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This study is devoted to the eigenvalue method for computing the normal
modes of spherically symmetric self-gravitating viscoelastic Earth models.
We employ the approach of the method of lines to the governing partial
differential equations, i.e., we discretize the equations in space. This re-
sults in a system of time-dependent ordinary differential equations of the
form dY/dt = BY, which is fundamentally different from the modal ap-
proach where the time-dependence is dealt first. Using the finite differences
in the grid space, we have conducted the eigenvalue analysis of the matrix
B, which yields simultaneously a full spectrum including the classical re-
laxation modes (M0, L0, C0), the stable dilatation modes and the unstable
Rayleigh-Taylor modes. The Maxwell eigenvalues appear as a special class of
degenerated modes with zero strength. However, there exists also a class of
modes which are the by-products of the spatial discretization of the partial
differential equations being investigated. Recognition of these discretization
modes is easy due to their sensitivity to the particular kind of discretization
employed, as well as the grid point density. The advantage of the eigenvalue
procedure is that normal modes of realistic elastically compressible models
with radially dependent viscosity profiles, which are characterized by com-
plicated “continuous” relaxation spectra, can be found straightforwardly by
a standard matrix eigenanalysis without transforming the problem to the
tedious task of finding roots of a secular determinant in the Laplacian plane,
which is the classical approach. Moreover, the computational speed of the
eigenvalue method is extremely fast (of the order of a few seconds on cur-
rent GHz processors for 100 radial grid points) and can be used for future
work in nonlinear inversion. A series of numerical results starting from sim-
ple incompressible layered models and finishing with realistic PREM-based
models with complicated viscosity profiles is presented.
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1. INTRODUCTION

Geodynamic processes with short to intermediate ti-
mescales ranging from postseismic deformation from
large earthquakes, on the period of months, to post-
glacial rebound, on the order of thousands of years, ex-
hibit substantial deviation from elasticity due to both
transient creep and viscoelastic processes [Karato, 1998].
For both anelastic and linear viscoelastic rheology, the
normal mode approach can be applied in the same man-
ner as for elastic free oscillations of the Earth by the
correspondence principle [Yuen and Peltier, 1982]. The
correspondence principle allows one to use the solution
from the elastic problem with the Lamé parameters be-
coming dependent on the Laplacian variable s, depend-
ing on the particular type of rheology [Christensen,
1982]. This classical modal theory has remained the
mainstay of the geophysical community, since it was
introduced by Peltier [1974], because of its efficiency
for simple models with layers of constant density, shear
modulus and viscosity.

In the last several years, increased numerical diffi-
culties have been encountered with more complex mo-
dels where steep viscosity profiles have been introduced.
E.g., Hanyk et al. [1995; 1996; 1998] showed numerically
that finding even hundreds of modes need not lead to
finding satisfactory accurate viscoelastic response and
proposed a technique based on direct time-integration of
ordinary differential equations. Fang and Hager [1995]
dealt with viscosity profiles which vary continuously
with depth due to the pressure dependence of mantle
rheology. In some depth range the Laplace-transformed
parameters become singular; to invert a response in
the time domain without the effect of this singularity,
they proposed a new integration contour in the com-
plex Laplacian domain. Spada et al. [1992], Wu and Ni
[1996] and Boschi et al. [1999] showed that the singu-
lar factors can be factorized from the analytically ex-
pressed secular determinant to prevent the occurrence
of the Maxwell singularities. However, this regulariza-
tion has been achieved only for layered incompressible
models. Han and Wahr [1995] discussed the possibili-
ty of misinterpretation in finding modes by root-finding
procedures of the secular determinant in the Laplacian
domain due to false-zero crossings, referring to jumps
between ±∞. Moreover, they also pointed to infinitely
dense sets of modes in the Laplacian spectra of com-
pressible models. In the case of the simplest layered
models, these infinite set of compressible modes can
be found analytically; there are not only the dilata-
tion (D) modes, either stable [Vermeersen et al., 1996]
or unstable [Vermeersen and Mitrovica, 2000], but also
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the unstable Rayleigh-Taylor (RT) modes [Hanyk et al.,
1999]. The unstable RT modes are also present in re-
alistic continuously varying models with a subadiabatic
gradient of density [Plag and Jüttner, 1995], such as
the PREM [Dziewonski and Anderson, 1981]. Effects
of a non-adiabatic density gradient on the gravitational
stability of the viscoelastic responses have been studied
by Nakada [1999].

Owing to the complicated nature of the normal mode
spectrum for realistic Earth models with sharp varia-
tions of the elastic and viscous properties, the tradi-
tional approach of finding the roots to the secular de-
terminant within the framework of the Laplacian do-
main becomes too cumbersome for using this in non-
linear inversion. Thus we need new numerical methods
for this purpose. Tromp and Mitrovica [1999, 2000] pre-
sented a new normal-mode formalism, which is based
upon eigenfunction expansions. However, relaxation
times are still found by means of the clasical root-
finding procedure, which can fail if the distance be-
tween neighbouring roots is infinitesimal, and is compu-
tationally expensive if a large number of modes should
be found. Hanyk et al. [2000] have recently developed
a new theoretical approach, which does not make use of
the Laplacian transform. Instead, the problem is now
cast as a matrix eigenvalue problem by discretizing the
radial spatial variable. Such an eigenvalue approach in
grid space allows one to employ the power of standard
eigenvalue routines, which is a well-studied problem in
numerical analysis. With this eigenvalue approach, we
can easily obtain the whole spectrum in one fell swoop.

The aim of this study is to write all steps of this
new theory in detail and to demonstrate its applicabil-
ity to a variety of Earth models. In the next section
we will formulate fundamental governing equations in
the spatial-time domain as well as their discretization
by means of spherical harmonics in the case of spheri-
cally symmetric models. The resultant two-dimensional
partial differential equations (PDEs), with radius and
time being the variables, can then be discretized in the
radius, leaving a set of ordinary differential equations
(ODEs) in time. Then we show that this system of
ODEs can be solved by means of eigenvalue analysis
from which we can retrieve both the spectra and the
associated eigenvectors in the radial grid. The third sec-
tion deals with the details concerning the relationships
between the order of the finite-difference technique and
the structure of the matrices, whose eigenvalues yield
the complete set of relaxation times. We display the
numerical results in the fourth section. We will first
show that our technique provides precisely well-known
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spectral groups for both incompressible and compressib-
le layered models. We will concentrate on the problem
of distinguishing relevant modes from those which are
a result of radial discretization of rheology and density
profiles. Lastly we show results from more realistic mo-
dels with elastic parameters taken from the PREM and
continuously varying viscosity profiles with variations
of several orders of magnitude along the radius.

2. FORMULATION OF THE EIGENVALUE
PROBLEM

2.1. PDEs in the 4-D Space-Time Domain

We consider a self-gravitating, compressible, non-
rotating continuum initially in hydrostatic equilibrium.
It is conventional to decompose total fields, such as the
position vector, the stress tensor and the gravitational
potential, into initial and incremental parts. The incre-
mental fields are employed for description of infinites-
imal, quasi-static, gravitational-viscoelastic perturba-
tions of the initial fields. Physical quantities and PDEs
given below conform to the standard form of gravita-
tional viscoelastodynamics [Peltier, 1974], also referred
to as the material-local form of the linearized field the-
ory [Wolf, 1997].

The initial state of the continuum is described in
terms of the initial Cauchy stress tensor τ 0, the ini-
tial gravitational potential ϕ0, the initial density distri-
bution %0 and the forcing term f0 by the momentum
equation and the Poisson equation, respectively,

∇ · τ 0 + f0 = 0 , (1)
∇2ϕ0 − 4πG%0 = 0 , (2)

where G is the Newton gravitational constant. We as-
sume the initial stress to be hydrostatic, τ 0 = −p0I,
where p0 denotes the mechanical pressure and I is the
unit diagonal tensor, and identify the force f0 with the
gravity force per unit volume, f0 = −ρ0∇ϕ0. For the
spherically symmetric density, %0 = %0(r), eqn. (2) is
reduced to

g′0 + 2g0/r − 4πG%0 = 0 , (3)

where g0er = ∇ϕ0 stands for the gravitational accelera-
tion and the prime ′ denotes differentiation with respect
to r. The boundary conditions of the initial fields re-
quired at the surface and all internal boundaries are
the continuity of the normal initial stress, the gravita-
tional potential and the normal component of its gra-
dient; moreover, the tangential stress vanishes at the
surface and at liquid boundaries.
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The incremental fields include the displacement u,
the incremental Cauchy stress tensor τ , the incremental
gravitational potential ϕ1 and the incremental density
%1. For the incremental fields the adoption of the con-
cept of Lagrangian or Eulerian formulations of a field
becomes necessary, the former relating the current val-
ue of a field at the material point to its initial position,
the latter relating the field to the current, local posi-
tion. Leaving the derivation of the following equations
for specialized monographs [e.g., Wolf, 1997], we as-
sume that if τ is in Lagrangian description and ϕ1 and
%1 are in Eulerian description, then within this rather
conventional casting the momentum equation and the
Poisson equation for infinitesimal, quasi-static pertur-
bations will take the form

∇ · τ + f = 0 , (4)
∇2ϕ1 − 4πG%1 = 0 , (5)

where the forcing term f and the Eulerian incremental
density %1 are

f = −%0∇ϕ1 − %1∇ϕ0 −∇(%0u · ∇ϕ0) , (6)
%1 = −∇ · (%0u) . (7)

Introducing the dynamic viscosity η and the elastic
Lamé parameters λ and µ, related to the bulk modu-
lus K by K = λ + 2

3µ, the constitutive relation of the
Maxwell rheology reads

τ̇ = ˙τE − ξ (τ −K∇ · uI) , (8)

τE = λ∇ · uI + µ
[
∇u + (∇u)T

]
, (9)

ξ = µ/η , (10)

where the dots above letters denote differentiation with
respect to time and the superscript T indicates the
transpose operation. τE is the auxiliary stress quan-
tity formally identical to the elastic stress tensor; we
introduce this symbol because of availability of sphe-
rical expansions of expressions with τE which become
necessary later. We note that other types of anelas-
tic rheology, such as the standard linear solid or Burg-
ers’ body rheology [e.g., Yuen and Peltier, 1982] can be
implemented in the same way as the Maxwell rheolo-
gy, with suitable time-differentiation of the stress and
strain tensors.

The internal boundary conditions for the incremental
fields require continuity of the displacement, the incre-
mental stress, the incremental gravitational potential
and its gradient, [u]+− = 0, [τ ]+− = 0, [ϕ1]+− = 0 and
[∇ϕ1]+− = 0, respectively. At liquid boundaries only ze-
ro tangential stress is required, n·τ = (n·τ ·n)n, where
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n is the unit vector normal to the boundaries; both ra-
dial and tangential displacements can be discontinuous.
If the surface is loaded with the surface density γL, the
surface boundary conditions for the incremental stress
and the gradient of the incremental gravitational po-
tential require the equilibrium with the load, [n · τ ]+− =
−g0γLn and [n · (∇ϕ1 + 4πGρ0u)]+− = −4πGγL.

The momentum equation (4) differentiated with re-
spect to time, the Poisson equation (5) and the consti-
tutive relation (8) can be combined into the system

∇ · ˙τE + ḟ = ∇ · [ξ (τ −K∇ · uI)
]

, (11)
∇ · (∇ϕ1 + 4πG%0u) = 0 . (12)

This is where we drop the Laplacian approach based on
the correspondence principle and start developing a new
approach.

2.2. Spherical Harmonic Decomposition: PDEs in
the 2-D Space-Time Domain

Now we proceed with converting PDEs (11)–(12),
governing the response of the viscoelastic Earth man-
tle to a surface load, into sphericaly decomposed PDEs
with respect to time and radius. We also summarize
the relevant boundary and initial conditions. Hereafter
we consider the spatial distribution of the parameters
and the field variables as follows:

%0 = %0(r) , λ = λ(r) , µ = µ(r) , K = K(r) ,

g0 = g0(r) , η = η(r) , ξ = ξ(r) ,

u = u(r, ϑ, ϕ) , ϕ1 = ϕ1(r, ϑ, ϕ) , τ = τ (r, ϑ, ϕ) .

(13)

Let er, eϑ and eϕ be the unit basis vectors of the sphe-
rical coordinates r, ϑ and ϕ, denoting radius, colatitude
and longitude, respectively. We now introduce the defi-
nitions for the Legendre polynomials Pn(x), the associ-
ated Legendre functions Pm

n (x) and the scalar spherical
harmonics Ynm(ϑ, ϕ),

Pn(x) = 1
2nn!

dn

dxn (x2 − 1)n ,

Pm
n (x) = (1− x2)

m
2 dm

dxm Pn(x) , (14)

Ynm(ϑ, ϕ) = (−1)m
√

2n+1
4π

(n−m)!
(n+m)!P

m
n (cos ϑ)eimϕ .

We define orthogonal vector spherical harmonics S(−1)
nm ,

S(1)
nm ≡ ∇ΩYnm and S(0)

nm ≡ er × ∇ΩYnm, where ∇Ω

is the tangential gradient operator, which is consistent
with the Helmholtz representation of vector fields by
the relations [e.g., Dahlen and Tromp, 1998]

S(−1)
nm (ϑ, ϕ) = Ynmer ,

S(1)
nm(ϑ, ϕ) = ∂ϑYnmeϑ + (sin ϑ)−1∂ϕYnmeϕ ,

S(0)
nm(ϑ, ϕ) = −(sin ϑ)−1∂ϕYnmeϑ + ∂ϑYnmeϕ .

(15)
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The notation and normalization of the vector spherical
harmonics has been chosen to conform with Martinec
[1999]. In the space of square-integrable vector func-
tions defined on the unit sphere, S(−1)

nm and S(1)
nm form

the spheroidal basis, whereas S(0)
nm create the toroidal

basis.
We begin with spherical harmonic expansions of the

following scalar and vector functions [cf. Backus, 1967]:

u(t, r) =
∑

nm

[
Unm(t, r)S(−1)

nm (16)

+ Vnm(t, r)S(1)
nm + Wnm(t, r)S(0)

nm

]
,

ϕ1(t, r) =
∑

nm Fnm(t, r)Ynm , (17)

∇ · u(t, r) =
∑

nm Xnm(t, r)Ynm , (18)

T r(t, r) =
∑

nm

[
Trr,nm(t, r)S(−1)

nm (19)

+ Trϑ,nm(t, r)S(1)
nm + Trϕ,nm(t, r)S(0)

nm

]
,

T E
r (t, r) =

∑
nm

[
TE

rr,nm(t, r)S(−1)
nm (20)

+ TE
rϑ,nm(t, r)S(1)

nm + TE
rϕ,nm(t, r)S(0)

nm

]
,

where t denotes time and T r ≡ er ·τ and T E
r ≡ er ·τE

are the radial stress vectors connected by the relation

Ṫ r = Ṫ
E

r − ξ (T r −K∇ · u er) , (21)

that follows from (8). The coefficients satisfy the rela-
tions

Xnm = U ′
nm + (2Unm −NVnm)/r , (22)

TE
rr,nm = λXnm + 2µU ′

nm (23)
= βU ′

nm + λ(2Unm −NVnm)/r ,

TE
rϑ,nm = µV ′

nm + µ(Unm − Vnm)/r , (24)

TE
rϕ,nm = µ(W ′

nm −Wnm/r) , (25)

with β = λ + 2µ, γ = µ(3λ + 2µ)/β and N = n(n + 1),
and an auxiliary coefficient Qnm is defined by

Qnm = F ′nm + (n + 1)Fnm/r + 4πG%0Unm . (26)

The prime ′ denotes differentiation with respect to r.
Making use of these coefficients, we can write the other
necessary spherical harmonic expansions [cf. Martinec,
1999],

∇ · τE =
∑

nm

[(
TE ′

rr,nm − 4γ
r2 Unm + 2Nγ

r2 Vnm

+ 4µ
rβ TE

rr,nm − N
r TE

rϑ,nm

)
S(−1)

nm +
(
TE ′

rϑ,nm

+ 2γ
r2 Unm − Nγ+(N−2)µ

r2 Vnm + λ
rβ TE

rr,nm

+ 3
r TE

rϑ,nm

)
S(1)

nm +
(
TE ′

rϕ,nm − (N−2)µ
r2 Wnm

+ 3
r TE

rϕ,nm

)
S(0)

nm

]
, (27)
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f =
∑

nm

[(
4%0g0

r Unm − N%0g0
r Vnm + (n+1)%0

r Fnm

− %0Qnm

)
S(−1)

nm − (
%0g0

r Unm + %0
r Fnm

)
S(1)

nm

]
, (28)

∇ · (∇ϕ1 + 4πG%0u) =
∑

nm

[
Q′nm − n−1

r Qnm

+ 4πG (n+1)%0
r Unm − 4πGN%0

r Vnm

]
Ynm . (29)

From the coefficients of the spherical harmonic expan-
sions of u, ϕ1, τ and τE we construct the 8-element
vectors ynm(t, r) and yE

nm(t, r),

ynm(t, r) =
(
Unm, Vnm, Trr,nm, Trϑ,nm,

Fnm, Qnm,Wnm, Trϕ,nm

)
, (30)

yE
nm(t, r) =

(
Unm, Vnm, TE

rr,nm, TE
rϑ,nm,

Fnm, Qnm,Wnm, TE
rϕ,nm

)
. (31)

As all the introduced spherical harmonic expansions are
decoupled with respect to both degree n and order m,
we suppress these subscripts hereafter. Elements of y
and yE can be trivially decomposed into the spheroidal
(elements 1..6) and the toroidal (elements 7..8) parts;
the spheroidal elements are ordered in accord with Pelti-
er [1974]. We see that y differs from yE only in the coef-
ficients of the stress vectors T r and T E

r related by (21),

ẏE
1 = ẏ1 , ẏE

2 = ẏ2 ,

ẏE
3 = ẏ3 + ξ(y3 −KX) , ẏE

4 = ẏ4 + ξy4 ,

ẏE
5 = ẏ5 , ẏE

6 = ẏ6 ,

ẏE
7 = ẏ7 , ẏE

8 = ẏ8 + ξy8 ,

X = y′1 + (2y1 −Ny2)/r .

(32)

First, we construct the PDEs for the coefficients (23)–
(26). By substituting yE into the above relations, we
assemble four first-order PDEs in t and r,

yE ′
1 =

∑
ka1kyE

k , (33)
a1,1..8 =

(− 2λ
rβ , Nλ

rβ , 1
β , 0, 0, 0, 0, 0

)
,

yE ′
2 =

∑
ka2kyE

k , (34)
a2,1..8 =

(− 1
r , 1

r , 0, 1
µ , 0, 0, 0, 0

)
,

yE ′
5 =

∑
ka5kyE

k , (35)
a5,1..8 =

(−4πG%0, 0, 0, 0,−n+1
r , 1, 0, 0

)
,

yE ′
7 =

∑
ka7kyE

k , (36)
a7,1..8 =

(
0, 0, 0, 0, 0, 0, 1

r , 1
µ

)
,

with
∑

k representing
∑8

k=1. After differentiation in
time and with the change of variables from yE to y
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in accord with (32), we obtain four PDEs for elements
of y,

ẏ′1 −
∑

ka1kẏk = ξ [a13(y3 −KX) (37)
+ a14y4 + a18y8] = ξa13(y3 −KX) ,

ẏ′2 −
∑

ka2kẏk = (38)
= ξ [a23(y3 −KX) + a24y4 + a28y8] = ξa24y4 ,

ẏ′5 −
∑

ka5kẏk = (39)
= ξ [a53(y3 −KX) + a54y4 + a58y8] = 0 ,

ẏ′7 −
∑

ka7kẏk = (40)
= ξ [a73(y3 −KX) + a74y4 + a78y8] = ξa78y8 ,

where the zero terms have been discarded in the right-
most expressions. Second, we deal with the momen-
tum equation (11). We start with rewriting (27)–(28)
in terms of yE ,

∇ · τE =
∑

nm

[(
yE ′
3 −∑

kb3kyE
k

)
S(−1)

nm (41)

+
(
yE ′
4 −∑

kb4kyE
k

)
S(1)

nm +
(
yE ′
8 −∑

kb8kyE
k

)
S(0)

nm

]
,

f =
∑

nm

[
−∑

kc3kyE
k S(−1)

nm −∑
kc4kyE

k S(1)
nm

]
, (42)

where the auxiliary coefficients bik and cik are given by

b3,1..8 =
(

4γ
r2 ,− 2Nγ

r2 ,− 4µ
rβ , N

r , 0, 0, 0, 0
)

(43)

b4,1..8 =
(− 2γ

r2 , Nγ+(N−2)µ
r2 ,− λ

rβ ,− 3
r , 0, 0, 0, 0

)
(44)

b8,1..8 =
(
0, 0, 0, 0, 0, 0, (N−2)µ

r2 ,− 3
r

)
(45)

c3,1..8 =
(− 4%0g0

r , N%0g0
r , 0, 0,− (n+1)%0

r , %0, 0, 0
)

(46)

c4,1..8 =
(%0g0

r , 0, 0, 0, %0
r , 0, 0, 0

)
. (47)

Then we differentiate (41)–(42) with respect to t, sub-
stitute y from (32) and discard the zero terms,

∇ · ˙τE =
∑

nm[ẏ′3 + (ξ(y3 −KX))′

− ∑
kb3kẏk − b33ξ(y3 −KX)− b34ξy4]S(−1)

nm

+
∑

nm[ẏ′4 + (ξy4)
′

− ∑
kb4kẏk − b43ξ(y3 −KX)− b44ξy4]S(1)

nm

+
∑

nm[ẏ′8 + (ξy8)
′ −∑

kb8kẏk − b88ξy8]S(0)
nm (48)

ḟ =
∑

nm[−∑
kc3kẏkS(−1)

nm −∑
kc4kẏkS(1)

nm] . (49)

For the right-hand side of (11) we can write

∇ · [ξ (τ −K∇ · uI)] =
= ξ [∇ · τ −∇(K∇ · u)] +∇ξ · [τ −K∇ · uI]
= ξ [−f −∇(K∇ · u)] + ξ′ [T r −K∇ · uer]

=
∑

nm [ξ
∑

kc3kyk − ξ(KX)′+ ξ′(y3 −KX)] S(−1)
nm

+
∑

nm [ξ
∑

kc4kyk − ξKX/r + ξ′y4]S(1)
nm

+
∑

nm [ξ′y8]S(0)
nm . (50)



10

Using (48)–(50), we obtain three first-order PDEs with
respect to t and r from three scalar components of (11),

ẏ′3 −
∑

ka3kẏk = ξ[−y′3 + b33(y3 −KX)
+ b34y4 +

∑
kc3kyk] = ξ[−y′3 (51)

+
∑

ka3kyk − b31y1 − b32y2 − b33KX] ,
ẏ′4 −

∑
ka4kẏk = ξ[−y′4 + b43(y3 −KX)

+ b44y4 +
∑

kc4kyk −KX/r] = ξ[−y′4 (52)
+

∑
ka4kyk − b41y1 − b42y2 − (b43 + 1/r)KX] ,

ẏ′8 −
∑

ka8kẏk = ξ[−y′8 + b88y8] = ξ[−y′8
+

∑
ka8kyk − b87y7] , (53)

where

a3,1..8 = b3,1..8 + c3,1..8 , (54)
a4,1..8 = b4,1..8 + c4,1..8 , (55)
a8,1..8 = b8,1..8 . (56)

Third, we use the expansion in (29) and differentiate
the Poisson equation (12) in time to obtain

ẏ′6 −
∑

ka6kẏk = 0 , (57)

a6,1..8 =
(
−4πG (n+1)%0

r , 4πGN%0
r , 0, 0, 0, n−1

r , 0, 0
)

.

We note that the analytical differentiation of the Pois-
son equation in time is not necessary because of its
elliptic character. It turns out that it would corre-
spond to index reduction, one of techniques of solv-
ing differential-algebraic equations [Ascher and Petzold,
1998].

With (37)–(40), (51)–(53), (57) and with the expres-
sion (22) for coefficients X, we arrive at the linear sys-
tem of eight first-order PDEs with respect to t and r
for the solution vector y,

ẏ′(t, r)−An(r) ẏ(t, r) = (58)

= ξ(r)
[
Dn(r)y′(t, r) + En(r)y(t, r)

]
.

System (58) is decoupled with respect to degree n, in-
dependent of order m, and for each n and m consists
of two independent systems, one with 6 × 6 matrices
(e.g., a1..6,1..6), connecting the spheroidal coefficients of
u, ϕ1 and τ , and the other one with 2×2 matrices (e.g.,
a7..8,7..8), containing the toroidal coefficients. We can
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express matrices An(r), Dn(r) and En(r) explicitly:

An =




−2λ

rβ

Nλ

rβ

1
β

−1
r

1
r

0

4γ

r2
− 4%0g0

r
−2Nγ

r2
+

N%0g0

r
−4µ

rβ

−2γ

r2
+

%0g0

r

Nγ + (N − 2)µ
r2

− λ

rβ

−4πG%0 0 0

−4πG
(n + 1)%0

r
4πG

N%0

r
0

0 0 0

0 0 0

0 0 0 0 0

1
µ

0 0 0 0

N

r
− (n + 1)%0

r
%0 0 0

−3
r

%0

r
0 0 0

0 −n + 1
r

1 0 0

0 0
n− 1

r
0 0

0 0 0
1
r

1
µ

0 0 0
(N − 2)µ

r2
−3

r




(59)

Dn =




−K

β
0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
4γ

3r
0 −1 0 0 0 0 0

−2γ

3r
0 0 −1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −1




(60)
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En =




−2K

rβ

NK

rβ

1
β

0 0 0
8γ

3r2
− 4%0g0

r
−4Nγ

3r2
+

N%0g0

r
−4µ

rβ

− 4γ

3r2
+

%0g0

r

2Nγ

3r2
− λ

rβ

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0 0 0
1
µ

0 0 0 0

N

r
− (n + 1)%0

r
%0 0 0

−3
r

%0

r
0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0
1
µ

0 0 0 0 −3
r




. (61)

We recall that for compressible Earth models, i.e., for
finite values of K and λ, we have introduced the abbre-
viations β = λ + 2µ, γ = µ(3λ + 2µ)/β = 3µK/β and
N = n(n+1). For the incompressible models, K →∞,
the expressions

1/β → 0 , λ/β → 1 , and γ → 3µ (62)

should be substituted in (59)–(61).
In the limit of the elastic mantle, η(r) → ∞ and

ξ(r) → 0, PDEs (58) should be consistent with the cor-
responding equations governing elastic free oscillations
in the zero-frequency limit [e.g., Dahlen and Tromp,
1998, cf. (8.114)–(8.115) and (8.135)–(8.140)]. It can
be found easily that these are satisfied. In the opposite
limit of the inviscid mantle, η(r) → 0 and ξ(r) → ∞,
we obtain the static PDEs

Dny′(r) + Eny(r) = 0 , (63)

which can be shown to be equivalent with

y′(r)−Any(r) = 0 , (64)

where µ(r) → 0 is assumed in An(r). PDEs (64), gov-
erning the static deformation of the outer core, were
discussed recently in, e.g., Fang [1998].
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Finally, we summarize the valid boundary conditions
at the surface, r = a, and at the core-mantle bound-
ary, r = b, or at r = 0, if no liquid core is present
in the model. Responses to an arbitrary surface load
can be deduced from the response to a surface point
mass load with the spherical harmonic representation
expressed in the form γL(t, ϑ) =

∑
nΓn(t)Pn0(cos ϑ),

where Γn(t) = (2n + 1)/(4πa2)f(t) and f(t) describes
the time evolution of the load [Farrell, 1972]. The sur-
face boundary conditions then can be written as

Trr(t, a) = − [4π/(2n + 1)]
1
2 g0Γn(t) ,

Trϑ(t, a) = 0 ,

Q(t, a) = − [4π/(2n + 1)]
1
2 4πGΓn(t) ,

Trϕ(t, a) = 0 ,

(65)

where the square-rooted terms are the normalization
factors due to definition (14). Conditions at the centre
of models without the liquid core, r = b = 0, require ze-
ro values for both the displacement and the incremental
gravitational potential,

U(t, 0) = 0 ,
V (t, 0) = 0 ,
F (t, 0) = 0 ,
W (t, 0) = 0 .

(66)

For models with the liquid core the boundary conditions
at the core-mantle boundary, r = b > 0, are according
to, e.g., Wu and Peltier [1982],

−%−0 g0U(t, b) + Trr(t, b)− %−0 F (t, b) = 0 ,

Trϑ(t, b) = 0 ,

−4πG%−0 U(t, b)− (4πG%−0 /g0 + C)F (t, b) + (67)
+ Q(t, b) = 0 ,

Trϕ(t, b) = 0 ,

where %−0 is the density of the core at r → b and C is
a constant defined as C = Q−/F−. F− and Q− are
solutions at r = b of ODEs governing the response of
the incompressible inviscid core [Wu and Peltier, 1982],
(

F ′(r)
Q′(r)

)
=

(
4πG%0

g0
− n+1

r 1
8πG%0(n−1)

rg0

n−1
r − 4πG%0

g0

)(
F (r)
Q(r)

)
. (68)

This system is to be solved for the constant C only once
by the integration from a point r0 near the centre with
the initial values F (r0) = rn

0 and Q(r0) = 2(n−1)rn−1
0 .

For the load applied at t = 0 and kept in effect contin-
uously for t > 0, i.e., for the Heaviside time dependence
f(t) = H(t), the Maxwell Earth model responds elasti-
cally at t = 0 and the appropriate initial condition for
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y(t, r) thus requires

y(0, r) = yE(r) . (69)

The elastic solution yE(r) can be computed from ODEs

yE ′(r) = An(r)yE(r) (70)

again by the integration from the centre. However, ex-
plicit evaluation of yE(r) is not necessary for the pur-
pose of the present study.

In PDEs (58) and conditions (65)–(69) we arrived at
the crucial point of our approach. From these equations
we can formulate a purely initial-value problem as well
as a corresponding matrix eigenvalue problem. Apply-
ing the finite-difference technique, we undertake this in
the following paragraphs.

2.3. Discretization in Space: ODEs in Time

It is well known that the viscoelastic responses of
compressible Earth models can be characterized by the
exponential-like development in time and by the spa-
tial distribution which could be expressed in terms of
the spherical Bessel functions. In other words, the be-
haviour of the solution y(t, r) of (58) is considerably
different in the directions of each independent vari-
able. For such PDEs a method based on discretiza-
tion in the spatial dimension, referred to as the method
of lines (MOL), represents a powerful solution tool
[e.g., Schiesser, 1994]. Hereafter we consider only the
spheroidal part of PDEs (58), so the solution vector
y(t, r) contains 6 spheroidal elements from now on. Let
us consider the staggered grids {ri, i = 1, . . . , J} and
{xj , j = 0, . . . , J},
b = x0 < r1 < x1 < r2 < x2 < . . . < rJ < xJ = a , (71)

spreading over the Earth mantle, b ≤ r ≤ a. In order to
express PDEs (58) on the grid {ri} by means of y(t, r)
evaluated on the grid {xj}, we employ expansions of
y(t, r) and its first derivative evaluated at ri by means
of weighted sums of yj(t) ≡ y(t, xj),

y (t, ri) =
∑J

j=0 α
(0)
ij yj(t) , (72)

y′(t, ri) =
∑J

j=0 α
(1)
ij yj(t) , (73)

where α
(0)
ij and α

(1)
ij are the weights given by a choice of

ri and xjs. Using (72)–(73) we obtain 6J scalar ODEs
in time for 6J+6 unknown elements of yjs by expressing
PDEs (58) on the grid {ri},

J∑

j=0

[
α

(1)
ij −Aiα

(0)
ij

]
ẏj(t) = (74)
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=
J∑

j=0

[
ξi

(
Diα

(1)
ij + Eiα

(0)
ij

)]
yj(t) , i = 1, . . . , J ,

where Ai = An(ri), Di = Dn(ri), Ei = En(ri) and
ξi = ξ(ri). The last 6 necessary equations come from
spheroidal boundary conditions (65) at r = a,

MJyJ (t) =

√
4π

2n + 1




−g0Γn

0
−4πGΓn


 , (75)

MJ =




0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


 , (76)

and the conditions (66) at the centre, r = b = 0,

M0y0(t) = 0 , (77)

M0 =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0


 , (78)

or the conditions (67) at the core-mantle boundary, r =
b > 0,

M0y0(t) = 0 , (79)

M0 =



−%−0 g0 0 1 0 −%−0 0

0 0 0 1 0 0

−4πG%−0 0 0 0 −4πG
%−0
g0
− C 1


. (80)

For the radially discretized solution vector Y(t) with
6J + 6 elements,

Y(t) =
(
y0(t), y1(t), . . . , yJ(t)

)T
, (81)

ODEs (74) and the boundary conditions (75) and (77)
or (79), differentiated in time, form the resulting system
of 6J + 6 ODEs in time,

P Ẏ(t) = QY(t) , (82)

where

P =




M0
3×6

0
3×6J

α
(1)
1j −A1α

(0)
1j

6×(6J+6)

...

α
(1)
Jj −AJα

(0)
Jj

6×(6J+6)

0
3×6J

MJ
3×6




, (83)
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Q =




0
3×(6J+6)

ξ1

(
D1α

(1)
1j + E1α

(0)
1j

)

6×(6J+6)

...

ξJ

(
DJα

(1)
Jj + EJα

(0)
Jj

)

6×(6J+6)

0
3×(6J+6)




(84)

and Γn(t) is considered constant in time, i.e., Γ̇n = 0.
System (82) with the initial condition (69) represents
a purely initial-value formulation of the problem of vis-
coelastic responses of the Earth. For given grids {ri}
and {xj}, both P and Q are constant matrices. The
matrix P is regular for all of the models studied here,
so we can write (82) in an equivalent form,

Ẏ(t) = B Y(t) , B = P−1Q , (85)

i.e., in the standard form of a linear homogeneous sys-
tem of ODEs with constant coefficients.

2.4. Modal Decomposition: The Eigenvalue Problem

A solution of ODEs (85), referred to as the funda-
mental system, can be written [e.g., Rektorys, 1994] as
a linear combination of the constituents

espt or Rq(t)esqt , (86)

where sp is any nondegenerate eigenvalue of B, sq any
Q-degenerate eigenvalue of B and Rq a polynomial of
the maximal degree Q − 1. Thus, eigenanalysis of ma-
trix B can reveal a substantial information about the
behavior of the solution of ODEs (85). It is straightfor-
ward to see that a generalized eigenvalue problem,

QY = sPY , (87)

corresponds to ODEs (82), while a standard eigenvalue
problem,

BY = sY , (88)

matches ODEs (85). In the case of regular matrix P
both eigenproblems are formally equivalent. However,
there are differences in performance and accuraccy of
applicable numerical routines, as will be discussed later.

For a given nondegenerate eigenvalue, s = sp, the cor-
responding eigenvector Yp with 6J +6 elements gathers
the discretized (J +1)-eigenvectors Up, Vp, etc. The re-
sponse of viscoelastic models to the time impulse, i.e.,
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for f(t) = δ(t), is traditionally expressed by the surface
load Love numbers [Peltier, 1974],

h(t) = hEδ(t) +
∑

p r
(h)
p exp(spt) , (89)

l(t) = lE δ(t) +
∑

p r
(l)
p exp(spt) , (90)

k(t) = kEδ(t) +
∑

p r
(k)
p exp(spt) , (91)

where hE , lE and kE are the elastic load Love num-
bers and the sums on the right-hand sides describe
the non-elastic response. In order to evaluate the non-
elastic part of the Love numbers, formulas (8.1)–(8.3)
by Tromp and Mitrovica [1999] for the partial modal
amplitudes can be applied,

r(h)
p =

τ

2sp
Up(g0Up + Fp) , (92)

r(l)
p =

τ

2sp
Vp(g0Up + Fp) , τ =

M

a

2n + 1
4π

, (93)

r(k)
p = − τ

2g0sp
Fp(g0Up + Fp) , (94)

where M is the mass of the Earth and the eigenvectors
are normalized in accord with the condition (3.6) by
Tromp and Mitrovica [1999],
∫ a

b

µξ

(sp + ξ)2

[
1
3
(2U ′

p − Fp)2 (95)

+ NX2
p +

N(n− 1)(n + 2)
r2

V 2
p

]
r2 dr = −2sp .

In Fig. 1 we summarize both the Laplacian and eigen-
Fig. 1value approaches and compare the differences in the

methodologies between both the secular-determinant
and the eigenvalue analysis.

3. NUMERICAL TECHNIQUES

3.1. Pseudospectral vs. Low-order Finite Differences

A choice of a discretization pattern obviously plays
a crucial role for the accuracy of the eigenvalue method.
In the derivation of ODEs (82) we have made a rather
general choice of the staggered grids {ri} and {xj} in
(71). Here we will discuss two particular discretization
patterns of this form.

The first discretization pattern is based on high-order
pseudospectral (PS) schemes for approximation of zero
and first derivatives of a function at an arbitrary point
by a weighted sum of known values of the function, cf.
(72)–(73),

y (t, ri) =
∑J

j=0 α
(0)
ij yj(t) , (96)

y′(t, ri) =
∑J

j=0 α
(1)
ij yj(t) , (97)
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where yj(t) ≡ y(t, xj). The weights α
(0)
ij and α

(1)
ij ,

in general non-zero for all i and j, can be computed
by the algorithm based on a polynomial approximation
[Fornberg, 1996]. In order to apply the PS schemes, it
is necessary to establish a correspondence between the
grids {ri} and {xj} and zeroes and extremas of orthog-
onal polynomials, respectively; we have made the choice
of ris being the roots of Chebyshev polynomials trans-
formed to 〈b, a〉 and xjs being the interlaced extremas.
For models composed of few layers, we have obtained
accurate eigenvalues even with very coarse grids. How-
ever, higher grid densities are necessary for realistically
stratified models. Then the matrices P and Q become
larger and the computational demands of the eigenana-
lysis of (87), resp. (88) increase quite rapidly.

The other tested discretization pattern is based on
low-order finite-difference (FD) schemes. We applied
the FD schemes on the equi-spaced staggered grids {ri}
and {xj} with ri = (xi−1 +xi)/2 and the constant step-
size h = ri − ri−1 = xi − xi−1. For these grids the fol-
lowing second-order (FD2) and fourth-order (FD4) ap-
proximations of y(t, ri) and y′(t, ri) can be found (e.g.,
by Fornberg’s algorithm),

FD2 for i = 1, . . . , J

y (t, ri) = 1
2yi−1(t) + 1

2yi+1(t) ,

y′(t, ri) = [−yi−1(t) + yi+1(t)] /h ,

FD4 for i = 1

y (t, r1) = 5
16y0 + 15

16y1 − 5
16y2 + 1

16y3 ,

y′(t, r1) =
[− 23

24y0(t) + 7
8y1(t)

+ 1
8y2(t)− 1

24y3(t)
]
/h ,

FD4 for i = 2, . . . , J − 1

y (t, ri) = − 1
16yi−2 + 9

16yi−1 + 9
16yi+1 − 1

16yi+2 ,

y′(t, ri) =
[

1
24yi−2(t)− 9

8yi−1(t)

+ 9
8yi+1(t)− 1

24yi+2(t)
]
/h ,

FD4 for i = J

y (t, rJ ) = 1
16yJ−3 − 5

16yJ−2 + 15
16yJ−1 + 5

16yJ ,

y′(t, rJ ) =
[

1
24yJ−3(t)− 1

8yJ−2(t)

− 7
8yJ−1(t) + 23

24yJ (t)
]
/h .

Although it is easier to implement, the eigenanalysis
based on the low-order FD schemes is inferior to the
high-order PS schemes in terms of accuracy.

We have also tested the case of overlapping grids {ri}
and {xj}. The results have been less satisfactory than
those obtained on the staggered grids since more dis-
cretization modes contaminated the physical part of
eigenspectra. Other patterns of discretization can sure-
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ly be designed, for instance that motivated by the fact
that three elements of y(t, r) correspond to the first
derivatives of the other three. In the future we will
surely find the most optimal discretization stencil for
the purpose of determining the eigenvalues.

3.2. Eigenpackages

In (87) and (88) we have obtained both the gener-
alized and standard eigenvalue problems, respectively.
The (6J +6)× (6J +6) matrices P and Q of the gener-
alized problem are both non-symmetric. While for the
PS schemes the matrices are full, they become band
diagonal for the FD schemes. There are 8 sub- and 8
superdiagonals for the FD2 scheme and 20 sub- and 20
superdiagonals for the FD4 scheme, as can be deduced
from (83)–(84) and (59)–(61). The (6J + 6)× (6J + 6)
matrix B of the standard problem is non-symmetric and
full for all tested schemes. However, a number of CPU
operations needed to evaluate B grows with J3 for PS
schemes and only with J for FD schemes. We note that
the real-space FD method with up to 12th-order accu-
racy has been employed to solve eigenvalue problems in
solid-state physics for complex systems with thousands
of atoms [Stathopoulos et al., 2000].

A synopsis of the available numerical methods, in-
cluding both direct and iterative techniques for large-
scale eigenvalues, can be found in the book by Trefethen
and Bau [1997]. Standard numerical libraries (e.g., LA-
PACK, NAG, IMSL) contain several routines for matrix
eigenanalysis. The routines usually perform the follow-
ing tasks for both standard and generalized problems:
(EV) evaluation of all eigenvalues and no eigenvectors,
(EVV) evaluation of all eigenvalues and all eigenvectors,
(EsV) evaluation of all eigenvalues in a selected interval,
(EI) evaluation of an eigenvector to a known eigenvalue.
The task (EV) is generally solved by a two-step algo-
rithm based on the reduction to Hessenberg form and
the QR algorithm. A similar algorithm is used for the
task (EVV). For tasks performing selections, (EsV) and
(EI), an algorithm based on inverse iteration is usual-
ly invoked. An extensive package of eigenroutines can
be found in both LAPACK and NAG, which contain
routines for all tasks mentioned above. In both these
libraries there are also routines available for the task
(EI) and the generalized problem with band diagonal
matrices. IMSL contains routines for the tasks (EV)
and (EVV).

We have tested routines for both the standard and
generalized eigenproblems (87)–(88). In both cases the
total CPU-times were comparable but the accuracy of
the solvers of standard eigenproblems was substantial-
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ly better. The maximal grid density we employed was
for J ≈ 300 with the approximate matrix dimensions
of 1, 800 × 1, 800. It is a number of operations which
seems to be the main obstacle for higher resolution, as
it grows with J3 (see Table 1), while the memory re-

Table 1quirement grows with J2. Large-scale eigenvalue prob-
lems involving pseudospectra are now becoming more
common in all fields of science and engineering [e.g.,
Trefethen, 1999]. For solving the eigenproblems with
large matrices (say, up to 106 × 106), other family of
methods, based on the Krylov subspace methods, has
to be invoked [Saad, 1992]. A package, reffered to as the
implicitly-restarted Arnoldi method, is implemented in
ARPACK [Lehoucq et al., 1998], a publicly available
library for solving large eigenvalue problems.

4. APPLICATIONS

We first demonstrate the numerical ability of the
eigenvalue method to catch the eigenspectra of the ho-
mogeneous spheres (a = 6, 371 km, %0 = 5, 517 kg m−3,
µ = 1.4519× 1011 Pa, η = 1021 Pa s), both incompress-
ible (λ infinite) and compressible (λ = 3.5288×1011 Pa).
The calculations were carried out for selected angular
orders up to the degree 120 and using the PS discretiza-
tion [Fornberg, 1996] on the Chebyshev grids of 30, 60
and 120 layers. The eigenspectrum of the homogeneous
incompressible sphere is shown in Fig. 2a. There is on-

Fig. 2ly one branch of the physical relaxation modes, denoted
by M0, the well-known mantle modes, which can be ob-
tained analytically [Wu and Peltier, 1982]. We reached
the accuracy with more than 10 digits for all tested grid
densities. As the analyzed matrices are non-symmetric,
their eigenvalues can, in general, be complex. However,
all the M0 eigenvalues are real and nondegenerate and
thus they yield the classical exponential relaxation.

The branch of eigenvalues denoted by sM lies in the
position of s = −µ/η, i.e., of the inverse Maxwell time.
These eigenvalues are 3J-degenerate, so they could yield
degenerate normal modes (cf. sq in (86)). In the Lapla-
cian spectral analysis, they are considered to represent
false singularities, which should be removed [Wu and
Ni, 1996; Boschi et al., 1999]. Hanyk et al. [1999]
showed numerically by direct integration in the time
domain that no significant deformation energy is asso-
ciated with other than the M0 mode.

The branch denoted by X consists of real positive
nondegenerate eigenvalues. Unlike the branches M0 and
sM , the branch X is strongly grid-sensitive. The tenden-
cy of shifting the eigenvalues towards zero is exhibited
with increasing number of grid points, which is demon-
strated for the grid densities of 30, 60 and 120 layers
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and which can serve for identification of these modes.
As the X-eigenvalues are obviously caused by the radial
discretization of the model, we refer to the correspond-
ing modes as the discretization modes. There is also
a band of eigenvalues in the region of small s, several or-
ders of magnitude apart from the physical eigenvalues.
This is the “numerical noise” produced by the iterative
eigenroutines, different for different eigenroutines, grid
densities and discretization schemes.

The eigenspectrum of the homogeneous compressible
sphere is presented in Fig. 2b for the PS discretization
on the Chebyshev grid of 30 layers. In comparison with
the spectrum of the incompressible sphere, there are
two more groups of modal branches, associated with
compressibility. The first group consists of the dilata-
tion or D-modes [Vermeersen et al., 1996], whereas the
second group is formed by the Rayleigh-Taylor (RT)
modes, generated by the subadiabatic gradient of den-
sity [Hanyk et al., 1999]. There are about J D-modes
and J RT-modes. The (negative) D-eigenvalues s(i)

can be indexed such that Re s(i) < Re s(i+1). About
a half of the computed D-eigenvalues is purely real and
corresponds to the analytically derived values [Hanyk
et al., 1999] with a high accuracy. Since the corre-
sponding eigenvectors are of oscillatory character with
the number of oscillations increasing with increasing i,
see Fig. 3, the resolution of the grid is not sufficient

Fig. 3for higher i and those D-eigenvalues become corrupt-
ed (they are complex and the real parts do not fit the
analytical values). Similarly, this is also true for the
RT modes. We emphasize that all the RT-eigenvalues
are positive (or have positive real parts) and describe
thus the onset of exponential collapse of the studied sys-
tem. We also point out that the Maxwell eigenvalues
are 2J-degenerate in this case, that the X-eigenvalues
obtained on the equivalent grids are almost identical for
both incompressible and compressible spheres and that
the low-s spectral region for the compressible sphere is
again contaminated by the numerical noise.

The sensitivity of the discretization modes to ap-
plied discretization schemes is shown in Fig. 4, where

Fig. 4we deal with the core-mantle-lithosphere incompress-
ible model with the following choice of the parameters:
a = 6, 371 km, b = 3, 480 km, %0 = 4, 314 kgm−3,
µ = 1.4519× 1011 Pa and η = 1021 Pa s in the mantle,
%0 = 10, 926 kgm−3 in the core and the depth of the
lithosphere equal to 120 km. We have studied the eigen-
spectra of this model for the two different discretiza-
tions: a) 20 grid layers in the mantle and 10 grid layers
in the lithosphere with the PS scheme employed over
the Chebyshev nodal points spread separately in each
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of the layers, b) 20 layers of equal thickness in the man-
tle and 10 layers of equal thickness in the lithosphere
with the FD2 scheme employed. One can clearly recog-
nize the branches of the modes M0, L0 and C0 as well as
the branch of the Maxwell eigenvalues, all insensitive to
discretization. On the other hand, the spectral branches
of the discretization modes are completely different for
the PS and the FD2 scheme. While the discretization
spectrum consists from one branch of stable modes and
one branch of unstable modes in the former case, there
exist several branches of modes, both stable and un-
stable, in the latter case. However, the growth time of
the first unstable discretization mode produced by the
FD2 scheme is by an order of magnitude higher than
that of the first unstable X-mode by the PS scheme.

In Fig. 5 we present the eigenspectra for other six sim-
Fig. 5ple incompressible models, which were already studied

by Wu and Peltier [1982]. Model A is the homogeneous
sphere discussed above, B has the 120-km thick elas-
tic lithosphere, C has the mantle density 4,314 kgm−3

and an inviscid core of radius 3,485.5 km and the
density 10,926 kg m−3, D has an outer shell of thick-
ness 195.6 km in which the density is reduced from
5,600 kg m−3 to 3,200 kg m−3 and the shear modulus
from 1.4519 × 1011 Pa s to 0.7260 × 1011 Pa s, E (F)
differ from A by a two-order increase (decrease) of vis-
cosity below (above) the depth of 671 (120) km. The
eigenspectra are evaluated by the low-order FD2 dis-
cretization with 60 layers employed in each case. We
obtained the modal branches visually equivalent with
those published by Wu and Peltier [1982] in their Fig. 2.
There are also groups of the degenerate Maxwell eigen-
values in our eigenspectra. The discretization modes
are out of the extent of the panels for the chosen grid
densities.

In the eigenvalue method we have a fast, easy and
complete tool for finding modes of realistic compressib-
le models with arbitrary radial variations of the densi-
ty and rheology parameters. The eigenvalues of such
a model are shown in Fig. 6. The density and the

Fig. 6elastic parameters are taken from the PREM, the elas-
tic lithosphere of 120-km thickness is considered and
the viscosity of the upper (lower) mantle is set to 1021

(2 × 1021) Pa s. Tromp and Mitrovica [1999] presented
a subset of eigenvalues for this model in their Fig. 1.
However, there are lots of other modes (D-modes, RT-
modes). Here we point out to the RT modes with all the
growth times higher than 100 Myr. The physical reason,
why these characteristic times of the model instability
are much longer in comparison with the homogeneous
sphere, is that the PREM is effectively subadiabatic on-
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ly in the upper mantle above the transition zone. The
question whether the mantle can be subadiabatic also
in other regions is not satisfactorily resolved but ther-
mal convection models point to the possibility that the
lower mantle above the D” layer could also be subadi-
abatic [Matyska and Yuen, 2000], which may result in
global instabilities over shorter timescales. There is also
a band of the dilatation modes and degenerate Maxwell
eigenvalues corresponding to relaxation times between
100 and 1000 years. This band is substantially broad-
ened if a model with variable viscosity is used. In Fig. 7

Fig. 7we present the eigenspectrum of another PREM-based
model with a high-viscosity hill in the lower mantle [Ri-
card and Wuming, 1991; Forte and Mitrovica, 2001] and
a low-viscosity zone in the upper mantle (viscous pro-
file C2 by Hanyk et al. [1996]). The bandwidth of the
rectangular region formed by the dilatation modes and
the Maxwell eigenvalues spans over four orders of mag-
nitude. One can discern that the M0 and L0 branches
of the physical modes are buried inside this region. It
is like to find needles in a haystack, if one tries to lo-
cate these “true” modes by means of the classical root-
finding methods.

5. CONCLUDING REMARKS

In this paper we have demonstrated the feasibility of
using eigenvalue analysis for determining the relaxation
times for both incompressible and compressible self-
gravitating stratified viscoelastic Earth models. Such
an approach yields the full spectrum of both the relax-
ation and growth times of a model after discretization,
its implementation is easy and computational cost is
low. The crucial idea was to recast the governing equa-
tions into a mixed set of PDEs (58), and then to apply
the method of lines for obtaining the set of ODEs (82) in
time. Our previous approach [Hanyk et al., 1995; 1996;
1998] consists in first integration over time and then
solving a two-point boundary value problem in the ra-
dius, i.e., we applied the Rothe method [Rektorys, 1982].
However, the Rothe method does not allow one to car-
ry out an eigenanalysis of the temporal relaxations. In
this regard, we note that the resultant set of ODEs (82)
can also be solved by direct time-integration. In other
words, the set of ODEs (82) can be employed for a differ-
ent initial-value approach, where stiff time-integrators
can substantially reduce the number of timesteps. Our
approach can be adopted for anelastic rheologies, such
as the standard linear solid which may be important
for lithospheric bending [Schmalholz and Podladchikov,
2001]. The understanding of the tectonic impact of the
potential energy change and geoid anomalies caused by
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earthquakes along plate margins can be investigated us-
ing the eigenfunctions generated with short time-scale
rheology. Computationally this approach can be very
fast for summing up cumulatively the gravitational ex-
citation from many large earthquakes [Tanimoto and
Okamoto, 2001]. This eigenvalue approach can also be
useful in understanding crustal instabilities involving
folding of lithospheric rocks [Schmalholz and Podlad-
chikov, 1999; 2001].
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Fig. 1

LAPLACIAN METHOD EIGENVALUE METHOD

(1.) Laplace transform
y(t, r) ⇒ y(r, s)

®



©

ª
(1.) Spatial discretization (method of lines)

y(t, r) ⇒ Y(t) ≡ {y(t, ri), i = 0, . . . , N}

(2.) ODEs in space, s – parameter
dy(r, s)/dr = A(r, s)y(r, s)

®



©

ª
(2.) ODEs in time

P dY(t)/dt = QY(t)

(3.) Solution of nonlinear secular equation in s
detM(s) = 0
for matrix M(s) built from y(a, s)
at the surface by integration of ODEs

º

¹

·

¸

(3.) Evaluation of matrices P , Q
Solution of linear system B = P−1Q
Linear eigenvalue/eigenvector analysis
(B − s)Y = 0

(4.) Evaluation of load Love numbers
from y(a, s) and det M(s)

®



©

ª
(4.) Evaluation of load Love numbers

from eigenvectors

Figure 1. A comparison of the respective sequential steps
to be followed in the Laplacian transform method (frames on
the left) and the eigenvalue method based on the method of
lines (frames on the right) for evaluation of relaxation times
and load Love numbers describing the viscoelastic responses
to a surface load.

Figure 1. A comparison of the respective sequential steps to be followed in the Laplacian transform
method (frames on the left) and the eigenvalue method based on the method of lines (frames on the
right) for evaluation of relaxation times and load Love numbers describing the viscoelastic responses to
a surface load.
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Figure 2. Eigenspectra of the incompressible (panel a) and
the compressible (panel b) homogeneous spheres. Both sta-
ble and unstable modal branches are plotted (symbols + and
3 used for negative and positive eigenvalues, respectively).
Branches from top to bottom, panel a: Maxwell eigenvalues
(sM ), M0 modes, unstable discretization modes (X), panel b:
Maxwell eigenvalues, dilatation modes (D), M0 modes and
unstable Rayleigh-Taylor modes (RT) crossed by a branch
of discretization modes (X). The pseudospectral discretiza-
tion schemes on the Chebyshev grids have been invoked.
The shift of the X-modes towards to longer growth times
is demonstrated by presenting the X-branches for the three
grid densities (30, 60 and 120 layers) in panel a; the on-
ly grid of 30 layers has been used for panel b. The region
of s < 10−5 kyr−1 is contaminated by spurious eigenval-
ues which result from the iterative character of the applied
eigenroutine.

Figure 2. Eigenspectra of the incompressible (panel a) and the compressible (panel b) homogeneous
spheres. Both stable and unstable modal branches are plotted (symbols + and 3 used for negative and
positive eigenvalues, respectively). Branches from top to bottom, panel a: Maxwell eigenvalues (sM ),
M0 modes, unstable discretization modes (X), panel b: Maxwell eigenvalues, dilatation modes (D), M0
modes and unstable Rayleigh-Taylor modes (RT) crossed by a branch of discretization modes (X). The
pseudospectral discretization schemes on the Chebyshev grids have been invoked. The shift of the X-
modes towards to longer growth times is demonstrated by presenting the X-branches for the three grid
densities (30, 60 and 120 layers) in panel a; the only grid of 30 layers has been used for panel b. The region
of s < 10−5 kyr−1 is contaminated by spurious eigenvalues which result from the iterative character of
the applied eigenroutine.
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Figure 3. Vertical-displacement eigenvectors U2 and U15 of
the homogeneous compressible sphere corresponding to the
M0, D3 and RT3 modes computed on the grid of 120 layers
using the PS discretization scheme. The vertical bounds
correspond with the extremas of the presented eigenvectors.
The horizontal zerolines are marked with the dotted lines.

Figure 3. Vertical-displacement eigenvectors U2 and U15 of the homogeneous compressible sphere cor-
responding to the M0, D3 and RT3 modes computed on the grid of 120 layers using the PS discretization
scheme. The vertical bounds correspond with the extremas of the presented eigenvectors. The horizontal
zerolines are marked with the dotted lines.
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Figure 4. The eigenspectrum of the core-mantle-litho-
sphere incompressible model evaluated by the PS (panel a)
and FD2 (panel b) discretization schemes. The grids of
30 layers (20 in the mantle, 10 in the lithosphere) have
been employed in both cases. Besides the classical relax-
ation modes M0, L0 and C0, there is a branch of the Max-
well eigenvalues (sM ) and the branches of the discretization
modes; those with the greatest |s| have been labelled by X.
Symbols + and 3 have been used in the same manner as in
Fig. 2.

Figure 4. The eigenspectrum of the core-mantle-lithosphere incompressible model evaluated by the PS
(panel a) and FD2 (panel b) discretization schemes. The grids of 30 layers (20 in the mantle, 10 in the
lithosphere) have been employed in both cases. Besides the classical relaxation modes M0, L0 and C0,
there is a branch of the Maxwell eigenvalues (sM ) and the branches of the discretization modes; those
with the greatest |s| have been labelled by X. Symbols + and 3 have been used in the same manner as
in Fig. 2.
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Figure 5. Eigenspectra of the six incompressible models
described in the text. The FD2 scheme and equi-spaced
grids of 60 layers (for models with two shells: 40 in the lower
shell, 20 in the upper shell) have been employed. The extent
of the axes and the labelling of the modes has been chosen
similarly as in Fig. 2 by Wu and Peltier [1982], symbols +
and 3 have been used similarly as in Fig. 2 above.

Figure 5. Eigenspectra of the six incompressible models described in the text. The FD2 scheme and
equi-spaced grids of 60 layers (for models with two shells: 40 in the lower shell, 20 in the upper shell)
have been employed. The extent of the axes and the labelling of the modes has been chosen similarly as
in Fig. 2 by Wu and Peltier [1982], symbols + and 3 have been used similarly as in Fig. 2 above.
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Figure 6. The eigenspectrum of the realistic Earth model
(PREM for the density and elastic parameters) with the vis-
cosity of the upper (lower) mantle set to 1021 (2×1021) Pa s,
discretized on the grid of 240 layers. The classical relaxation
modes (M0, L0, C0, M1 and M2) have been labelled as well
as the first branch of the unstable RT modes (symbols 3)
on the time scale of 105 kyr. There is a lot of discretiza-
tion X-modes, as the FD2 scheme has been employed (cf.
Fig. 4b).

Figure 6. The eigenspectrum of the realistic Earth model (PREM for the density and elastic parameters)
with the viscosity of the upper (lower) mantle set to 1021 (2 × 1021) Pa s, discretized on the grid of
240 layers. The classical relaxation modes (M0, L0, C0, M1 and M2) have been labelled as well as
the first branch of the unstable RT modes (symbols 3) on the time scale of 105 kyr. There is a lot of
discretization X-modes, as the FD2 scheme has been employed (cf. Fig. 4b).
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Figure 7. The eigenspectrum of the realistic Earth model
(PREM for the density and elastic parameters) with the con-
tinuously changing viscous profile in the range from 1019 Pa s
in the asthenosphere up to more than 1023 Pa s in the mid
lower mantle, discretized on the grid of 300 Chebyshev lay-
ers. The PS scheme has been employed. The classical re-
laxation modes (M0, L0, C0, M1 and M2) are present but
occasionally hidden in the rectangular region formed by the
dilatation D-modes and the Maxwell eigenvalues. Within
the plotted bounds, there is only one branch of discretization
X-modes, which contrasts with Fig. 6. On the other hand,
the X-branch interferes with the M1, M2 and C0 branches
for higher angular orders.

Figure 7. The eigenspectrum of the realistic Earth model (PREM for the density and elastic parameters)
with the continuously changing viscous profile in the range from 1019 Pa s in the asthenosphere up to more
than 1023 Pa s in the mid lower mantle, discretized on the grid of 300 Chebyshev layers. The PS scheme
has been employed. The classical relaxation modes (M0, L0, C0, M1 and M2) are present but occasionally
hidden in the rectangular region formed by the dilatation D-modes and the Maxwell eigenvalues. Within
the plotted bounds, there is only one branch of discretization X-modes, which contrasts with Fig. 6. On
the other hand, the X-branch interferes with the M1, M2 and C0 branches for higher angular orders.
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Table 1. Computational Times for the Eigenproblem (88)
per Spherical Harmonic Degree n

Number of Matrix CPU time [s]

grid layers dimension (Pentium 1 GHz)

30 1862 0.05
60 3662 0.4

120 7262 3
240 14462 25
300 18062 50
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