However, it is ex-
pected to reach local values of up to 100 nT in the ocean, cf. the 
equation E.1 in Tyler et al. (2017) for analytical derivation, or the 
measurements of the magnetic field vertical gradient by Lilley et al. 
(2001). The observable ocean-induced poloidal magnetic field on 
the ocean surface can reach amplitudes of several nT, with largest 
values present in the area of the wind-driven Antarctic Circumpo-
lar Current (ACC) (Kuvshinov, 2008; Irrgang et al., 2016).

The observations of the magnetic field induced by the global 
ocean circulation have the potential to be used as a constraint 
when examining the spatio-temporal dynamics of the oceans 
(Tyler et al., 1997b; Vivier et al., 2004). A number of studies 
have, therefore, been concerned with the forward modelling of 
the ocean-induced magnetic field (e.g., Sanford, 1971; Chave and 
Luther, 1990; Larsen, 1992; Tyler et al., 1997; Manoj et al., 2006). 
However, none of the studies used a complete 3-D description 
of both the electrical conductivity distribution and the velocity 
flows. Typically, one-dimensional integration from the seabottom 
to the ocean surface is applied, yielding a simplified, quasi two-
dimensional problem, and smearing the effect of vertical stratifi-
cation of the horizontal flows. As we will demonstrate here, this 
can have important consequences for the modelling of the toroidal 
component of the magnetic field in the ocean (Lilley et al., 1993, 
2001).

https://doi.org/10.1016/j.epsl.2018.12.026
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Direct observations of the ocean-induced magnetic field are 
now also available from sea-bottom geomagnetic stations, e.g. in 
the northwestern Pacific (Toh et al., 2006; Toh and Hamano, 2015). 
While the static part of ocean circulation signatures is difficult to 
distinguish from the crustal field, the seasonal variations should be 
in principle detectable at suitable locations. For satellite data, the 
challenge is considerably higher due to the lower amplitudes of the 
surface field, and the geometric filtering of small-scale field struc-
tures. However, accurate modelling predictions could provide data 
corrections to improve the satellite-based crustal field models (Ku-
vshinov, 2008). To our knowledge, a thorough study of the toroidal 
magnetic field induced by large-scale three-dimensional flows in 
laterally and radially electrically heterogeneous oceans has not yet 
been performed.

In this paper, we concentrate on the calculation of the global 
toroidal magnetic field in the ocean interior, and the phenomenon 
of mutual interaction of the poloidal and toroidal modes through 
lateral conductivity variations. The paper is set up as follows. The 
electromagnetic induction (EMI) equation for arbitrary 3-D dis-
tribution of electrical conductivity and ocean flows is discussed 
in Section 2. Following the introduction of our large-scale ocean 
model and the EMI solver in Section 3, we demonstrate in Sec-
tion 4 the influence of the toroidal magnetic field on the observ-
able poloidal component by the direct comparison of numerical 
simulations where these effects are respectively included and ex-
cluded.

2. Poloidal–toroidal separation of the induced magnetic field

The magnetic field B(r; t) induced by the flow of conductive 
ocean water in the presence of the Earth’s main magnetic field 
B0(r; t) is described by the EMI equation,

μ0
∂ B(r; t)

∂t
+ curl

[
1

σ(r; t)
curlB(r; t)

]

= μ0 curl [v(r; t) × B0(r; t)] . (1)

Here r = (r, ϑ, ϕ) is the position vector expressed in spherical co-
ordinates of radius, colatitude, and longitude, t is time, μ0 is the 
magnetic permeability of vacuum, σ(r; t) is the electrical conduc-
tivity, and v(r; t) stands for the flow velocity. The EMI equation 
is derived from the quasi-stationary Maxwell equations under the 
assumption that the main magnetic field is much larger than the 
induced field, yet it varies on a much longer time scale, and can 
be described by a scalar magnetic potential U0(r; t),

|B0| � |B| , (2)∣∣∣∣∂ B0

∂t

∣∣∣∣ �
∣∣∣∣∂ B

∂t

∣∣∣∣ , (3)

B0(r; t) = −gradU0(r; t). (4)

The equation (1) holds in the oceans as well as in the underlying 
lithosphere and mantle, where the flow of the conductive material 
occurs on geological scales, and for our purposes v = 0. In the in-
sulating atmosphere surrounding the Earth, the induced magnetic 
field is also described by a scalar magnetic potential U (r; t), with 
the continuity of all three field components imposed across the 
Earth’s surface r = a,

B(a,ϑ,ϕ) = −gradU (r,ϑ,ϕ)|r=a . (5)

The scalar magnetic potential U satisfies the Laplace equation,

�U (r; t) = 0 for r ≥ a, (6)

and, in the absence of external sources, it must vanish for r → ∞. 
We do not consider here the induction caused by external sources, 

i.e., the time variations of magnetospheric and ionospheric cur-
rents. Their induced fields also satisfy condition (2), and there-
fore represent an independent solution of the homogeneous form 
of equation (1), which combines linearly with the ocean-induced 
field.

The EMI equation (1) satisfies implicitly the divergence-free 
constraint on the induced magnetic field, when provided with a 
divergence-free initial condition. Therefore, the magnetic field vec-
tor can be decomposed into its poloidal and toroidal parts,

B(r; t) = BP(r; t) + BT(r; t), (7)

er · BT = 0, (8)

divBT = 0, (9)

er · curlBP = 0, (10)

divBP = 0, (11)

where er denotes the radial unit vector. The boundary condition 
(5) then implies that the toroidal field is zero at the surface, while 
the poloidal field contains only the contribution of the internal 
electric currents,

BT(a; t) = 0, (12)

B(ext)
P (a; t) = 0, (13)

where the external–internal field separation is achieved by ex-
panding the scalar potential U into spherical harmonic series 
(Velímský and Martinec, 2005).

Since the curl operator converts the poloidal field into toroidal, 
and vice versa (Varshalovich et al., 1989), we can split the EMI 
equation into its toroidal and poloidal parts,

μ0
∂ BT

∂t
+

[
curl

(
1

σ
curlBT

)]
T

= μ0 [curl (v × B0)]T −
[

curl

(
1

σ
curlBP

)]
T
, (14)

μ0
∂ BP

∂t
+

[
curl

(
1

σ
curlBP

)]
P

= μ0 [curl (v × B0))]P −
[

curl

(
1

σ
curlBT

)]
P
. (15)

The equation (14) contains the diffusion terms for toroidal field 
on the left-hand side. In the absence of sources, its solution is zero 
everywhere due to the boundary condition (12). The first term on 
the right-hand side involves the poloidal part of the Lorentz force 
v × B0 acting on a unit charge, or the toroidal part of its rota-
tion. The second term describes the conversion from the poloidal 
induced field through the lateral variations of electrical conductiv-
ity. It is identically equal to zero if σ is only a function of radius r. 
Note that even in the presence of sources, the boundary condition 
(12) still holds, and the toroidal field is not directly observable at 
the Earth’s surface. However, it can be measured inside the ocean, 
or at the seabottom.

A similar analysis applies to the equation (15) describing the 
diffusion of the poloidal field. Without any internal sources on 
the right-hand side, and without the external sources in the 
boundary condition (13), the poloidal field is zero. The right-hand 
side contains two terms responsible for poloidal field generation: 
the toroidal component of the Lorentz force converted into the 
poloidal component of its rotation, and the contribution from the 
induced toroidal field conveyed by means of laterally heteroge-
neous conductivity.
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Fig. 1. Snapshots of ocean flow velocities on December 31, 2014. The individual rows correspond to different depths, while the radial, meridional and zonal components are 
shown in the columns from left to right. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

How large is the poloidal and toroidal source stemming from 
the Lorentz force? Under the assumption of incompressible ocean 
flow, we can write

curl (v × B0) = B0 · gradv − v · gradB0. (16)

Let us further assume as a first-order approximation that the main 
field is represented by an axial dipole with magnetic momentum 
4πγ /μ0,

B0 = γ

(
2 cos ϑ

r3
er + sinϑ

r3
eϑ

)
, (17)

and the velocity field is dominated by the zonal toroidal compo-
nent,

v = vϕeϕ,
∂vϕ

∂ϕ
= 0, (18)

where eϑ and eϕ are respectively the meridional and zonal unit 
vectors. Then the rotation of the Lorentz force,

curl (v × B0) = γ

r3

(
2 cosϑ

∂vϕ

∂r
+ sinϑ

r

∂vϕ

∂ϑ
− 3 cos ϑ

r
vϕ

)
eϕ

(19)

is also a zonal toroidal field. In the polar areas, it is dominated 
by the first term which depends on the radial derivative of the 
zonal flow. The meridional derivative of the zonal flow is impor-
tant in the equatorial area, however, it is downscaled by 1/r ≈ 1/a
factor, as is the last term depending on vϕ . Obviously, the spatial 
structure of the Lorentz forcing will become much richer by incor-
porating also the meridional and vertical flows, and using a more 
detailed description of the main magnetic field. Nevertheless, in 
the presence of vertical stratification of zonal flows, there will al-
ways be a substantial forcing contributing to the generation of the 
toroidal induced magnetic field. This is basically the ω-effect, well 
known in the classical dynamo theory (Roberts, 1992).

How does the toroidal field influence the generation of the 
observable poloidal field? We can carry out a similar first-order 
analysis by assuming that

BT = Bϕeϕ,
∂ Bϕ

∂ϕ
= 0. (20)

The radial component of the second term on the right-hand side 
of equation (15) then becomes,
[

curl

(
1

σ
curlBT

)]
r
= 1

r3 sinϑ

∂

∂ϕ

(
1

σ

)
∂

(
rBϕ

)
∂r

. (21)

Similar formula can be derived for the meridional part, depending 
on the meridional gradient of the zonal magnetic field. We see 
that the conversion of the toroidal to poloidal field is intensified in 
the polar areas through the 1/ sin ϑ factor, and it is pronounced in 
the areas where the vertical stratification of zonal magnetic field 
couples with a significant zonal gradient of electrical conductivity.

3. Modelling setup

We use the recently developed 3-D z-coordinate baroclinic 
ocean model LSOMG to calculate the ocean flows forced by the 
wind stresses and heat fluxes derived from ERA-Interim data (Dee 
et al., 2011). A more detailed description of the model is provided 
in the Supplementary material. We run the model with 1◦ hori-
zontal resolution and for 11 vertical layers. The model reaches a 
quasi equilibrium after the spin-up period of 20 yr. In this paper, 
we use the predictions of the ocean flows for year 2014.

Fig. 1 shows the cross-sections of the velocity field at three dif-
ferent depths as predicted by our model on December 31, 2014. 
The horizontal velocities in the LSOMG model are several orders of 
magnitude larger than the vertical velocities. The maximum hor-
izontal velocities measured in the real ocean are up to 1–2 m/s, 
with common values of one or two orders of magnitude smaller. 
The measured vertical velocities reach 10−3 m/s in the restricted 
regions of deep water formation and 10−4 m/s in the regions 
of Equatorial upwelling, the common values are smaller though 
(Liang et al., 2017). The magnitudes of measured ocean velocities 
and velocities computed by the LSOMG model are thus in a good 
agreement. Since the ocean forcing is applied to the ocean surface, 
the surface (horizontal) velocities are the largest and the veloci-
ties in deep waters are significantly smaller. The upper and lower 
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Fig. 2. Electrical conductivity model used in our study. The 1-D profile of the mantle conductivity (Püthe et al., 2015) is shown on the left. The right-hand panel shows three 
cross-sections of the ocean and continental conductivities at the depths of 0, 1840 and 3530 m.

parts of the ocean are linked together via the advection, diffusion 
and friction processes. The surface velocities are dominated by the 
Equatorial and boundary currents, and the Antarctic Circumpolar 
Current (ACC).

In order to calculate the magnetic field induced by the ocean 
flow model LSOMG, we employ the time-domain, spherical har-
monic-finite element approach to the EM induction equation with 
3-D distribution of electrical conductivity (Velímský and Martinec, 
2005) that has been recently modified to include the internal 
sources described in equation (1). The use of the vector spher-
ical harmonic base (Varshalovich et al., 1989) to represent the 
magnetic field vector B implicitly comprises the separation of the 
poloidal and toroidal components. Our model uses the same 11 
ocean layers as the LSOMG model, the lateral resolution is trun-
cated at spherical harmonic degree 60. The 3-D electrical con-
ductivity of the oceans is assembled from the temperatures and 
salinities provided by the World Ocean Atlas 2013 (Locarnini et 
al., 2013; Zweng et al., 2013), using an empirical formula (Apel, 
1987). The seasonal variations of the ocean electrical conductivity 
are neglected. We have not yet implemented the recent improved 
conductivity map by Tyler et al. (2017), however, we believe that 
the differences in the large-scale induced fields would be negligi-
ble. For continental conductivity, we have followed the approach 
by Everett et al. (2003), combining the thicknesses of continen-
tal and oceanic sediments, and igneous rocks, with a-priori fixed 
conductivity values. Three cross-sections of oceanic and continen-
tal conductivity at different depths are shown in the right-hand 
panels of Fig. 2. In the Earth’s mantle, we have used a global 1-D 
conductivity model derived from satellite measurements (Püthe et 
al., 2015), which is shown in the left-hand panel of Fig. 2. Our 
modelling domain also includes the Earth’s core with conductivity 
of 105 S/m. The time evolution of magnetic field is started from a 
stationary solution of equation (1) using a three-year spin-up in-
terval.

4. Results

This paper aims to answer two questions concerning the global 
toroidal magnetic field induced in the Earth’s oceans. First, what 
is its amplitude and spatial distribution, and second, how it is 
pronounced in the directly observable poloidal field at the Earth’s 
surface.

The answer to the first question is presented in Fig. 3, which 
shows a snapshot of magnetic field components from December 
31, 2014 at the Earth’s surface, at the depth of 1840 m, where 
the amplitude of toroidal field is at its peak, and at the depth 
of 3530 m, corresponding to the average ocean depth. The hori-
zontal components of the toroidal and poloidal fields are plotted 
separately. At the Earth’s surface, the toroidal field vanishes, as 
required by the boundary condition (12). However, in the deep 
ocean, the amplitude of the toroidal field, especially its zonal com-
ponent, as shown in the rightmost column, is almost one order of 
magnitude larger, than that of the poloidal field. The most pro-
nounced feature, as anticipated by the zonal flow structure in 
Fig. 1 and the equation (19) is the eastward ACC signature. Sig-
nificant zonal toroidal fields, comparable in amplitude with the 
poloidal component, are also present throughout the Pacific, At-
lantic and Indian oceans with eastward direction prevailing just 
north of the equator, and westward direction prominent south of 
the equator and again in the mid-latitude region of the northern 
hemisphere. The toroidal meridional component (second column 
from the right) points mostly to the north in the Atlantic and 
Pacific oceans. In the Southern Ocean, its spatial variations are in-
fluenced by the small-scale variations of the zonal field through 
the divergence-free condition. The radial magnetic field shown in 
the left column is almost invariable with depth. It is dominated 
by the ACC signature, with largest signals present in the Southern 
Ocean, Southern Pacific, and Southern Indian Oceans. Its spatial 
structure and amplitude agree well with the predictions of OC-
CAM and ECCO circulation models obtained by Manoj et al. (2006)
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Fig. 3. Snapshots of the induced magnetic field on December 31, 2014 for the full solution. Each row corresponds to a different depth. The poloidal and toroidal parts of the field are shown separately, the individual columns from 
left to right display respectively the radial, poloidal meridional, poloidal zonal, toroidal meridional, and toroidal zonal components.
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Fig. 4. Snapshots of the induced magnetic field on December 31, 2014 for the decoupled solution. Ordering of the layers by rows and components by columns follows Fig. 3. Note that the colour scales in both figures are the same.
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Fig. 5. The power spectra of the induced magnetic field at the surface. In the left-hand panel, the annual geometric means for the full and decoupled runs are shown 
respectively by crosses and triangles. The geometric standard deviation intervals are marked by the red and blue bands. In the right-hand panel, the time evolution of degree 
3 power for both models in 2014 is shown.

(as shown in Fig. 36 in Kuvshinov, 2008). On the other hand, the 
poloidal horizontal field, shown in the second and third columns 
of Fig. 3 reverses its sign between the surface and the 1840 m 
depth. This is a direct consequence of the concentration of hori-
zontal fluxes and corresponding horizontal electric currents in the 
shallower parts of the ocean.

In order to answer the second question, we have performed an 
alternate calculation, that we refer to as decoupled, to distinguish 
it from the full solution discussed above. In the equations (14) and 
(15), the terms on the right-hand sides responsible for the en-
ergy exchange between the toroidal and poloidal modes through 
lateral conductivity variations are removed. Therefore, the toroidal 
and poloidal fields are independent solutions of their correspond-
ing governing equations, powered solely through the poloidal and 
toroidal components of the Lorentz force, respectively. The re-
sults of the decoupled model are shown in Fig. 4. The compar-
ison with Fig. 3 gives us a direct insight into the effect of the 
poloidal–toroidal field conversion. In the decoupled model, both 
the toroidal and poloidal fields are significantly reduced in ampli-
tude. The large-scale spatial features of the fields are preserved, 
including the overturn of the horizontal poloidal field direction in 
the deep ocean. However, many small-scale patterns are lost in 
both the poloidal and toroidal fields.

Another comparison of the full and decoupled models is pro-
vided by means of power spectra in Fig. 5. Here we show the 
average energy of the observable poloidal magnetic field at the 
Earth’s surface as a function of spherical harmonic degree. The 
annual geometric means from 2014 are shown together with the 
geometric standard deviations corresponding to the temporal vari-
ations within year 2014. The full solution has approximately three 
times larger total energy of the observable field at the Earth’s sur-
face than the decoupled solution. While the relative time variations 
of the power spectra look similar on the log scale, in absolute 
terms the time variations of the full model are more pronounced, 
as shown in the right-hand panel of Fig. 5 for degree 3.

5. Conclusions

We have calculated one year of magnetic signatures of global 
Earth’s ocean by solving the 3-D EMI equation with realistic con-
ductivity distribution of the Earth’s oceans, lithosphere, and un-
derlying mantle, and using vertically stratified 3-D ocean flows 
predicted by a state-of-the-art baroclinic ocean model LSOMG. In 
particular, we have demonstrated that the global toroidal field in-
duced by differential zonal velocities reaches the values of up to 
15 nT at the depth of 1800 m and in the vicinity of the ACC. This 
is almost one order of magnitude larger than the poloidal field. 
The direct observability of toroidal magnetic field at sea-bottom 
observatories remains an open question. We predict the seasonal 

variations of toroidal field in the order of units of nT, a value pos-
sibly detectable by the modern sea-bottom equipment. However, 
to our knowledge, no such observatory has been yet deployed in 
the area of ACC, where maximum amplitudes can be expected.

We have also quantified the effect of the energy exchange be-
tween the toroidal and poloidal fields through lateral conductivity 
variations. The toroidal field, while invisible on the Earth’s sur-
face, has a substantial effect on the observable poloidal component. 
When the toroidal field is omitted, the power of the poloidal field 
is about three times smaller with reduced spatial and temporal 
variability.

In general, in the case of global ocean circulation the 3-D mod-
els incorporating the full physics of the EMI equation should be 
used for the accurate prediction of the motionally induced mag-
netic field within the oceans.
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The Large-Scale Ocean Model for Geophysics (LSOMG)1

The LSOMG model is a three-dimensional z-coordinate baroclinic ocean model

with partial bottom cells. It solves the primitive equations, that is, the momentum

equation, the hydrostatic equation, the incompressibility equation, the evolution

of sea-surface heights, the evolution of tracers, and the equation of state under the

hydrostatic and Boussinesq approximations:

∂u

∂t
+ v · ∇u + fez × v = −∇Hp

ρ0
+ FH + FV , (1)

∂p

∂z
= −ρg, (2)

∇ · v = 0, (3)

∂η

∂t
= −∇H ·U, (4)

∂C

∂t
+∇ · (vC) = ∇ · FC , (5)

ρ = ρ(θ, S, p), (6)
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where v = (u, v, w) = (u, w) is the complete three-dimensional velocity vector,

u is the horizontal velocity, ez is the unit vector parallel to the local vertical direc-

tion, f is the Coriolis parameter, f = 2Ω sinφ, where Ω is the angular velocity of

the Earth’s rotation and φ is the latitude, p is pressure, ρ is the density of seawater,

ρ0 is the constant reference density, FH and FV are the horizontal and vertical

shears of friction force, respectively, g is the gravitational acceleration, U is the

vertically integrated horizontal velocity, C is either the potential temperature or

salinity, FC is the turbulent tracer flux, and∇H is the two-dimensional horizontal

gradient operator. The boundary conditions are

AV
∂u

∂z
=
τw
ρ0
, at the surface (7)

p = 0, at the surface (8)

KV
∂C

∂z
= γChz1

(
C − Cdata

)
+Qdata

C at the surface (9)

v · n = 0 at lateral boundaries

(10)
(
KH∇HC, KV

∂C

∂z

)
· n = 0 at lateral boundaries

(11)

AV
∂u

∂z
= τb at the bottom (12)

where AV is the vertical viscosity, τw is the surface wind stress, KH and KV2

are the horizontal and vertical tracer diffusivities, respectively, γC is the inverse3

restoring time, hz1 is the thickness of the surface grid cell, Cdata is the tracer4

value prescribed by data, Qdata
C is the turbulent tracer flux prescribed by data, n5

is the outer normal to the lateral boundary, τb is the nonlinear bottom friction,6

τb = Cbu |u|, in which Cb is the dimensionless friction coefficient.7

2
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The governing equations are discretized on the Arakawa grid C using the finite8

difference method. Time stepping is based on the split-explicit method where the9

time staggered algorithm of Griffies (2004) is adopted. The barotropic part of the10

model uses the predictor-corrector time-stepping scheme of Griffies (2004). The11

baroclinic part of the model uses the two-time level explicit discretization except12

for the Coriolis term (3rd order Adams-Bashforth scheme) and the implicit-in-13

time vertical friction in the momentum equation. The advection of temperature14

and salinity is performed using the advection scheme of Smith et al. (2010). The15

splitting method of Adcroft et al. (2014) is implemented to handle the multidimen-16

sional tracer advection. The friction force is of the form of Murray and Reason17

(2001) with modifications for the partial bottom cells. The fluid is assumed to18

be transversely isotropic with respect to the vertical coordinate. The horizon-19

tal Smagorinsky viscosity (Smagorinsky, 1963, 1993) depends on the large-scale20

flow and it is thus automatically enlarged if necessary. The state equation of sea21

water is formulated in potential temperature according to Jackett et al. (2006).22

The LSOMG model is coded in the Fortran 90 using modules and allocatable23

arrays and it is parallelized using the MPI standard. The MKL numerical library24

treats the linear algebra in the model parts that are discretized implicitly in time.25

The NetCDF library is used to efficiently store and quickly read the boundary-26

forcing data.27

The ocean bathymetry is derived from GEBCO data (IOC et al., 2003). The28

initial temperature and salinity distributions are derived from the World Ocean29

Atlas 2013 (Locarnini et al., 2013; Zweng et al., 2013). The model is forced with30

daily wind stresses and heat fluxes. In this study, we apply daily boundary forcing31

derived from the ERA-Interim data (Dee et al., 2011) by the bulk formulas of32

3
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Large and Yeager (2004).33

We run the model with 1◦ horizontal resolution and for 11 vertical layers. The34

baroclinic and barotropic time steps are 30 minutes and 30 seconds, respectively.35

We spin up the model for 20 years from the homogeneous initial conditions. The36

model reaches a quasi equilibrium after the spin-up period. The model is inte-37

grated for one more year after the spin-up period to calculate the ocean-induced38

magnetic field.39
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