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SUMMARY 
An initial-value theory is proposed for studying viscoelastic responses of compressible 
earth models with complex viscosity profiles. Continuous spectra are caused by both 
compressibility and  the viscosity stratification, and they can cause numerical difficulties 
for the modal approach. We have studied the different responses for various types of 
viscosity profiles and found that there are differences in the responses a t  short 
wavelengths for viscosity profiles with sharp low-viscosity zones. We found that many 
modes are required to match the full initial-value solutions in the presence of sharp 
viscosity stratifications in both the upper and lower mantle. The normal-mode approach 
is best suited for simple layered models, long wavelengths and timescales greater than 
several thousand years, while the initial-value approach is indispensable in treating 
short-timescale problems with sharp low-viscosity zones in the upper mantle and 
viscosity stratification in the lower mantle. 
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1 INTRODUCTION 

Postglacial rebound was first studied with simple viscous 
models (Haskell 1935; Vening-Meinesz 1937). These initial 
investigations were then followed by methods using relaxation 
time spectra (e.g. McConnell 1968) for estimating the upper- 
mantle viscosity from the rate of uplift (Crittenden 1963). 
Viscoelastic models were introduced by Cathles (1971) and 
Peltier (1974) because of the availability of more precise uplift 
data with more extensive geographical coverage. Rapid pro- 
gress in modelling postglacial rebound has been made by 
means of the correspondence principle and use of the visco- 
elastic normal-mode approach (e.g. Peltier 1974; Yuen & Peltier 
1982; Wu & Peltier 1982; Sabadini, Yuen & Boschi 1984a). 
This type of spectral expansion has also been applied to other 
transient viscoelastic phenomena, such as post-seismic relaxation 
(Sabadini, Yuen & Boschi 1984b; Boschi, Sabadini & Yuen 
1985). The initial-value approach for the viscoelastic relaxation 
problem has been employed by Cathles (1971), Ivins, Sammis 
& Yoder (1993) and most recently by Hanyk et a!. (1995). 

In the past year there has been a flurry of activity following 
the recognition that new problems arise with the application 
of normal modes in the presence of complicated stratified earth 
models (Han & Wahr 1995; Fang & Hager 1994, 1995; Peltier 
1995; Hanyk et al. 1995). Han & Wahr (1995) were the first 
to recognize the problem of the continuous spectrum due to 
the use of the PREM model (Dziewonski & Anderson 1981) 
for describing the elastic stratification, and they recognized the 
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need to classify the different types of modes. Fang & Hager 
(1994, 1995) found that, by deforming the contour of inte- 
gration, contributions from the continuous spectrum were 
obtained for an incompressible model with stratified viscosity. 
Hanyk et al. (1995) developed an initial-value technique and 
compared the initial-value results with the normal-mode find- 
ings. Differences were found for the long-wavelength compo- 
nent due to the lower-mantle viscosity stratification if only the 
principal normal modes were taken into account. Recently, 
Mitrovica & Davis (1995) and Peltier (1995) found that many 
normal modes are needed to capture correctly the horizontal 
displacements. Steinberger ( 1996) employed an initial-value 
approach for integrating the viscoelastic equations in the Earth 
rotation problem. The issues ensuing from the need to employ 
both the normal modes and continuous spectrum are by no 
means restricted to viscoelasticity, but are also of crucial 
importance in the atmospheric sciences for the baroclinic 
instability problem (Pierrehumbert & Swanson 1995). 

Recently, Piersanti et al. (1995) and Sabadini, Piersanti & 
Spada (1995) studied the short-timescale problem of post- 
seismic deformation with an incompressible model consisting 
of a few viscoelastic layers. This regime, involving both short 
timescales and wavelengths, may be especially vulnerable to 
contributions from the continuous spectrum, as it lies within 
the transient regime, where the contributions from the continu- 
ous spectrum are likely to be substantial. Therefore, it is 
especially important to assess the validity of the viscoelastic 
models used for short timescales. The purposes of this paper 
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are ( 1) to set down the theory for the initial-value approach 
in detail; (2) to examine the effects of compressibility and 
various viscosity stratifications on the transient responses; and 
(3) to understand better the relationship between the initial- 
value and the modal approaches. 

2 FORMULATION 

2.1 Theory 

The Maxwell viscoelastic rheology can be expressed as 

(1) 

(2) 

.t M - . E  -7 - - ( P - K V * u l ) ,  p 
v 

T~ = (K - 2/3p)V * UI + ~ ( V U  + V U ~ ) ,  

with the ordinary casting of variables, i.e. rM for the stress 
tensor, u for the displacement vector, p, K for the shear-stress 
and bulk moduli, respectively, and v for the dynamic viscosity; 
I is the identity tensor and dots above quantities denote time 
derivatives. The approximation of the time integration of 
eq. ( l ) ,  by employing the first-order one-sided scheme on the 
successive time levels to < t' < ... < ti", yields 

which justifies the following decomposition of the stress tensor 
+ i + l  into 

(4 )  + i f 1  - E , i + l  + TV,i -7 

with the initial-value conditions t M s 0  = rEg0; additional super- 
scripts indicate the time level of a given quantity. The 'memory' 
term rVsi contains-whether explicitly or implicitly-contri- 
butions of all time levels t j <  ti". It is advantageous to 
manipulate the non-elastic contribution T ~ . ~  to the Maxwell 
stress tensor into the form 

(5) 

where M i  = (ti+' - t i )p / /a  the dimensionless factor proportional 
to the ith time step, is introduced. 

The set of partial differential equations describing the 
perturbations of the pre-stressed self-gravitating continuum in 
a non-rotating reference system has been a subject of long- 
standing interest to geophysicists, who deal with short-term 
applications such as tidal or free oscillation excitation. In 
the context of elasticity, we write the momentum and the 
gravitational Poisson equations 

7V.i - -7 V,i -  1 - Mi(.+ - KV . uiz), 

v * ZE - f = 0 ,  

Vzpl + 4zGV (@ou) = 0 ,  

(6) 

(7) 

where f = eoVpl - V * (@ou)Vpo + V(eou - Vpo) means that 
inertial forces are neglected. For earth models with spherically 
symmetric physical parameters, eo = eo(r), p = p(r) ,  K = K(r) ,  
this and similar systems can be solved by means of spherical 
decomposition. The displacement and gravitational potential 
perturbations, u = u(r, Q) and pl = pl(r, Q), can be decomposed 
into expansions of the spherical harmonic functions K(Q) (see 
Appendix A), and the following expansions of eqs (6), (7), 

henceforth for spheroidal motion only, can be written as 

C CN,(r)K(Q)e, + Pn(r)VnYn(R)I = 0 
" 
C & n ( r ) K ( Q ) = O .  
n 

Choosing the solution vector as 

Y ; ( T )  = (unj V,, TE.n, T!Lt, f ' n ,  (10) 

where U,, V,  represent respectively the radial and tangential 
displacements, TE,,, T;& are the normal and shear stress- 
tensor elements, and Q, is the gravitational traction (Farrell 
1972), the particular requirements 

CI,(T) = 0 ,  bn(r) = 0 ,  En(r) = 0 (11) 

form exactly the 3rd, 4th, and 6th rows, respectively, of the 
well-known system of ordinary differential equations (ODES) 

d 
-y%) = X ( r ) y Z ( r ) .  dr 

For the sake of completeness, the other rows of eq. (12), the 
lst, 2nd, and 5th, arise directly from the definitions of the 
stress-like elements T:,n, and TFs,n and Q,,, respectively. 

Next, we consider the momentum equation with the Maxwell 
stress tensor, although any viscoelastic stress tensor is accept- 
able, if the decomposition (4)  can be applied. We note that the 
same procedure for decomposition can be applied for the 
Burgers body rheology (e.g. Yuen & Peltier 1982). Such a 
viscoelastic stress tensor zM gives rise to a non-zero right-hand 
side in the viscoelastic counterparts of eqs (6), (7): 
V.tE.i+l -fi+l = - v .  zV.i (13) 

VZI:+' + 4zGV*(@ouiC1) = 0 .  (14) 

(12) 

For a spherical decomposition of the right-hand side of eq. (13), 
we can write 

-V - rv.i = [y:(r)K(Q)e,  + S:(r)V, K(Q)]. (15) 
n 

Then we can repeat the procedure described for the elastic 
case by insisting that 

a: ' ( r )  - yk(r) = 0 ,  flr'(r) - 6k(r) = 0 ,  &r ' ( r )  = 0. 

(16) 

This will result in the spheroidal system of ODES 

d 
- E*i+'(r) = A,E(r)yF'+'(r) + e i ( r ) ,  
dr 

where y ; ' i f l ( r )  and A;@) are the same as in eq. (12), and 

q;,'(r) = (O,O, yk, a;, 0, O)T,  

(17) 

(18) 
an inhomogeneous term on the right-hand side of eq. (17), is 
a new 'viscoelastic' term consisting of a linear combination of 
components of the already known vector y;*'(r). 

As the last step, we substitute the solution vector y;(r) of 
eq. (17) by the viscoelastic solution vector yF(r), 

(19) ~ Y ( r ) = ( u n ,  V,, C , n ,  7'%> f 'n ,  

which differs from the elastic solution vector y;(r) in its stress 
components analogously to the decomposition of T~ in (4). 
This decomposition takes the form 

~ ? ~ + l ( r )  = ~ ; * ~ + ' ( r )  + y;Fi(r), (20) 

with e o ( r )  = yFO(r). We note here that one needs only to apply 
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the viscoelastic stress boundary conditions on T:,"(r), T Z J r )  
in order to reduce the number of terms in q:(r). Eq. (20), for 
Maxwell rheology, together with 

where Xk are the spherical coefficients of V * u, turns the system 
(17) into a system which is formally identical but more suitable 
for numerical implementation. This system now reads 

d 
- Myi+l(r) = A,E(r)y?'+'(r) + q+'(r). 
dr 

Elements of the propagator matrix A f ( r )  and the 'Maxwellian' 
vector 

can be found in Appendix A. 
Toroidal equivalents of the spheroidal terms A:(r) and 

q?'(r) can be derived with the same procedure with toroidal 
expansions of eqs (13), (14). They are left out here, as this 
work is only concerned with the problem of viscoelastic 
relaxation of a spherically symmetric earth model excited by a 
vertical surface load, i.e. a problem involving purely spheroidal 
deformation. 

2.2 Numerical aspects 

First, we will review the key steps used by the normal-mode 
(NM) technique (e.g. Wu & Peltier 1982). The correspondence 
principle and the Laplace transform are employed to replace 
the viscoelastic constitutive relation (1) by one formally the 
same as relation (2) but with the shear modulus dependent 
on the Laplacian variable s: p(s, r)  = p/ (s  + p / q ) .  For selected 
(real and negative) s, three separate solution vectors y f  are 
propagated from inside the model upwards, using standard 
propagator matrix techniques. The surface values of TE,n(s), 
T;&,(s) and Q,(s) of each solution constitute a 3 x 3 matrix 
whose determinant (the secular determinant) is evaluated. 
Time-dependent relaxation curves from normal modes are 
expected to be a finite sum of exponentially decaying functions. 
A crossing at s = - 4 of the secular determinant curve and the 
negative real axis in the Laplacian plane implies the existence 
of an exponential mode /I: exp( - 4 t )  with a relaxation time 
T ! = ( d ) - ' .  The strength coefficient h i  can be found by 
calculating the residuals. A useful formula for this is given in 
Han & Wahr (1995). 

If either the shear modulus p or viscosity q vary with the 
radius in such a way that s + p / q  = 0 for at least one r, the 
Laplacian shear modulus p(s,  r )  becomes singular. The minimal 
and maximal s of singularities p(s,  r)  define the singular bound, 
as introduced by Fang & Hager (1995). To maintain numerical 
accuracy in the propagator scheme, we have made the continu- 
ous profiles of the shear modulus and viscosity discrete, while 
keeping in mind that s + pJq # 0 for any r. Such a discretization 
of continuous p(r) and q(r) allows us to find a discrete 
approximation to the continuous spectrum. 

A high-resolution scanning over the negative real axis of 
the Laplacian plane for the zero-crossings is necessary for 
determining the normal modes of an earth model embedded 
in a continuous spectrum. This procedure is adequate for 
incompressible layered models, which is not surprising since 
the boundary conditions can be expressed by means of an 

analytical secular determinant (Sabadini, Yuen & Boschi 1982). 
However, when more than two layers are used, the analytical 
treatment requires numerical root-finding procedures to solve 
the secular equation (Vermeersen, Sabadini & Spada 1996). 
Moreover, accounting for elastic compressibility would pro- 
duce denumerably infinite sets of relaxation modes, which 
represents a further obstacle to the precise determination of 
the relaxation curves. In our computations, the total number 
of s-samples has been of the order of tens for models with bare 
modal branches (models Al, B1 in Fig. 1) or as many as a few 
thousands for complex viscosity profiles (discretized models 
B2, B3, C2, C3 in Fig. 1) during the course of accurately fitting 
the isostatic (s = 0) relaxation limit. It is clear that the number 
of modes increases with the decreasing thickness of layers, and 
thus the study of the continuous spectrum becomes extremely 
cumbersome. 

The initial-value (IV) approach is simpler in its application 
because no singularities are present in the propagator matrix 
in the time domain. We have employed the standard technique 
for solving systems similar to eq. (22). A solution of the system 
with q: = 0 (i.e. the elastic one) with prescribed boundary 
conditions is found by first propagating three linearly indepen- 
dent solutions through the earth interior. Then, at each time 
step, a particular solution of eq. (22) with 9nM # 0 is propagated 
through the mantle and adjusted (with the help of the three 
elastic solutions) to the zero values of T:,,, TZ,, and Q, on 
the outer boundary. A superposition of all the homogeneous 
and inhomogeneous solution vectors constitutes the complete 
solution of eq. (22) at each time step. 

Some of the advantages of the IV technique are obvious. 
While a user of the modal technique must pay attention to the 
number of normal modes already registered, the user of the 
IV approach only needs to take care of the length of the time 
step in marching forward in time. We have employed the 
time-step criterion 

(24) t i + l -  ' t' 5 Aq(r)/p(r) for TCMB 5 r I yo, 

where rCMB and ro are the depths of the lower and upper 
boundaries of the mantle, respectively and A is a constant - 1. This criterion can be used as a starting point for further 
fine-tuning of the time step. 

We have not found any numerical problems for realistic 
earth models with the spheroidal elastic matrix A f ( r )  derived 
from the PREM model. We have tested not only models with 
the viscosity profiles from Fig. 1 but also similar models 
without the elastic lithosphere. This numerical scheme has also 
worked well also for incompressible models. However, some 
compressible models with density and elastic parameters very 
different from the real earth parameters, for example a com- 
pressible homogeneous sphere, do not converge easily to 
isostatic equilibrium. The scheme formally resembles both an 
implicit-like and an explicit-like time integration, as it is 
necessary to solve an elliptic problem at each time step but part 
of the momentum equation is evaluated from the quantities 
obtained from the previous step. Moreover, the operator in 
the momentum equation, containing many different time 
derivatives, is too complicated for a standard mathematical 
classification of the system of equations. 

To give a specific example of the computational costs, we 
consider an arbitrary case taken from the models without a 
low-viscosity zone (LVZ), AlLA4, B1 or C1, shown in Fig. 1. 
A uniform time step of 100yr can be chosen because the 
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Figure 1. Families A, B and C of the depth-dependent viscosity profiles used in the calculations. Family A is employed to demonstrate the 
relaxation features between the isoviscous and the elastic bound of lower-mantle viscosity. The profiles for family B are based on a model suggested 
by previous postglacial studies (e.g. Tushingham & Peltier 1992) and modulated by various shapes of a low-viscosity zone. Family C is composed 
of profiles with a 'viscosity hill' in the lower mantle combined with a LVZ like the ones in family B. The upper-mantle viscosity of families A and 
B is qUM = 1021 Pa s, and the elastic lithosphere is taken to be 120 km thick. The depth range of the LVZ has been exaggerated. 

mantle Maxwell time q/p > 107 yr is valid for the PREM 
model and each of the viscosity models. Single Love numbers 
hn( t ) ,  I , (  t) ,  k,( t )  for a fixed n and for the first 20 kyr can be 
computed using 200 time steps with a total CPU time of 3 s 
(evaluated on the H P  735/125 workstation). In other words, 
the parallel evaluation of Love numbers in 200 spectral layers 
also takes (on the same single-processor system) 3 s per time 
step with a total memory of 32 MB (for a radial discretization 
of 600 levels). A decrease of viscosity in the models with a 
LVZ demands a smaller time step, according to eq. (24). 

We define here the effective relaxation times l& of the 

vertical Love numbers h,( t) .  The values of the relaxation times 
are computed by the formula 

z,,(t) = - h ~ L ( t ) ,  (25) 

based on its validity for a single exponential h,( t )  = 
hf + h,'[ 1 - exp(-t/7&)], where hf and h,' are constants. The 
double dot represents the second derivative with respect to 
time. We have used this formula instead of the straightforward 
least-squares method because it displays a sharper sensitivity 
to a few particular modes. 
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3 RESULTS 

There is a substantial difference between our knowledge of 
the elastic and viscous stratifications. Whereas the spherically 
symmetric seismic models yield compressional and shear 
velocities with the accuracy of a few per cent, the uncertainty 
in the viscosity can reach an order of magnitude in the 
asthenosphere and at least the same in the lower mantle. This 
is the reason why we have employed the elastic moduli based 
on values provided by the PREM model (Dziewonski & 
Anderson 1981), in order to concentrate on the influences of 
the changes of the viscosity. We have incorporated a fully 
elastic lithosphere (q  + m) of 120 km thickness, and a liquid 
core (q -+ 0) ranging from a depth of 2891 km to the centre of 
the Earth in all of the models. The models are divided into 
three families (Fig. 1). Family A consists of simple four-layer 
viscosity profiles (core, lower mantle, upper mantle, lithosphere), 
with the fixed upper-mantle viscosity qUM = 10” Pa s and the 
lower-mantle viscosity changing between the bounds 10” Pa s 
(model A l )  and infinity (model A4). Family B concentrates on 
the influence of the LVZ beneath the lithosphere; the viscosities 
in the upper and the lower mantle are taken from the model 
by Tushingham & Peltier (1992) based on postglacial studies. 
Models B2 and B3 are characterized by the continuous 
Gaussian-like profiles of viscosity through the LVZ. Family C 
differs from family B by the presence of the ‘viscosity hill’ in 
the lower mantle derived from geodynamical modelling (Ricard 
& Wuming 1991). An approximate viscosity formula used for 
the ‘hill’ is given in Hanyk et al. (1995). 

We have applied the NM algorithm as outlined in the 
previous section to find the response of all the models to a 
surface load of Heaviside time history for angular orders 
n l  120. The result of this effort, i.e. values of s where the 
secular determinant changes sign as a function of n, is shown 
in Fig. 2. Some of the points depicted might not represent true 
relaxation modes, as they could be so-called false zero crossings 
(Han & Wahr 1995). The discrete approximations of the 
continuous spectra lie inside the singular bound (Fang & 
Hager 1995), i.e. the interval defined by the minimal and 
maximal s for which p(s, I )  becomes singular for at least one 
position in r. Even in the case of the simplest viscosity profile, 
Al, the singular bound (SB) spreads over 10’ yr < s-’ < lo3 yr 
with the well-developed continuous spectrum inside it, which 
is a consequence of both the continuity and the compressibility 
of PREM. The layers with higher viscosity in the profiles 
A2-A4 split the SB, and also shift one part towards the longer 
relaxation times. The spreading of the SB of the profiles B and 
C towards 1 yr and/or lo4 yr is due to the continuous viscosity 
profiles in the LVZ (profiles B2, B3, C2, C3) and/or in the 
lower mantle (all profiles C). The SB of the ‘fully continuous’ 
profiles C2, C3 spreads over four orders of magnitude and 
covers the whole extent of the effective relaxation times Kf,, 
(Fig. 5). 

Figs 3-5 show the time histories computed by the IV 
approach of the vertical h,, horizontal I ,  and potential k, Love 
numbers of the model families for selected angular orders. The 
lower and upper horizontal axes of the h,-panels are the elastic 
and isostatic limits, respectively, the latter one computed 
independently by means of Wu & Peltier’s (1982) approach. 
Plots demonstrating the time dependence of the effective 
relaxation times T, , ,  (25) associated with the vertical Love 
number are also shown. The diagonal band in the Tf,, panels 

marks the area of the effective Deborah number, De( t )  = Kf,, t)/t 
where 0.1 I De( t )  I 10 (c$ Poirier 1985 where the Deborah 
number represents the ratio of the viscoelastic relaxation time 
to the timescales of the flow). The sensitivity of the Love 
numbers to the viscosity variations at various depths coincides 
with our general expectation. The influence of the lower mantle 
(LM) variations is substantial for low n. Specifically, the higher 
the LM viscosity, the slower the relaxation; see h, and k ,  of 
Al-A4, B1, and C1 models for n 5 15. The relaxation delay is 
saturated for Lm viscosities of about loz3 Pa s, as is demon- 
strated by the negligible difference between the relaxation 
curves of the A3 and A4 models (except for n = 2). The long- 
wavelength values for I ,  are non-monotonic. This has been 
interpreted by Mitrovica & Davis (1995) as a consequence of 
modal amplitudes involving either sign. Similarly, they 
explained the purely monotonic short-wavelength I ,  as a 
dominance of the MO mode with increasing n. The depth- 
dependent viscosity in both the LM and LVZ hinders this 
phenomenon (for an example, see l,, in Figs 3-5). 

The LVZ mostly influences the short-wavelength relaxation. 
The wider the LVZ, the faster the relaxation. For n = 60, the 
effective relaxation time of the B4 and C4 models is shortened 
by two orders of magnitude of 10’ yr. The presence of the LVZ 
is clearly visible even in the long-wavelength l,, which is in 
agreement with Fang & Hager’s (1994) statement that the 
horizontal motion is more sensitive to the viscosity structure 
below the lithosphere. The dominance of fast short-wavelength 
relaxations (for example shorter than 102yr for n = 120, or 
lo3 yr for n = 60) indicates that there is a considerable LVZ in 
a model. Moreover, the existence of the LVZ filters out the 
influence of the LM variations in the whole spectrum of I , .  
The appearance of any substantial slow short-wavelength 
relaxation (lasting, for example, lo4 yr or more) points to the 
weakening of the LVZ. If there is no LVZ in a model, then all 
long-wavelength 1, respond similarly to the LM viscosity, as 
the h, and k, do, i.e. the relaxation becomes slower with the 
LM viscosity increase (again, compare the families B and C). 
Note also the strongest sensitivity of l,-amplitudes of the B1 
and C1 models to the LM viscosity when n = 6. 

The effective relaxation time T,,,( t )  is a suitable quantity to 
describe the instantaneous character of relaxation. Plateaus in 
the curves &,( t )  reveal the subsequent domination by a few 
strong modes; at each time a dominant mode determines the 
effective relaxation time. Piecewise-constant curves of T,,,( t )  
obtained mainly in layered models of family A and in the 
models B1, C1 thus suggest that the NM method is suitable 
in these cases. Note that comparison of the plateaus in Figs 
3-5 with the relaxation spectra in Fig.2 may serve as a 
numerical test of the correspondence between the two methods. 
Models with the LVZ (B2-B4, C2-C4) exhibit a different 
behaviour for short times. The curves of Kf,,(t) continuously 
decrease for thousands (n I 15) or tens of thousands (n 2 60) 
of years along the diagonal corresponding to the fixed Deborah 
number De(t) = 1. The short-time relaxation of the models 
with the LVZ can thus be characterized by setting the effective 
relaxation times equal to the actual time. This points to the 
necessity of taking the short-time continuous spectrum (in 
the terminology of the NM method) into account for short- 
time and short-wavelength phenomena, such as post-seismic 
relaxation (e.g. Boschi et at. 1985). 

Fig. 6 shows the time histories of Love numbers for the 
model by Piersanti et al. (1995), labelled S here, and the B1 
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Figure 2. Modal relaxation times for the viscosity profiles shown in Fig. 1. Relaxation times, found by the NM technique, are plotted in the 
angular order versus the logarithmic inverse relaxation time (in kyr) plane, and constitute both characteristic branches, called MO, LO, CO, M1, 
M2 etc., and overfilled areas, known as the continuous spectrum. Notice the splitting of continuous spectra in models that include layers (A3, B4, 
C4) in contrast to the spreading of continuous spectra of models with rather sharp continuous profiles (B2, B3, C2, C3). 

model, obtained by the IV and the NM approaches. The 
simple model S is the elastically incompressible four-layer 
model called C1 in the original paper. The popularity of 
incompressible models with a small number of layers (Sabadini 
et al. 1982; Spada et al. 1990; Vermeersen et al. 1996) stems 
from the fact that their responses can be well described by a 
small number of normal modes, which makes the computations 
easier. During the course of solving responses of incompressible 
layered models, we have not discovered any differences between 
the results of the two approaches. In principle, the recent work 
by Vermeersen et al. (1996) arrives at the same conclusion 
by their advocating the validity of the NM approach. The 

reliability of this technique for incompressible models with 
rather rough radial discretization is a direct consequence of 
the simple nature of the discrete relaxation spectrum of such 
models. However, the models themselves are inappropriate 
for studies with shorter wavelengths because of the weak 
amplitudes of the Love numbers in this part of the spectrum. 

It is interesting to assess the number of normal modes 
needed to replicate the time history predicted by the IV 
method, especially in the presence of complex viscosity stratifi- 
cations. The two right-hand columns of Fig. 6 show an accept- 
able coincidence of the relaxation curves for the B1 model 
obtained by the IV and NM approaches. Figs 7 and 8 compare 
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Figure 3. Time-dependent vertical, horizontal and potential Love numbers, hfl, 1, and k,, respectively, and the effective relaxation times ?& (n = 
2, 6, 15, 60, 120) for the family A viscosity profiles found by the initial-value approach. The horizontal axes are given in terms of the logarithm of 
time (in kyr), and the vertical axes are dimensionless for the first three columns and the logarithmic inverse relaxation time (in kyr) for the last 
column. The vertical axes of the h,-panels are bounded by the elastic and isostatic limits. Solid, dashed, dashed-dotted and dotted lines correspond, 
respectively, to the models Al, A2, A3 and A4 (in the same way as in Fig. 1). 

the time histories of the vertical and horizontal Love numbers 
computed for the models C4 and C3 respectively. The number 
of normal modes employed for each case is given inside the 
panel for each angular order in the two left-hand columns, 

describing the vertical displacements. The same numbers of 
modes were also used for the corresponding horizontal dis- 
placements in the two right-hand columns. The isostatic limits 
of the vertical Love numbers (the upper horizontal axes of 
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Figure 4. As Fig. 3, but for the family B viscosity profiles. Vertical Love numbers of lower angular orders are not sensitive to the existence of the 
LVZ. This is not the case for the horizontal displacements. The essential role of the details in the shape of the LVZ on short-time responses can 
clearly be seen from higher-angular-order Love numbers. 

4 DISCUSSION A N D  CONCLUDING 
REMARKS 

the h,-panels in Figs 7 and 8) were satisfactorily reached by 
the IV technique for all angular orders, while our NM com- 
putations may exhibit substantial differences from the isostatic 
limit, even when hundreds of modes have been included, 
especially in the case of the C3 model with the thick LVZ. 

It is a matter of debate whether the asthenosphere is charac- 
terized by a layer of partial melting (Anderson 1995) which 
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Figure 5. As Fig. 3, but for the family C viscosity profiles. Compared with Fig. 4, the influence of the lower-mantle 'viscosity hill' is distinct for 
lower-angular-order Love numbers. 

may cause a dramatic decrease of viscosity. Our results clearly 
demonstrate that even a thin layer with a viscosity decrease 
by two orders of magnitude can substantially influence the 
viscoelastic response for high degrees of the spherical harmonic 
decomposition. Modelling of the viscoelastic responses is thus 
able to provide new insights into the lithospheric-sublithospheric 

structure. The influence of compressibility as given by PREM 
increases strongly with increasing degree, since the incompressible 
models strongly dampen the higher-order Love numbers. The 
most sensitive part of the high-degree part of the harmonic 
spectrum to the changes of viscosity in the LVZ comes mainly 
from short responses, up to about one thousand years. As this 
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Figure 6. A comparison of the vertical (h.) and horizontal ( 1 , )  Love numbers (n = 2, 6,  15, 60, 120) by both the initial-value (solid lines) and the 
modal (dashed lines) approaches. The left two columns were computed for an elastically incompressible four-layer earth model, and the right two 
columns are results of the viscosity profile B1 with elastic parameters given by PREM. No differences between the results for the two methods are 
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Figure7. A comparison of the vertical (hn, left two columns) and the horizontal ( ln ,  right two columns) Love numbers ( n = 2 ,  6, 15, 60, 120) 
obtained by the initial-value (solid lines) and the modal (dashed lines) approaches for the viscosity profile C4. Various numbers of modes were 
included in the modal expansions (given at the bottom of the panels for h,) to demonstrate the necessity of large modal expansion in order to fit 
the Love numbers accurately (represented here by results of the initial-value approach). 
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Figure 8. As Fig. 7, but for the C3 viscosity profile. Larger modal expansions are required to fit Love numbers well than for the C4 profile. At 
high n, the Love numbers, derived from the IV approach, are difficult to match, even with many modes included. 

part of the spectrum must be taken into account in local or 
regional problems, the use of elastically incompressible models 
is questionable, for example in the modelling of short-timescale 
post-seismic deformation processes (e.g. Piersanti et al. 1995) 
or the analysis of transient and intermediate relaxation regimes 
(Vermeersen et al. 1996). 

The key role is played by the horizontal Love numbers, 
since they can be directly used to compare the models with plate 
deformations observed by VLBI because of their sensitivity to 
the viscosity profiles (James & Lambert 1993; Mitrovica, Davis 
& Shapiro 1993, 1994a, 1994b; Peltier 1995). It is clear that 
spherically symmetric models represent an oversimplification 
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of the situation in shallow structures. Recently, the deep roots 
of oceanic ridges and continental shields have been recognized 
in global tomographic models (Su, Woodward & Dziewonski 
1994). This accounts for the reason why viscoelastic modelling 
combined with precise new-generation geodetic methods will 
be capable of bringing new constraints to the lithospheri- 
asthenospheric system. The modelling with fully 3-D viscosity 
fields is a topic for future research. The normal-mode approach 
would involve the coupling between different orders in the 
propagator matrix in the Laplace domain. However, the 
method based on direct integration in the time domain remains, 
basically, unchanged. There are two steps here-the equations 
for toroidal motion must be added, and at each time step it is 
necessary to carry out the spherical harmonic decomposition 
of the additional right-hand-side vector of the momentum 
equation. 

With the advent of precise regional GPS networks (Ware & 
Businger 1995), we can expect the development of more precise 
models of plate deformations, which can describe both post- 
seismic and postglacial responses. These forward modelling 
improvements will be vital for progress in viscoelastic inverse 
problems. The skin-effect of viscoelastic responses to shallow 
sources could, in principle, be the starting point of viscoelastic 
tomography going from high to low degrees and producing, 
in due course, mantle viscosity models from shallow to great 
depths. 
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APPENDIX A: EXPRESSIONS FOR A SPHERICALLY SYMMETRIC EARTH 

A brief survey of the definitions and the expressions derived for the spheroidal components of yf, yy, Af and qy follows. 

defined by 
The solution vectors yf(r) and yy(r), with the elements ordered as usual in the postglacial rebound theory (Peltier 1974), are 

(A1 1 

(A21 

643) 

y;lM9i(r) = (ut, vt, Tz,;,i, TE1M.i Fi Q i ) T  
r8,n > n, n > 

with the elements originated from spherical decomposition: 

W, a, ti) = C CUi(r)K(R)e, + Vt(r)V, ~(n)] ,  
n 

zzM(r, R, t i )  = C Tz,;*i(r)x(R), 
n 

II~, a, t i )  = C C,(r)K(Q), 

V - u ( r , R , t ) =  CXt( r )x(R) ,  ('46) 

(A51 
n 

n 

where K(R) is any linear combination of the spherical harmonics Y,,(9, I) = Pnm(cos 9) exp(irny), and Pnm(cos 9) are the associated 
Legendre functions (Jones 1985). In the following expressions, the angular-order subscript n has mostly been omitted, the time 
superscripts are given only for those other than i, and the prime denotes the spatial derivative dldr. The abbreviations 

4 3PK 2 
3 8 '  3 

N = n ( n - + l ) ,  / ? = K + - p ,  y=- 1 = K - - p  

have been heavily used; we also note that M i  = ( t i + 1  - t i )p/q,  used in the time-stepping. The limit of incompressibility (Wu & 
Peltier 1982) can be reached by setting 

1 1 
8 

- + l ,  and y + 3 p .  
8 

K-+co, - 4 0 ,  

The coefficients of spherical decompositions are related by 

Q = F' + (n + l)F/r + 4nGeoU, 

X = U' -+ 2Ujr - NVjr, 

The elastic propagator matrix Af(r) of both eqs (12) and (17) in the main text is given by 

4nGeo(n + 1) 4nGe0N - 
r r 
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The 'Maxwellian' vector qy(r) is 

L. Hanyk, D. A.  Yuen and C.  Matyska 

1 

1 

1-M' 

1 - M '  
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0 

+ M '  

\ 1 
- (T: - K X )  
P 

- T: 
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1 

P 

2y 2rX 
- rz (- 3 - 2U + N V) 

rX 2P - N Y  + P )  I/ 

\ 0 I 
0 

where the components U, V, T:, T: are obtained by yFi(r )  in the last time step, and X ,  following (A10) with U' substituted by 
the right-hand side of the first row of eq. (17),  can be expressed as 

Finally, we include the spectral representation of the Heaviside boundary condition bi(a) = B: for the point-mass load (Farrell 
1972): 

(A16) 

where a is the Earth's radius and r, are spectral coefficients of the Legendre series for the Dirac delta function, 
s(9) = c, rnp,o(cos 9). 

APPENDIX B: REMARKS O N  EXPRESSIONS FOR 3-D VISCOSITY MODELS 

In the following, we sketch the basic steps of application of the initial-value approach for the 3-D viscosity distribution. First, we 
consider spherical decompositions, similar to (A2)-(A6), but for both the spheroidal and toroidal components, for example 

(B1) 

The toroidal parts of the decompositions introduce the seventh and eighth elements to the solution vector y%): W i ( r )  and 
T%i(r), where the latter is the radial coefficient of the toroidal component of the stress tensor zFq. Second, with the toroidal 
counterparts of eqs (8)  and (15)  we obtain the counterpart of eq. (22) for the toroidal components: 

d 
- M . i + l  ( r )  = B;(r)z,M.'+ ' ( r )  + ry.i(r). 
dr zn 

The homogeneous boundary conditions, corresponding to a vertical load, imply a trivial solution zMvi = 0 for each i, but a load 
with a non-zero tangential component or a coupling of the spheroidal to the toroidal system can cause a non-trivial solution zMVi # 0. 

With the toroidal expressions for r,M,i(r) and B f ( r ) ,  the last step is the fully 3-D expression of the spherical decomposition of 
V * t", given by eq. ( 5 ) ,  with M i  = Mi(r,  Q): 

u(r, Q, t i )  = C [Ur(r)Y,(Q)e, + Vr(r)V,Y,(fi) + Wt(r)e ,  x V, Y,(Q)]. 
n 

(B2) 
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