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also educational—the tailored implementation may be more dif�-
cult to understand than the general description that does not require
a detailed knowledge of methods used in a particular combination,
especially in cases where the wave�eld injection is not fully theo-
retically justi�ed, but implemented in a purely technical way.

The objective of this paper is twofold: (i) to generally formulate
a condition on the boundary between the two complementary parts
of the wave propagation volume and (ii) to discuss some speci�cs
of implementation.

2 T H E M E T H O D

2.1 General conditions for linear elastic case

Let us consider two independent cases of 3-D-inhomogeneous linear
elastic media B and C, respectively, extending in the full space (see
Figs 1 and 2). The media B and C are identical except for a volume of
�nite dimensions (difference volume DV) completely encompassed
by a surface called the excitation box, where intersectionEB ∩
DV = ∅. General voluminal source S is formally represented by
forces�Sin the elastodynamic equation. Let EB and S be identically
positioned in both B and C medium, with respect to DV. Let�ub be

Figure 1. Background wave�eld—solution to eq. (2). Voluminal source S in 3-D-inhomogeneous linear elastic medium B generates displacementub called
background displacement, . The interior volume enclosed by the EB includes difference volume DV where the media C and B differ; thus C and B are identical
elsewhere. The source S, the EB, and their constellation are identical in both B and C medium (see Fig. 2). The source S is placed outside the EB.

Figure 2. Complete wave�eld—solution to eq. (1). Voluminal source S in 3-D-inhomogeneous linear elastic medium C generates displacementuc called
complete displacement. The interior volume enclosed by the EB includes difference volume DV where the media C and B differ; thus C and B are identical
elsewhere. The source S, the EB, and their constellation are identical in both B and C medium (see Fig. 1). The source S is placed outside the EB.

the displacement of the wave�eld (called the background wave�eld)
due to the source S in the medium B, and�uc be the displacement
of the wave�eld (called the complete wave�eld) due to the (same)
general source S in the medium C. We thus deal with two separated
wave�elds, which are generated by the same source but propagate
in two different in�nite media.

Both �elds �ub and�uc are physical quantities satisfying the elasto-
dynamic equations. These equations are identical outside the EB but
may differ inside the EB if there are different material properties;
that is,

Lc(�uc) + �S = 0, (1)

Lb(�ub) + �S = 0, (2)

Lc = Lb ≡ L outside the EB and on the EB

(because EB∩ DV = ∅) , (3)

whereLc(Lb) are linear differential operators and�S is a source
function, which depends on spatial variables and time (or frequency,
if the eqs (1) and (2) are considered in the frequency domain). In
general, the source has �nite dimensions and the function�Smay be
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for purely single-quantity methods, such as the displacement for-
mulation (e.g. Alterman & Karal 1968; Moczo 1989; Opr�sal &
Zahradń�k 2002), choose the EB to be approximated by adjacent
grid lines (gridpoints) of the FD grid. The two lines (for second-
order methods) are inside (�uc values) and outside (�us values) the
EB, respectively. The�ub is recorded for gridpoints on both of these
grid lines and then subtracted or added to the actually computed
displacements needed by a FD stencil that is centered on one of the
two adjacent grid lines. For instance, an FD computing�uc is in the
vicinity of the EB (centered inside the EB). Some of the stencil grid-
points, however, are situated outside the EB and have instant values
of the �us. The instant values of�us at these points neighbouring the
EB can be added the known values of the�ub corresponding to an ac-
tual time t. It can be expressed by differentiation of the eq. (7, left) as
�uGPIEB

c (t) = �uGPOEB
s (t) + �uGPOEB

b (t), where GPIEB, GPOEB means
‘gridpoint inside the EB’ and ‘gridpoint inside the EB’, respec-
tively. It appears after some algebra (not shown here) that the above
mentioned application of the displacement discontinuity [�u] = �ub)
on two neighbouring grid lines in FD displacement formulation
is equivalent to applying the traction discontinuity [�T] = �Tb (see
eq. 20) applied between the�us and�uc grid lines, hence located at
the position of the ‘theoretical’ EB.

In cases of stress-velocity FD formulations, the velocity and
stress discontinuities are used (e.g. Robertsson & Chapman 2000;
Robertssonet al.2000).

Quantities additionally required by a given hybrid method (e.g. in
DW–FD (staggered) or FE–SE template), but not stored as the back-
ground �eld, can be computed from the background �eld by using
known rheology and background structure. For example Hatayama
(2006) applies the discontinuity only in velocities, not in stresses
that can be computed from the known background and complete
velocity wave�eld, rheology, and structure. However, the accuracy
of such an approach can be affected. It was also applied in Loukakis
& Bielak (1994), where the need to store the traction discontinu-
ities (Bielak & Christiano 1984, also effective forces in equivalent
source approach of Faccioliet al. 2004) can be avoided by stor-
ing discontinuities at the belt between soil and structure (Bielak
2005). We do not go into details of particular implementations of
the AK method by various authors since it is beyond the scope of this
paper.

The next example shows a relationship between [�T] = �Tb and
[�u] = �ub for the elastic isotropic linear case, following relationships

Figure 4. Second step of the hybrid method. The two wave-propagation domains coupled by generalized AK algorithm divided by the excitation boundary
(EB) represented by the ellipse. The background wave�eld (ub) computed at the �rst step in whole volume is saved on the EB. In the second step, the EB-saved
(ub) then fully represents the wave�eld from the �rst step. The complete (uc) and scattered (us) wave�elds are both computed in the second step inside and
outside the EB, respectively.

from Section 2.1. Let wave�elds�ub (Fig. 1), �uc (Figs 2 and 3), and
�us (Fig. 3) be solutions to the same elastodynamic equation. Then

�us = �uc − �ub , (16)

the background wave�eld at EB is expressed as displacement dis-
continuity

[�u] = �uE B
c − �uE B

s = �uE B
b , (17)

Hooke operator gives rheology binding stress tensorσ with dis-
placement (λ andμ being Lamé elastic coef�cients):

H(�u) = σ = λ∇ · �uĪ + μ
�∇�u + (∇�u)T

�
, (18)

whereĪ is identity tensor and

σi = H(�ui ) , i ∈ {c, s, b} . (19)

Displacements and stress tensors at the EB can be written
�uE B

i , σ E B
i , i ∈ {c, s, b}. The traction discontinuity at the EB writes:

[ �T] = [σ E B · �n] = �T E B
b = (σ E B

c − σ E B
s ) · �n = �T+

c − �T−
s (20)

inserting eqs (19) and (17) into (20):

[ �T] = [H(�uE B
c − �uE B

s )] · �n = H(�uE B
b ) · �n = H([�u] · �n) , (21)

where �n is the normal vector to the EB boundary pointing into
the interior of the EB (Fig. 4). After using (18) in (21) we get the
traction discontinuity at the EB expressed by the known background
displacement:

[ �T] = λ∇ · �uE B
b Ī · �n + μ

�∇�uE B
b + (∇�uE B

b )T
� · �n . (22)

Eqs (17), (20) and (22) express the EB boundary conditions (here
for the isotropic elastic medium). Again, there is no difference
between the use of�u, ��u, �̈u in eq. (17) nor in eqs (20)–(22) where
�T would have a meaning of��T, and �̈T, respectively. It is in order
to consider gradient of the background wave�eld (such as∇�uE B

b )
on the EB because�ub is de�ned everywhere in the �rst step. If
an interface (including the free surface) intersects the EB then the
gradient can be understood either in the sense of a limit of a smooth
medium, or a in a sense of a distribution. In practical use, it is
trivial to record, during the �rst step of hybrid computation, all that
is needed for the second-step computational method—for example,
recording the values of the�ub at neighbouring FD gridpoints to get
∇�uE B

b .

C© 2008 The Authors,GJI, 176, 555–564
Journal compilationC© 2008 RAS



The source-box general condition 561

2.5.2 choice of EB

The EB is typically chosen to encompass the local structure of
interest with minimum voluminal requirements. Then the outside
of the EB with further interfaces and inhomogeneities is usually
truncated to minimize the computer memory and time requirements,
and only the necessary volume is left for transparent boundaries or
dampers.

The use of the cropped model (in the hybrid computation) limits
the interactions between the inserted second-step local structure and
the outer medium to the interaction with the contents of the incoming
background wave�eld�ub—this wave�eld may include, for example,
surface waves and body waves in�uenced by the source, path and
3-D structure around the EB. As for the multiple re�ections of
scattered wave�eld�us between the inserted local structure inside
the EB and the regional structure outside the EB, it can be modelled
by enlarging the second-step computational model to include the
outside structure (see e.g. Robertsson & Chapman 2000; Robertsson
et al. 2000; Opr�sal & Zahradń�k 2002). This also puts a constraint
on the ‘independence of the second-step results on the �rst step
model’ (Opr�sal & Zahradń�k 2002, section 6.2.2, �g. 8) to cases
with weak or smooth inhomogeneities, including cases when the
outside structure is not present due to truncating the model to reduce
computer memory requirements.

2.5.3 numerical accuracy and replication test

The replication test allows us to check the binding approximation
and consistency between the background (�ub) and hybrid (�us, �uc)
wave�elds. In the case that the binding is in order (conditions applied
correctly), it allows us to see the difference in the nature of the�ub

wave�eld (recorded in �rst step) on one side and both,�uc and �us

wave�elds (computed in second step), on the other side. However,
this does not mean that either of the wave�elds are computed in a
correct way in terms of wave propagation. For example, the FD–FD
replication test, where�ub and �uc are both computed in the same
3-D inhomogeneous medium model, by the same FD method, and
on a grid with the same design (time step, grid step, identical EB
points in space and time) will provide a ‘perfect’ replication test
with negligible errors.

In numerical applications, the thickness of the EB is non-zero
to realize the boundary conditions in a straightforward way. It is
limited by the design of the numerical approximation (e.g. FD tem-
plate) and number of gridpoints per wavelength. For example, in
FD second-order displacement formulation it is one-grid step thick
(Opr�sal & Zahradń�k 2002), in staggered grid fourth order it is
two grid steps (three grid lines) for each of the components and
these are staggered (for more see Robertsson & Chapman 2000).
However the background �eld can be (depending on the meth-
ods) computed exactly in the spatial and temporal points of the
second-step FD grid design. That means that the FD-FD hybrid
using the same FD method introduces only really minimal discrep-
ancies shown in the replication test, where the complete wave�eld
relative error is less then 10−7 in terms of amplitude. Approx-
imately the same value of 10−7 is given by the amplitude ratio
between the scattered and the complete wave�elds. In that sense
the AK hybrid combination can be called ‘perfect’. A combination
of factors such as different wave propagation methods (ray-FD hy-
brid), different spatial and temporal coverage at the EB, different
rheology/attenuation models and a different medium outside the
EB may affect the accuracy. More details are given in Opr�sal &
Zahradń�k (2002).

The duration of the excitation should cover the whole part of
signi�cantly large energy waves or amplitudes arriving at the whole
EB. In the case of direct ray propagation in homogeneous medium
to the site from a point source, with a simple and short source time
function, it is practically a short pulse. In the case of a shallow
source and method providing surface waves it may require a longer
excitation time (Opr�sal & Zahradń�k 2002; Opr�sal et al. 2002).
Tapering and cutting off the low-amplitudeP-wave part (starting
excitation withS-wave arrival to the EB) or tapering a too lengthy
excitation is a possibility to save the computation time (Opr�salet al.
1998, 1999) but abrupt cuts or too steep tapering may lead to artefact
waves generated at the EB.

3 D I S C U S S I O N A N D C O N C LU S I O N S

The main result of this paper is a derivation of the condition com-
mon to a large group of methods given in Section 2.5. Eqs (6)–(9)
describe a general boundary condition for the Alterman & Karal
(1968) principle of wave�eld injection, which is summarized by eqs
(10)–(13). The eqs (10)–(13) describe the co-existence of the scat-
tered (inside the EB) and the complete (outside the EB) wave�elds,
satisfying a single elastodynamic equation, while the boundary con-
dition between these two wave�elds is given by a discontinuity of
the traction and displacement on the EB. At the same time that dis-
placement discontinuity is equal to the background wave�eld and
satis�es the same elastodynamic equation on the EB.

The special or purely technical approaches are described by a
common general condition on the wave�eld injection boundary
based on two independent wave�elds and their difference. The con-
dition is applicable to arbitrary combination of the two hybrid step
methods based on the Alterman & Karal (1968) principle. The dis-
continuity between the scattered and complete wave�elds can be
naturally expressed by the displacement, stress or traction of the
background wave�eld applied in the equivalent approaches used
so far. As a formal extension the main principle is describing
both Bielak & Christiano (1984) and Alterman & Karal (1968)
approaches.

The AK-principle based methods have a fully permeable excita-
tion box (see Section 2.1) for the scattered wave�eld, hence it can
naturally propagate through the EB. The computed scattered wave-
�eld is not ‘hard prescribed’ and is linearly separable, thanks to the
known background wave�eld, from the complete wave�eld on the
excitation box.

The AK method is directly applicable to linear problems—
literally the problem has to be linear outside and on the excitation
box, where simple addition and subtraction of the wave�eld is per-
formed when implemented (see conditions 22 and 6). The demand
for linearity outside the EB arises from the fact that only the scat-
tered wave�eld is computed outside the EB in the second step and
thus its non-linear interaction with the background wave�eld is not
possible. The model inside the excitation box may be non-linear
because the computed wave�eld is complete (uc) there.

Advantages of the AK method can be summarized as follows.
Since the general description given in (6), (20) and (22) does not
limit the use of actual implementations, we believe that it also can
combine other methods because the boundary condition, as it is,
can be expanded to a zone-description (e.g. Bielaket al. 2003).
As mentioned in Opr�sal & Zahradń�k (2002, section 3.1.2.2.), the
condition virtually means a ‘maintenance’ of time-dependent dis-
continuity between the complete and scattered wave�elds (being
time-dependent as well), called the background wave�eld, on the
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excitation boundary. The same philosophy dates back to work by
Herrera & Bielak (1977) who established conditions for traction
and displacement discontinuity at the soil-structure interface adja-
cent to free surface, and is continued in Bielak & Christiano (1984),
Cremoniniet al. (1988) and Bielaket al. (2003).

In a general case, the medium at the excitation boundary (and its
vicinity; for example one grid step in second-order FD use) always
has to be linear to be able to generally apply the AK method. Possible
non-linearity at the excitation box may be avoided, for example, in
the case when the excitation signal duration is very short and thus the
background wave�eld is already zero at the time when a scattered
wave�eld of signi�cantly enhanced amplitudes of non-linear �eld
travels through the excitation box. Lecomte (1996) and Lecomte
et al.(2004) describe a similar situation while avoiding the re�ection
of the scattered wave�eld by their excitation box formulation.

Some advantages of the AK method are:

(i) Computations of background wave�eld generated by
complex-source (�nite-extend, dynamic) are performed separately
from site-effects (complete wave�eld).

(ii) Repeated computations of the second step in parametric
study or waveform inversion. The excitation (background wave-
�eld) is the same while model alterations are done for each of
multiple second-step computations.

(iii) Source-site distance may be very large, the second-step
model can be (depending on the situation) a very small fraction
of the whole model and thus computation may be done up to engi-
neering frequencies (Opr�sal & Fäh 2007, 0–12 Hz).

(iv) The �rst step is typically computed for a relatively simple
medium.

(v) Easy parallelization of (e.g. FD or FE) second-step compu-
tations.

(vi) Reducing computer memory and time requirements
(vii) Relatively small values of the scattered wave�eld (com-

puted outside the EB, practically equal to zero in a successful repli-
cation test) compared to the direct all-in-one incoming wave�eld.
Hence the spurious re�ections from the absorbing boundaries are
also smaller.

(viii) Relatively simple implementation of canonical excitations
like planar or spherical wave of arbitrary incidence angle and po-
larization.
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