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Abstract. The relaxation spectrum in a self-gravitating
viscoelastic sphere has traditionally been determined by us-
ing the Laplacian transform method and the correspondence
principle. We have devised a new approach in which the
equations at each angular order are discretized in the radial
coordinate by the method of lines using the pseudospectral
method with high-order accuracy. The finite-dimensional
space spanned by the discretized points in the radial direc-
tion then forms the basis for an eigenvalue problem for the
relaxation times of the viscoelastic planet. Eigenvalues can
be computed very fast. Typically 30 to 300 grid points with
corresponding computational times from 0.05 sec to 50 sec
per angular order are sufficient for retrieving the entire vis-
coelastic spectra of models with both realistic density and
elastic profiles and complicated viscosity profiles with a low
viscosity zone and a viscosity hill in the mid lower mantle.

1. Introduction

Since the pioneering work by Peltier [1974] the linear
response of a self-gravitating viscoelastic planet has tradi-
tionally been studied with the Laplacian transform method
by invoking the correspondence principle between elasticity
and Maxwell viscoelastic rheology with simple dashpot and
spring configuration [Christensen, 1982]. In this approach
the relaxation times are obtained by solving for the roots of
the secular determinant evaluated at the surface. It is a nu-
merical problem fraught with many difficulties due to the
ill-posed nature of the singularities along the real axis [Fang
and Hager, 1995]. Tromp and Mitrovica [1999] have recast
the viscoelastic problem in terms of eigenfunctions, but still
remained within the framework of the Laplace variable s
domain in their computation. Another approach based on
a mixed initial-boundary-value formulation calls for solving
the viscoelastic responses in the time domain [Hanyk et al.,
1996] from which the relaxation times can be obtained.

However, it is well known in hydrodynamic stability anal-
ysis [Thomas, 1953; Osborne, 1967; Drazin and Reid, 1980]
that linear stability analysis of fluid flows, such as the
classical fourth-order Orr-Sommerfeld equation, can be ap-
proached as a complex eigenvalue problem by replacing the
spatial derivatives with finite differences. The same ap-
proach has also been achieved in quantum mechanics [Che-
likowsky et al., 1994]. In this paper we will demonstrate
a novel approach for examining the stable and unstable

modes of linear viscoelastic deformation, taking from the
hydrodynamic approach. We will discretize in the radial di-
rection the set of linearized equations associated with linear
viscoelastic movements and then formulate a large complex
eigenvalue problem, where the eigenvectors span the six vari-
ables along with the discretized points. This type of complex
eigenvalue problem, known as the pseudospectra problem,
has also been receiving increased attention in many other
fields of science and engineering [Trefethen, 1999].

2. Formulation of the eigenvalue problem

We consider the partial differential equations (PDEs) gov-
erning the response of spherical self-gravitating viscoelastic
Earth models in the classical form [e.g., Peltier, 1974]. These
equations for each spherical harmonic can be converted in-
to linear first-order PDEs with respect to time t and the
radius r,

ẏ′(r, t)−A(r)ẏ(r, t) = D(r)y′(r, t) +E(r)y(r, t) , (1)

where y is the solution 6-vector describing the displace-
ment, perturbation of the gravitational potential and
the stress components, dots denote derivatives with re-
spect to t and primes stand for derivatives with respect
to r. Matrices A, D and E are constructed from
model parameters, explicit expressions are available at
http://karel.troja.mff.cuni.cz/phd/lh/phd.htm,
Chapter 3.

We employ a discretization scheme of (1) known as the
method of lines, MOL [e.g., Schiesser, 1994], on the spatial
grid {ri} spanning over the Earth mantle, i.e., r0 = b < ri <
rN = a with a and b being radii of the Earth and the CMB,
respectively. This results in a set of ODEs in time referred
to as the IV/MOL approach,

P Ẏ(t) = QY(t) + q , (2)

where Y(t) consists of y(ri, t) on the grid {ri}, P and Q
are constant matrices and q is a vector due to the boundary
conditions. The approach allows us to integrate in time with
ODE integrators suitable for numerically stiff problems.

We devote attention to an outcome of the IV/MOL ap-
proach. ODEs (2) can be turned into a generalized eigenval-
ue problem by making the ansatz of exp(sit, where si can
be complex. This takes the form

sPY = QY . (3)

Matrix P is regular and invertible for any reasonable choice
of model parameters, so we can rewrite (3) into the form of
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a standard eigenvalue problem,

BY = sY , (4)

for matrix B = P−1Q. As both these eigensystems were
obtained by the method of lines, this approach for solution
of PDEs (1) will hereafter be referred to as the EV/MOL ap-
proach. Eigenvalue analysis of (3), resp. (4) reveals both the
relaxation times (negative si) and the growth times (positive
si) of the system described by (2). Corresponding normal-
ized eigenvectors can be converted into the load Love num-
bers using the formulas introduced by Tromp and Mitrovica
[1999].

In Fig. 1 we summarize both the Laplacian and EV
/MOL approaches and compare the differences in the
methodology between both the secular-determinant and the
eigenvalue analyses. As far as a numerical procedure is con-
cerned, a user of EV/MOL will undertake three sequential,
algorithmically rather trivial steps (E3 in Fig. 1):

(i) evaluation of matrices P , Q on the radial grid {ri},
(ii) call to a solver of the linear algebraic system for B,

(iii) call to a routine for eigenanalysis of (4).
A one-step generalized eigenanalysis of (3) can be con-

ducted instead of steps (ii) and (iii). Note that P and Q
are real non-symmetric matrices; a choice of the discretiza-
tion pattern determines whether both are band diagonal or
full matrices (for lower-order finite differences or high-order
pseudospectral schemes, respectively).

3. Results

We present eigenspectra and eigenvectors for the fol-
lowing models: (1) a homogeneous sphere, both incom-
pressible and compressible, (2) PREM and isoviscous man-
tle, (3) PREM and continuous viscosity profile with an
upper-mantle low-viscosity zone and a viscosity hill in the
mid-lower mantle. We employed high-order pseudospectral
schemes [Fornberg, 1996] on the Chebyshev grid spanning
over the mantle. The main spectral branches may be re-
vealed even with a few dozens of layers, especially for the
homogeneous models, and the high accuracy by pseudospec-
tral schemes well outweighs higher CPU-demands caused by
the non-banded stucture of the matrices. With the well-
tested eigenpackages (LAPACK, NAG, IMSL) we obtained
more accurate results by solving to the standard (4) rather
than to the generalized eigenvalue systems (3).

Real eigenspectra of the homogeneous incompressible and
compressible spheres for angular orders 2 ≤ n ≤ 120 are
presented in Fig. 2. The spectra consist of the physical-
ly important modal branch M0, a branch with the Maxwell
time (si equal to the shear modulus over viscosity), for com-
pressible models branches of the dilatation D modes, and
one separate modal branch (labelled X0) and a detached
dense band of eigenvalues (’numerical noise’) for |s| < 10−6

kyr−1 due to both the discretization and the iterative char-
acter of the eigenanalysis. The positive eigenvalues, signal-
ing the presence of unstable Rayleigh-Taylor (RT) modes in
the temporal response, are revealed for the compressible mo-
dels. The eigenvalues of the M0-modes of the incompressible
sphere can be compared with the analytical formula by Wu
and Peltier [1982]. Accuracy with 10 digits is reached for
31 grid points (with matrix dimension 186), corresponding
Love numbers were obtained with accuracy with 3 digits for

this resolution. Computational times for the entire eigen-
spectrum associated with 31 grid points are 0.05 sec per
angular order on the IBM 375 MHz Power3 processor with
architecture-tuned LAPACK routines.

Eigenvalues of the major modes are strictly real numbers.
As the analyzed matrices are non-symmetric, the numeri-
cal routines return generally complex eigenvalues. However,
magnitudes of imaginary parts of all computed eigenvalues
are rather negligible, so the complex eigenvalues appear to
be due to the numerics. The numerical noise at long times
does not present a problem for interpretation as it is well
separated; the branches X (one for the homogeneous sphere,
a few for the other models) can be shifted easily towards
higher s by increasing the grid density.

The eigenspectra of realistic models based on the PREM
are shown in Fig. 3. The isoviscous profile with the va-
lues of 1021 Pa s and a continuous viscosity profile with low-
viscosity zone in the upper mantle and a viscosity hill in the
mid lower mantle (profile C2 by Hanyk et al. [1996]) were
employed. Both eigenspectra were computed using 301 grid
points (matrix dimension is 1806). Time scale of the onset
of the unstable Rayleigh-Taylor modes, reported by Plag
and Jüttner [1995], can be readily detected. Computational
times for the eigenspectrum with 301 points are 50 sec per
angular order on the IBM Power3 processor.

In Fig. 4 we plot the eigenvectors of the homogeneous
compressible Earth model for selected stable (M0) and un-
stable (D3, RT3) modes and angular order n = 2 and
n = 15.

4. Conclusions

We have presented here a new formulation of the stan-
dard eigenvalue problem based on the projection on the
radial grid space for viscoelastic rheology. This type of
approach is already quite standard in fluid mechanics and
quantum physics and represents an easy and economical way
for a rapid inspection of the relaxation spectra using a few
tens of grid points. The algorithm is simple and easy to im-
plement, since eigenvalue problems using matrices are well
trodden in computational science [Trefethen, 1999]. This
method would allow for the rapid utilization of the eva-
luated matrices in the direct integration of temporal vis-
coelastic responses by the initial-value approach. Because
of the rapid speed of the code, future application of the
EV/MOL method to the inverse modeling based on genetic
algorithms [e.g., Kido and Čadek, 1997] is feasible.
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Figure 1. A comparison between the Laplacian transform
method and the eigenvalue/method of lines (EV/MOL) ap-
proach. L1 to L4 and E1 to E4 are the respective sequential
steps followed.

Figure 2. Eigenspectra of incompressible (left pa-
nel) and compressible (right panel) homogeneous spheres
parametrized as the average Earth, computed on the radi-
al grid of 31 Chebyshev points. Both stable and unstable
modal branches are plotted (symbols + and ¦ employed for
the negative and positive eigenvalues, respectively). Bran-
ches from top to bottom, left panel: Maxwell time, M0
modes and unstable discretization modes, right panel: Max-
well time, dilatation (D) modes, M0 modes and unstable
Rayleigh-Taylor (RT) modes crossed by a branch of dis-
cretization modes.

Figure 3. Eigenspectra of realistic Earth models (PREM
for density and elastic parameters) with constant viscosity
(left panel) and continuous profile in the range of 1019 Pa s
in the low-viscosity zone up to more than 1023 Pa s in the
mid lower mantle (right panel), discretized on the grid of
301 Chebyshev points. All physically important modal bran-
ches (M0, L0, C0, M1 and M2) are present but occasionally
hidden in the bands of dilatation modes and Maxwell times.
Symbols ¦ indicate the onset of unstable Rayleigh-Taylor
modes on the time scale from 105 kyr. Branches of dis-
cretization modes are denoted by X.

Figure 4. Vertical-displacement eigenfunctions U2 and
U15 of the homogeneous compressible sphere corresponding
to the M0, D3 and RT3 modes computed on the grid of
101 points.
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Fig. 1

LAPLACIAN METHOD EV/MOL METHOD

(L1) Laplace transform, s
y(r, t) ⇒ y(r, s)
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(E1) Spatial discretization (method of lines, MOL)

y(r, t) ⇒ Y(t) ≡ {y(ri, t), i = 0, . . . , N}

(L2) ODEs in space, s – parameter
dry(r, s) = A(r, s)y(r, s)

®



©

ª
(E2) ODEs in time

P dtY(t) = QY(t) + q

(L3) Solution of nonlinear secular equation in s
detM(s) = 0
for matrix M(s) built from y(a, s)
at the surface by integration of ODEs

º

¹

·

¸

(E3) Evaluation of matrices P , Q
Solution of linear system B = P−1Q
Linear eigenvalue/eigenvector analysis (EV)
(B − s)Y = 0

(L4) Evaluation of Love numbers
from boundary conditions, y(a, s) and det M(s)
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(E4) Evaluation of Love numbers

from boundary conditions and eigenvectors
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Fig. 2. a) incompressible

sM

M0

X

s < 0
s > 0

-6

-5

-4

-3

-2

-1

0

1

2

3

1 10 100

lo
g 1

0 
|s

|  
[k

yr
-1

]

angular order

b) compressible

sM

D1

M0

X
RT1

s < 0
s > 0



-6

-5

-4

-3

-2

-1

0

1

2

3

1 10 100

lo
g 1

0 
|s

|  
[k

yr
-1

]

angular order

Fig. 3. a) PREM/L1
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