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13.5 Scaling Laws for Convection with Strongly Temperature
Dependent Viscosity

As already noted in Section (13.2.2), the heat flow–Rayleigh number parameterization
(13.2.4) is valid only for convection with constant viscosity. Application of this parame-
terization to studies of planetary thermal history is therefore limited by the fact that mantle
viscosity is strongly temperature dependent. One major effect of the strong temperature
dependence of viscosity on thermal convection is the creation of a high-viscosity region near
the upper surface where temperatures are relatively cold. The high-viscosity near-surface
layer can participate sluggishly in the convection or “freeze up” to form an immobile or
stagnant lid, depending on the “strength” of the viscosity variation with temperature and the
temperature difference across the layer. Formation of a sluggish or rigid lid in convection
with strongly temperature dependent viscosity reduces the efficiency of heat transport across
the layer because cold near-surface material cannot be effectively circulated to deeper and
hotter parts of the layer. Methods for incorporating this reduction in heat transfer efficiency
into (13.2.4) have been mentioned in Section 13.2.2. One way is to interpret T in (13.2.4)
and (13.2.5) as the temperature of the efficiently convecting material below the sluggish or
rigid lid.

The sluggish or rigid lid of a convecting system with strongly temperature dependent vis-
cosity is the analogue of the lithosphere on the Earth and other planets. In contrast to other
planets however, Earth’s lithosphere does not act as a globally intact rigid lid. Nonviscous
deformation mechanisms (e.g., faulting) allow it to break up into pieces (plates), many of
which (oceanic plates) are subductible. The net result is that the Earth’s “rigid lid” can be
circulated deeply into the hot mantle and mantle convective heat transfer is essentially as
efficient as if the mantle were convecting as a constant viscosity fluid. Thus, for the Earth,
(13.2.4) suffices to study its thermal evolution. However in the absence of plate tectonics,
the other terrestrial planets do possess globally intact lithospheres which must behave as the
sluggish or rigid lids of convection with strongly temperature dependent viscosity. Accord-
ingly, thermal history investigations of the other planets (Chapter 14) can benefit from heat
flow–Rayleigh number parameterizations specifically formulated to account for the strong
temperature dependence of mantle viscosity. We discuss these parameterizations here and
in the next chapter.

Parameterization of heat transport by convection in a constant viscosity fluid layer heated
from below with isothermal and stress-free top and bottom boundaries requires only two
dimensionless parameters, the Nusselt number Nu and the Rayleigh number Ra. When
the viscosity μ of the fluid is strongly temperature T dependent, however, an additional
dimensionless parameter is needed to characterize μ(T ). Further, since viscosity enters the
formula for Ra, it is necessary to specify the temperature at which the viscosity is evaluated
in Ra. With temperature-dependent viscosity, the definitions of Ra and theNu–Ra relation
become nonunique, and the literature on convection with strongly temperature dependent
viscosity reflects this nonuniqueness. In one approach, the Rayleigh number Ra0 is defined
in terms of the viscosity μ0 evaluated at the temperature T0 of the upper surface:

Ra0 ≡ ρgα�T d3

κμ (T0)
= ρgα�T d3

κμ0
(13.5.1)

where �T is the total temperature change across the fluid layer of thickness d

�T ≡ T1 − T0 (13.5.2)
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and T1 is the temperature of the lower surface. The Rayleigh number Ra1 has also been
defined in terms of the viscosity μ1 evaluated at the temperature T1 of the lower surface:

Ra1 ≡ ρgα�T d3

κμ (T1)
= ρgα�T d3

κμ1
(13.5.3)

A Rayleigh number Ra1/2 based on the viscosity μ1/2 evaluated at the average temperature
(T0 + T1) /2 of the upper and lower surfaces is often used:

Ra1/2 ≡ ρgα�T d3

κμ ((T0 + T1) /2)
= ρgα�T d3

κμ1/2
(13.5.4)

Finally, a Rayleigh number Rai based on the viscosity μi evaluated at the nearly uniform
temperature of the actively convecting layer beneath the sluggish or rigid lid is also widely
employed:

Rai ≡ ρgα�T d3

κμ (Ti)
= ρgα�T d3

κμi
(13.5.5)

The specific form of μ(T ) adopted in some studies is the Arrhenius law (13.2.6), but a
linearized version of this law

μ

μref
= exp{−E (T − Tref)} (13.5.6)

is commonly used. In (13.5.6), Tref and μref are the reference temperature and viscosity
values used in the definition of the Rayleigh number. With (13.5.6), the viscosity ratio
across the layer rμ is given by

rμ ≡ μ0

μ1
= exp(E�T ) (13.5.7)

independent of the choice of Tref and μref . The Frank–Kamenetskii parameter θ is

θ = ln rμ = E�T (13.5.8)

For the viscosity law (13.5.6) the heat flow (Nusselt number)-Rayleigh number parameteri-
zation can be written as

Nu = Nu (θ, Ra) (13.5.9)

where Ra in (13.5.9) is one of the Rayleigh numbers defined above. The Rayleigh numbers
Ra1, Ra1/2, and Ra0 are related to each other by

Ra1 = Ra1/2
√
rμ = rμRa0 (13.5.10)

Before discussing heat flow–Rayleigh number parameterizations appropriate to convec-
tion with strongly temperature dependent viscosity, we first describe the nature of this type
of convection using the following thought experiment. Imagine that Ra1/2 is kept constant
at some large value (so that convection occurs) in a sequence of experiments in which
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rμ is increased from 1. At small viscosity contrasts, the cold fluid near the upper bound-
ary is entirely mobile and participates freely in the convective motions. This is the small
viscosity contrast regime and it occurs for values of rμ less than about 102. As viscosity
contrasts grow larger (rμ in the range 102–103), cold fluid near the upper boundary becomes
increasingly more viscous and is less able to participate in convective overturning; a slug-
gish lid of cold viscous fluid develops. This is the sluggish-lid convection regime. When
the viscosity contrast is increased still further (rμ about 104), the cold fluid at the upper
surface becomes so viscous as to form a stagnant lid, effectively ceasing to participate in
the convective motions that occur below it. This is the stagnant-lid mode of convection.
In addition to differences in the style of lid deformation, each of these convective regimes
has a distinct horizontal planform. The small viscosity contrast convection regime has a
horizontal wavelength comparable to the depth of the fluid layer. The sluggish-lid regime
of convection has a larger horizontal scale. However, the horizontal scale of the stagnant-
lid convection regime is small compared to the fluid layer depth. The morphologies of the
upflows and downflows are also different in the different convection regimes. The dominant
mechanism by which strongly temperature dependent viscosity influences the planform
and morphology of convection is through the depth dependence of horizontally averaged
viscosity. This picture summarizes results by Ratcliff et al. (1997) for fully three dimen-
sional convection with strongly temperature dependent viscosity in both spherical shells
and Cartesian boxes. Their results are discussed in the context of planetary convection in
Chapter 14. The styles of convection in the different regimes are shown in Figures 14.12
and 14.13.

Different heat flow–Rayleigh number parameterizations apply in the separate convec-
tion regimes. Solomatov (1995) and Moresi and Solomatov (1995) use the differences
in Nu–Ra relationships from numerical calculations of variable viscosity convection in
two-dimensional geometry to identify the different convection regimes. Figure 13.12
shows approximate regime boundaries on a plot of log10 rμ versus log10 Ra1 (Solomatov,
1995). Points representing the three-dimensional calculations of Ratcliff et al. (1997) for
Ra1/2 = 105 and rμ = 1, 103, 104, and 105 are indicated in the figure. According to
Ratcliff et al. (1997) convection should be in the small viscosity contrast regime for rμ = 1
(point a, region I), in the sluggish-lid regime for rμ = 103 (point b, region II), and in
the stagnant-lid regime for rμ = 103 and 104 (points c and d, respectively, region III).
The locations of the approximate regime boundaries are in accord with the positions of
these points. Regime diagrams for non-Newtonian viscous convection with strongly tem-
perature dependent viscosity have been given in Solomatov (1995) and Reese et al. (1998,
1999). These are similar to the regime diagram of Newtonian viscous convection except
that the regime boundaries are shifted to much larger temperature-dependent viscosity
contrasts.

The heat flow–Rayleigh number parameterization that applies in the small viscosity con-
trast regime (Figure 13.13, region I) is given by (13.2.4) with T given by Ti and μ given by
μi (Solomatov, 1995). Simple scaling arguments lead to (13.2.4) with β = 1/3 (Schubert
et al., 1979a; Solomatov, 1995). For example, if the temperature drop across the layer is dis-
tributed equally between the upper and lower boundary layers and if these boundary layers
each have the same thickness δ (Figure 13.14a), then the heat flow q from Fourier’s law of
heat conduction gives

q ∼ k�T

δ
(13.5.11)
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Figure 13.13. A diagram of the approximate boundaries of the small viscosity contrast (I), sluggish-lid (II), and
stagnant-lid (III) convection regimes (regime boundaries are redrawn from Solomatov, 1995). The approximate
boundary for the onset of convection is also shown. The diagram applies strictly to two-dimensional convection
in a layer heated from below with isothermal, stress-free boundaries, but may be qualitatively applied to more
general situations. Points a through d represent the three-dimensional convection simulations of Ratcliff et al.
(1997) (in a Cartesian box and a spherical shell) for Ra1/2 = 105 and rμ = 1, 103, 104, and 105 (Ra1 = 105,
106.5, 107, 107.5) which were in the small viscosity contrast, sluggish-lid, and stagnant-lid convection regimes,
respectively.

Further, if δ scales as

δ ∼
(
κd

u

)1/2

(13.5.12)

where u is the magnitude of the horizontal velocity in the upper and lower thermal boundary
layers (velocities in the boundary layers are equal in magnitude, Figure 13.14a), then

q ∼ k�T
( u
κd

)1/2
(13.5.13)

The velocity scale u can be found by equating the integral dissipation rate in the layer to the
integral mechanical work done by thermal convection per unit time

μi

(u
d

)2 ∼ αgq

cp
(13.5.14)

or

u ∼
(
αgqd2

μicp

)1/2

(13.5.15)

Substitution of this velocity scale into (13.5.13) gives

q ∼ k�T

d

(
ρgα�T d3

κμi

)1/3

(13.5.16)

or

Nu = q

(k�T/d)
∼ Ra

1/3
i (13.5.17)
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Figure 13.14. Sketch of the different regimes of thermal convection with strongly temperature dependent
viscosity; (a) small viscosity: contrast convection regime; (b) sluggish-lid convection regime; (c) stagnant-
lid convection regime. As the viscosity contrast across the convecting layer increases, convection undergoes
transitions from the small viscosity contrast regime to the sluggish-lid regime and finally to the stagnant-lid
regime. The temperature of the convecting interior increases as the viscosity contrast across the layer increases.

In the sluggish-lid convection regime (Figure 13.14b) the scaling proceeds as follows
Solomatov (1995). It is assumed that half of the convective rate of doing work 1

2

(
αgq/cp

)

is balanced by the rate of dissipation in the nearly isothermal convecting region beneath the
sluggish lid:

μi

(u1

d

)2 ∼ 1

2

αgq

cp
(13.5.18)

where u1 is the horizontal velocity scale in the interior convecting region (similar to the
velocity u1 in the lower hot thermal boundary layer, Figure 13.14b). The other half of the
convective work is assumed to overcome dissipation in the cold upper boundary layer:

μ0

(u0

d

)2 ∼ 1

2

αgq

cp
(13.5.19)



622 Thermal History of the Earth

where subscript zero refers to the cold upper boundary layer. The upper and lower boundary
layer thicknesses, δ0 and δ1, respectively, are

δ0 ∼
(
κd

u0

)1/2

and δ1 ∼
(
κd

u1

)1/2

(13.5.20)

Substitution of (13.5.18) and (13.5.19) into (13.5.20) gives

δ0 ∼
(

αgq

μ0cpκ2

)−1/4

(13.5.21)

δ1 ∼
(

αgq

μicpκ2

)−1/4

(13.5.22)

From Fourier’s law of heat conduction and the concept of thermal resistances in series

q = k�T

d

(
δ0

d
+ δ1

d

)−1

(13.5.23)

Substitution of (13.5.23) into (13.5.21) and (13.5.22) together with the assumption δ0 � δ1
yields

δ0

d
∼ Ra

−1/3
0 (13.5.24)

and

δ1

d
∼ Ra

−1/4
i

(
δ0

d

)1/4

= Ra
−1/4
i Ra

−1/12
0 (13.5.25)

From (13.5.23) we can write

q ∼ (k�T/d)

(δ0/d + δ1/d)
(13.5.26)

or

Nu ∼ 1

(δ0/d + δ1/d)
(13.5.27)

The interior temperature can be determined from the temperature drop across the cold upper
boundary layer:

Ti − T0 = δ0
q

k
= δ0�T

δ0 + δ1
(13.5.28)

In the stagnant-lid convection regime (Figure 13.14c) most of the cold upper bound-
ary layer is an immobile conductive region across which almost the entire �T occurs
(Solomatov, 1995). Convection penetrates only a small distance into the lid given by the
rheological length scale δrh (Morris and Canright, 1984; Fowler, 1985)

δrh ∼ δ0

E�T
= δ0

θ
(13.5.29)
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and only the small temperature difference across this rheological sublayer�Trh is available
to drive convection in the underlying region (Figure 13.14c) (Davaille and Jaupart, 1993)

�Trh ∼ �T

θ
(13.5.30)

Convection beneath the stagnant lid is essentially constant viscosity convection driven by the
temperature difference�Trh. By replacing�T with�Trh in (13.5.16) we can immediately
write

q ∼ k�T

d
θ−4/3Ra

1/3
i (13.5.31)

or

Nu ∼ θ−4/3Ra
1/3
i (13.5.32)

Since q is also given by

q ∼ k�T

δ0
(13.5.33)

we find

δ0

d
∼ θ4/3Ra

−1/3
i (13.5.34)

The heat flux q is also given by

q ∼ k�Trh

δ1
(13.5.35)

which, together with (13.5.30) and (13.5.33), results in

δ1

d
∼ 1

θ

δ0

d
(13.5.36)

Heat flow–Rayleigh number parameterizations and scaling relationships for non-
Newtonian viscous convection with strongly temperature dependent viscosity have
been given by Solomatov (1995) and Reese et al. (1998, 1999). The heat flow–Rayleigh
number parameterizations for the different convection regimes can be used to study the
thermal histories of other terrestrial planets, as discussed in Chapter 14. Such studies rely
on the convection regime appropriate for a planet at each stage in its evolution. The regime
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diagram of Figure 13.13 provides the information necessary to determine the style of con-
vection. Transitions between different styles of convection could occur as a planet evolves
with perhaps discernible consequences at its surface (see the discussion of Venus’ thermal
history in the next chapter).

The heat flow–Rayleigh number parameterizations discussed above pertain to convection
in fluid layers heated from below. Grasset and Parmentier (1998) have studied convection
in volumetrically heated fluid layers with strongly temperature dependent viscosity and
Davaille and Jaupart (1993) have studied the closely related problem of the transient cool-
ing of fluids with strongly temperature dependent viscosity. With volumetric heating the
appropriate form of the Rayleigh number Ra0 is

Ra0 = αgρ2Hd5

κkμ0
(13.5.37)

where H is the rate of internal heating per unit mass (see 13.2.15). For Ra0 sufficiently
small, convection occurs in a stagnant-lid regime similar to that of bottom-heated convec-
tion: a stagnant conductive lid forms at the surface and convection occurs below the lid
(Figure 13.15). The convective region is essentially isothermal with temperature Ti . The
temperature difference between the isothermal interior and the bottom of the stagnant con-
ductive lid Ti − Tc (Tc is the temperature at the base of the conductive lid) is a rheological
temperature difference given by an equation analogous to (13.5.30) (Davaille and Jaupart,
1993; Grasset and Parmentier, 1998):

Ti − Tc = 2.23

( −μ
(dμ/dT )

)

T=Ti
(13.5.38)

For the viscosity law (13.5.6), Ti − Tc is 2.23E−1 and the viscosity ratio
μ (T = Tc) /μ (T = Ti) is exp(2.23) or nearly a factor of 10. For an Arrhenius viscosity
law (13.2.6), Ti − Tc is 2.23RT 2

i /E
∗, where E∗ is the activation energy.

Figure 13.15. Illustration of the nature of stagnant-lid convection in an internally heated fluid layer with strongly
temperature dependent viscosity (redrawn from Grasset and Parmentier, 1998).



13.6 Episodicity in the Thermal Evolution of the Earth 625

The heat flow–Rayleigh number parameterization for stagnant-lid, heated from within,
convection with strongly temperature dependent viscosity is of the form

Ti − Tc
H (d − δcd)2 /k

= a

{
αgρ2H (d − δcd)5

κkμi

}β
(13.5.39)

where δcd is the thickness of the conducting lid and interior temperature replaces heat flux in
the parameterization for fluids heated volumetrically. This is identical to the parameterization
for constant viscosity fluids; the appropriate value of β is also the same as it is in constant
viscosity internally heated convection.

According to Grasset and Parmentier (1998), constant viscosity parameterized convection
laws can be applied to the stagnant-lid convection regime if the quantities in the parame-
terization are properly identified with those of the convecting region beneath the stagnant
conducting lid and if the temperature difference between the convecting region and the base
of the lid is given by (13.5.38). Application of this approach to planetary thermal evolution
requires that the temperature difference Ti − Tc be calculated from (13.5.38) implying that
Tc must evolve with Ti and not be specified a priori at some constant value. In other words,
the temperature at the base of the conducting lid Tc evolves with the mantle temperature and
Tc is not a constant. Mantle convection evolves so as to maintain a temperature difference
below the conducting lid given by the characteristic rheological temperature difference. The
conducting lid (lithosphere) will thicken as the mantle cools but the temperature at the base
of the lid will also decrease with time. This effect will result in model lithospheres that are
thicker than those predicted in models where lid basal temperature is held fixed. An example
of this will be given in Chapter 14 when we discuss the thermal history of Mars.

Numerical calculations of steady, two-dimensional convection with strongly temperature
dependent viscosity for very large values of Ra0 show that transitions can occur among the
modes of variable viscosity convection. Hansen and Yuen (1993) have found a transition
from stagnant-lid convection to a small viscosity contrast regime at Ra0 around 107 for
fixed rμ = 103. In this small viscosity contrast regime at high Ra0, Nusselt numbers are
about 100 and surface temperatures are around 1,000 K or more. Such a mode of convection
might have been relevant to the early Earth shortly after the end of accretion when a dense
water-dominated atmosphere might have produced high surface temperatures through the
greenhouse effect (see Section 13.2.1 and references therein for a discussion of an early
massive water atmosphere near the end of accretion). This high Ra0 mode of convection
might also be relevant to mantle convection in Venus at present (surface temperature on
Venus is about 700 K).

Question 13.7: Has convection in the Earth’s mantle always occurred in the
small viscosity contrast regime?

13.6 Episodicity in the Thermal Evolution of the Earth

A major characteristic of the simple parameterized convection models of the Earth’s thermal
history presented in this chapter is the monotonic decline in mantle temperature, surface heat
flow, and convective vigor. While the Earth has undoubtedly undergone gradual cooling over
geologic time, there probably have been periods in Earth history when this secular decline
was interrupted by intervals of enhanced convective vigor and surface heat flow. For example,
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