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Summary
We have presented a numerical method for evaluating the tidal Love numbers of prestressed elastic spherically symmetric bodies. While the 
traditional approach is based on the propagation of particular solutions of six 1st-order differential equations in the radial direction by Runge-
Kutta techniques, we have proposed direct discretization of the boundary value problem for three 2nd-order differential equations by high-
accuracy finite-difference pseudospectral schemes that results in a system of linear algebraic equations. Chebyshev grids have been employed 
in each layer with continuous model parameters that makes the matrix of the algebraic system almost block diagonal (the ABD matrix). An 
advantage of preserving 2nd-order equations is that a half-size algebraic system is to be solved. On the other hand, derivatives of the model 
parameters are required, but this is trivial for models with piecewise constant parameters and easy for the polynomials of the Earth's model 
PREM.  Both the accuracy and efficiency of the method are tested by evaluating the tidal Love numbers for the PREM. The tidal Love numbers 
for models of Mars and Venus are calculated and the resonances of the potential Love number k2 are shown.

Models of MarsModels of Venus

Equations
Deformations and changes of the gravitational potential of prestressed elastic bodies caused by the tidal forces are described by means of the 
equation of motion, the Poisson equation and the constitutive relation for the displacement u and the incremental gravitational potential φ:

where τ   represents incremental stress tensor, ρ0  is the reference density, φ0 is the hydrostatic gravitational potential,  G  is the Newton 

gravitational constant and λ and μ are the elastic Lamé parameters. Lagrangian boundary conditions must be added. Considering spherically 

symmetry and using spherical harmonic decomposition we obtain the system of three 2nd-order ODEs for the tidal Love numbers hn ,ln   and d kn:

with ω denoting the tidal angular frequency. The free surface boundary condition reflects influence of the tidal potential and takes the form:

Method
If the unknown Love numbers are arranged into the vector  y=(hn ,ln ,kn+1)T, the equations can be rewritten into a matrix form:

where A, B, C and D are depth-dependent coefficient matrices. In order to discretize the matrix equation with a pseudospectral accuracy, we 
follow the finite-difference approach designed by Fornberg (1996) employing orthogonal polynomials. The discretization grid is given by the 
extrema of the Chebyshev polynomials. The values of y and its derivatives at the grid points are expressed using the weighted sum of y-values 
on the whole grid. Hence, the matrix equation attains the form:

where M is the number of grid points in a layer. The vector Y, composed from the unknowns  yj
(k) from all layers, can be defined as

where K  is the number of layers. The system of 3MK  equations can be rewritten into the form of the non-homogeneous system of linear 
algebraic equations,

In the last component of the vector Q there appears the non-zero condition on the free surface,

The details of the presented method can be found in Zábranová et al. (2009).

Both the accuracy and efficiency of the presented method 
were tested for the Preliminary Reference Earth Model 
(PREM) by Dziewonski and Anderson (1981). For the 
present purpose we have removed the top oceanic layer 
and extended the 12th layer up to the radius of 6371 km. 
The tidal period is equal to the lunar value of 27.3 days. 
The tidal Love numbers of degree 2 for total numbers of 
grid points ranging from 120 to 1300 and the CPU times 
on the Intel E8400 (3.0 GHz) processor are shown in table.

Convergence and CPU times of tidal Love numbers with various 
grid densities for the PREM model

We apply two models of density and seismic velocities to compute the Martian tidal Love numbers. 
The first was optimized to meteoric geochemical data (A) and the latter to satisfy the moment of 
inertia (B). Both models yield the same gravitational acceleration at the surface equal to 3.7 m.s-2 as 
well as a similar global structure: the crust, the upper and lower mantle separated by the transition 
zone of olivine to γ-spinel, and a liquid core. A perovskite layer and the solid core are absent, 
because suitable p-T conditions are not accomplished in the Martian interior. We adopt main 
boundaries from (Sohl and Spöhn, 1997) and consider the density and the seismic velocities to be 
constant in each layer. The surface tidal Love numbers for n=2,3,4 computed for the tidal frequency 
of Phobos are summarized below.

Venus, with a radius of 6051 km, is only slightly smaller than the Earth, but the small difference of 
size may have important consequences for its interior. First, plate tectonics does not exist on Venus 
and appropriately 100 km thick lithosphere covers the surface of the planet. Konopliv and Sjorgen 
(1994) estimated average thickness of the Venus' crust to be about 35 km. Venus' slow rotation 
does not yield satisfactory explanation for the lack of its magnetic field (Phillips and Russell, 1987). 
In the Venusian core the phase-transition conditions for crystallization of iron are probably not 
accomplished and thus geochemical convection may not exists (Stevenson, 1983) even if there is a 
liquid core. Zábranová (2008) preferred the model (A) with the liquid core divided into 5 layers: the 
crust, the upper and lower mantle separated by the transition zone and the liquid core, where the 
interfaces are adopted from (Schubert et al., 2001) and values of densities and seismic velocities 
were constructed in an analogy to the Earth. We compute the tidal Love numbers for other two 
models of Venus with different radii of the inner core (B: 1000 km, C: 2000 km). All three models 
satisfy the same constraint — the gravitational acceleration at the surface is equal to 8.87 m.s-2. The 
Love number k2 is determined from the time variations in the gravitational coefficients C22 and S22

at the solar period. Konopliv and Yoder (1996) have found k2 = 0.295 ± 0.066.

Accuracy and efficiency of the method
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We summarize the tidal Love 
numbers for n=2,3,4. Results 
demonstrate no significant 
effect of the inner core on the 
tidal Love numbers, but 
resonances are sensitive to 
the inner core radius.

Resonances for venusian models with the liquid core

We summarize the tidal Love numbers for 
n=2,3,4 computed for the tidal frequency of 
Phobos. In the figures there are dependences 
of k2 on tidal periods. The obtained results 
clearly demonstrate the sensitivity of the tidal 
Love numbers to changes of the core radius.

Resonances for martian models with the liquid core

Conclusions
The numerical method for evaluation of the tidal Love numbers of the planetary bodies based on the 
Chebyshev spectral method combined with the technique by Fornberg (1996) has been developed. 
The method proved the satisfactory accuracy and efficiency in the tests for the PREM model and we 
applied it for several models of Mars and Venus. We show the high sensitivity of the Love numbers 
to the radius of the core-mantle boundary and presence/unpresence of the solid inner core. 
Currently we implement a similar approach for evaluation of eigenfrequencies and eigenfunctions of 
the free oscillations that may serve as an efficient numerical tool in structural studies of planetary 
bodies.

β = 2λ + μ , N=n(n+1) 
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