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Viscosity of the Mantle

5.1 Introduction

5.1.1 Isostasy and Flow

By the end of the nineteenth century, it was generally accepted that the Earth’s solid interior
behaved like a fluid on geologic time scales. The simple fact that the sea surface (geoid)
and the solid surface of the Earth approximately coincide implies that the Earth’s interior is
nearly in hydrostatic equilibrium, a condition which can be maintained only by flow. This
behavior was further confirmed by the isostatic state of mountain belts, a consequence of
the low-density crustal roots beneath the mountains. Thus, the crust appears to float on a
fluid mantle like blocks of wood float in water. This fluid behavior of the mantle on long
time scales contrasts with the elastic behavior of the mantle on short time scales; the latter
behavior is responsible for the elastic propagation of seismic waves through the mantle with
relatively little attenuation. This combination of rheological behaviors may at first seem
implausible, but there are many other examples in Nature, such as the ice in glaciers. Ice
can transmit elastic waves on time scales of seconds, but ice is seen to flow on time scales
of years.

5.1.2 Viscoelasticity

We first consider a simple model for a material that behaves as an elastic solid on short time
scales and as a fluid on long time scales. For the elastic behavior we assume a linear relation
between the elastic strain ee and the stress τ :

ee = τ

E
(5.1.1)

where E isYoung’s modulus. For the fluid behavior we assume a linear Newtonian viscous
relation between the fluid strain ef and the stress τ :

def

dt
= τ

2μ
(5.1.2)

whereμ is the viscosity of the fluid. The Maxwell model for a viscoelastic material assumes
that the material rate of strain de/dt is the linear superposition of the elastic rate of strain
dee/dt and the fluid rate of strain def /dt with the result

de

dt
= dee

dt
+ def

dt
= 1

E

dτ

dt
+ 1

2μ
τ (5.1.3)
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This is the fundamental rheological law relating strain rate, stress, and time rate of change
of stress for a Maxwell viscoelastic material.
Consider the behavior of the viscoelastic material if a strain e0 is suddenly applied at

t = 0 and remains constant for t > 0. During the very rapid application of strain the time
derivative terms in (5.1.3) dominate and the material behaves elastically. Therefore, the
initial stress τ0 at t = 0+ is

τ0 = Ee0 (5.1.4)

Subsequently, there is no change in the strain, de/dt = 0, and (5.1.3) reduces to

0 = τ

2μ
+ 1

E

dτ

dt
(5.1.5)

This equation is integrated with the initial condition τ = τ0 at t = 0 to give

τ = τ0 exp

(
−Et

2μ

)
(5.1.6)

The stress relaxes to 1/e of its original value in a time 2μ/E. The viscoelastic relaxation
time tve is defined to be

tve ≡ μ

E
(5.1.7)

On time scales short compared with tve the material behaves elastically, and on time scales
long compared with tve the material behaves as a Newtonian viscous fluid. For the Earth’s
mantle it is appropriate to take E = 70GPa and μ = 1021 Pa s, and from (5.1.7) the
viscoelastic relaxation time for the mantle is tve = 450 yr. This model provides the expla-
nation for why seismic waves (time scales of 1–100s) propagate elastically and why mantle
convection (time scales of 1–100Myr) occurs in a fluid-like manner.
Although the fluid behavior of the mantle is well established, this does not require that

the mantle behave as a Newtonian viscous fluid as defined in (5.1.2). In general, a fluid can
have any functional relationship between strain rate and stress. In fact, most fluids are well
approximated by a power-law relation

de

dt
= Aτn (5.1.8)

where A is a rheological constant.
If n = 1 the fluid is Newtonian viscous and the rate of strain is linearly related to the

stress. Alternative mechanisms for the fluid behavior of crystalline solids give either linear
or power-law behavior with n ≈ 3.

5.1.3 Postglacial Rebound

There are basically two approaches to the quantification of the fluid behavior of the mantle.
The first involves observations of the mantle’s response to loads and the second involves
laboratory studies of the deformation of mantle minerals.
During glaciations large ice loads are applied to the Earth’s surface. These loads deform

the mantle on the same spatial scales and at the same rates as mantle convection, and can
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be viewed as natural viscometric experiments, from which the viscosity of the mantle can
be inferred. For example, the glacial loading of the Greenland ice sheet has depressed the
land surface beneath the ice sheet well below sea level. During the last ice age large parts of
North America, Europe, and Asia were covered by vast ice sheets. This ice age ended quite
abruptly some 10,000 years ago and the removal of the ice load led to a transient rebound of
the Earth’s surface in these regions. This postglacial rebound has been quantified by studies
of elevated shorelines (Figure 5.1). The inversion of postglacial rebound data to give the
radial distribution of mantle viscosity has been the primary source of information on the
fluid behavior of the mantle.
It should be emphasized that although it is common practice to give values of mantle

viscosity, it is not established that the mantle behaves as a linear viscous medium. Following
standard practice, we will generally describe the fluid behavior of the mantle in terms of its
“viscosity,” but it must be recognized that this may be an approximation to a more complex
fluid rheology. The fluid-like behavior of the solid mantle on long time scales is often termed
subsolidus flow or subsolidus creep and the viscosity of the mantle is often described as its
creep viscosity.

Figure 5.1. Elevated shorelines on Östergransholm, Eastern Gotland, Sweden. Photographer and copyright
holder, Arne Philip, Visby, Sweden; courtesy IGCP Project Ecostratigraphy.
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It is also important to note that the strain associated with postglacial rebound is much
smaller in magnitude than the strain associated with mantle convection. As a result of the
large difference in strain, it is possible that postglacial rebound represents a transient creep of
themantle, while mantle convection is controlled by the long-term viscosity of themantle. In
general, viscosity associated with transient creep is smaller than steady-state creep viscosity,
so the viscosity inferred from postglacial rebound may give only a lower bound for the
long-term viscosity of the mantle (Karato, 1998).

5.1.4 Mantle Viscosity and the Geoid

A second source of data on the fluid behavior of the mantle comes from the gravity or geoid
anomalies associated with mantle density anomalies. Mantle density anomalies contribute to
the gravity field in two ways. A local mass excess or deficit affects the gravity field directly.
It also forces a flow in the mantle which distorts the surface, the core–mantle boundary
and any internal density interfaces due to phase changes or compositional changes. These
boundary and interface distortions establish additionalmass anomalies that also contribute to
the gravity field. Since the induced mantle flow and boundary distortion depend on mantle
viscosity, comparison of observed gravity or geoid anomalies with those inferred from
mantle density anomalies constrains the viscosity of the mantle. The distribution of mass
due to the subduction of oceanic lithosphere can be estimated reasonably accurately, and the
associated gravity and geoid anomalies above subduction zones can be used to deducemantle
viscosity. Similarly, the distribution of mass anomalies in the mantle can be inferred from
mantle seismic tomography and global variations in gravity deduced therefrom. Comparison
of the inferred and observed gravity anomalies and geoid can be used to deduce the radial
profile of mantle viscosity.

5.1.5 Mantle Viscosity and Earth Rotation

A third source of data on the fluid behavior of the mantle comes from measurements of
the Earth’s rotation. Redistribution of mass on the Earth’s surface due to glaciation or
deglaciation changes the Earth’s moment of inertia. Since the Earth’s angular momentum
is conserved in this process, its angular velocity of rotation must change to compensate the
change in moment of inertia (angular momentum is the product of moment of inertia and
angular velocity). Redistribution of mass on the Earth’s surface leads to flow and further
mass redistribution in the mantle, additional changes in the Earth’s moment of inertia, and
further adjustments in the Earth’s spin. Measurement of the Earth’s rotation rate (length of
day) in response to these mass redistributions in the Earth measures mantle viscosity since
the mass adjustments are accomplished by flows controlled by mantle viscosity.

5.1.6 Laboratory Experiments

The strain rates typically associated with mantle convection are of the order of 10−15 to
10−14 s−1.While in principle it is possible to achieve such small strain rates in the laboratory,
the total strain will be extremely small. For example, even in a laboratory experiment with
a length scale of 10m and a time scale of 1yr, the strain is just 3 × 10−7 to 3 × 10−6 m.
When strains are so small it is not possible to guarantee that deformation is steady state.
Steady-state creep occurs only at relatively large strains (≥ 10−2), so laboratory experiments
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interested in the measurement of steady-state creep properties must be carried out at much
higher strain rates than occur in the mantle. Fortunately, mantle deformation mechanisms
are thermally activated so that they have a strong exponential dependence on the inverse
absolute temperature. Therefore, mantle rocks can be deformed in the laboratory at elevated
temperatures and at high strain rates, but the results must be extrapolated down to mantle
strain rates.

5.2 Global Isostatic Adjustment

Over the past two million years the Earth’s surface has been subject to repeated cycles of
glaciation and deglaciation. These cycles involve large shifts in the distribution of water
and ice, on time scales of 104–105 yr. The solid Earth responds to the time variable loading
that accompanies the shifting masses by internal deformations that change the shape of the
surface. The time rate of change in the shape of the Earth is controlled by the distribution
and time history of the load, and by the viscosity of the mantle.
Estimates of the viscosity of the mantle derived from loading phenomena require knowl-

edge of the applied load, and observations of the spatial and temporal distribution of the
Earth’s response. In the case of glacial isostatic adjustment, the most important data are
curves of relative local sea level over the past 15,000 years. These records contain informa-
tion on both the change in seawater volume and the change in elevation due to deformation of
the surface that accompanied the most recent melting event, which began about 18,000 years
ago and ended about 6,000 years ago. In the northern hemisphere there were two major
ice sheets, the Laurentide ice sheet centered over Hudson’s Bay and the Fennoscandian ice
sheet centered over Scandinavia (Figure 5.2). The uplift history of the Fennoscandian ice
sheet was first established by Nansen (1928) using the elevations of raised beaches in the
Gulf of Bothnia. (Fjridorf Nansen, polar explorer and oceanographer, is best known for
his attempts to reach the North Pole, his discovery of the Ekman circulation, and his work
on behalf of World War I refugees which earned him the Nobel peace prize. He was also
a pioneer in glacial geomorphology.) It was immediately recognized that the time con-
stant for uplift is proportional to mantle viscosity (Daly, 1934), and two alternative models,
whose relative merits remain to this day a focus for debate, were proposed. Haskell (1935,
1937) determined the response of a uniform viscous half-space to surface loading, and
applied this model to Nansen’s uplift data from the center of the Fennoscandian ice sheet
to obtain a mantle viscosity μ = 1021 Pa s. This number has survived five decades and
numerous later studies; it remains the canonical value for the viscosity of the mantle as a
whole.
Van Bemmelen and Berlage (1935) presented an alternative approach to the rebound

problem. They assumed that flow could be confined to a thin asthenospheric channel. This
model implies that the viscosity varies substantially with depth through the mantle and,
furthermore, is low in the region below the lithosphere, the asthenosphere.Within the interior
of the loaded region this model reproduces observations as well as the half-space model.
However, at the margins of the load the two models give very different rebound records and
the half-space model is in much better agreement with observations (Cathles, 1980).
The problem of inferring mantle viscosity from observations of postglacial rebound has

an extensive literature. Comprehensive reviews of this problem can be found in Walcott
(1973), Cathles (1975), Peltier (1974, 1989), and Lambeck and Johnston (1998). Here we
present the essential elements of the whole mantle and channel response models, and discuss
how the predictions of each compare with the observations.
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Figure 5.2. Deglaciation chronology for Laurentia (left) and Fennoscandia (right) fromWu and Peltier (1983).

5.2.1 Deformation of the Whole Mantle by a Surface Load

5.2.1.1 Half-space Model

We first consider the deformation of a mantle with a constant viscosity μ. If the horizontal
scale of the glacial load is small compared with the radius of the Earth, it is appropriate
to consider the flow in a semi-infinite, viscous fluid half-space (y > 0). The process of
subsidence and rebound under the loading and unloading of an ice sheet is illustrated in
Figure 5.3. In this approximate solution we assume that the load is removed instantaneously
at t = 0 and that the initial displacement of the surface wm is a periodic function of the
horizontal coordinate x given by

wm = wm0 cos 2πx/λ (5.2.1)

where λ is the wavelength and wm � λ. The displacement of the surface w leads to a
horizontal pressure gradient due to the hydrostatic load. When the surface is displaced
upward (negative w), the pressure is positive. This corresponds to a positive load, and fluid
is driven away from this region as the displacement decreases.When the surface is displaced
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Figure 5.3. Subsidence due to glaciation and the
subsequent postglacial rebound.

downward (positive w), the pressure is negative. This corresponds to the case when a load
has been removed and fluid is driven into this region as the displacement decreases.
The return of the surface to an undeformed (w = 0) state is governed by the viscous flow

in the half-space. For a very viscous, incompressible fluid, inertia can be neglected and the
governing equations for a two-dimensional flow are

∂ux

∂x
+ ∂uy

∂y
= 0 (5.2.2)

0 = −∂p

∂x
+ μ

(
∂2ux

∂x2
+ ∂2ux

∂y2

)
(5.2.3)

0 = −∂p

∂y
+ μ

(
∂2uy

∂x2
+ ∂2uy

∂y2

)
(5.2.4)

where p is pressure and ux and uy are the horizontal and vertical components of velocity,
respectively. A full derivation of these equations is given in Chapter 6 (see (6.2.6) and
(6.5.9)). With the introduction of the stream function (6.3.2)

ux = ∂ψ

∂y
, uy = −∂ψ

∂x
(5.2.5)

so that (5.2.2) is automatically satisfied, the pressure can be eliminated from (5.2.3) and
(5.2.4), resulting in a single equation, the biharmonic equation, for the stream function

0 = ∂4ψ

∂x4
+ 2 ∂4ψ

∂x2∂y2
+ ∂4ψ

∂y4
= ∇4ψ (5.2.6)
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Since the initial surface displacement is of the form cos 2πx/λ, it is reasonable to antic-
ipate that ψ must also vary periodically with x in a similar fashion. However, since ψ and
w are not simply related, it is a priori uncertain whether ψ varies as cosπx/λ, sin 2πx/λ,
or some combination thereof. It turns out that ψ is directly proportional to sin 2πx/λ; we
assume this at the outset to simplify the discussion. However, it would only require some
additional algebra to carry through the solution assuming that ψ is an arbitrary combination
of sin 2πx/λ and cos 2πx/λ. Thus we apply the method of separation of variables and take

ψ = sin 2πx

λ
Y (y) (5.2.7)

where Y (y) is to be determined. By substituting this form ofψ into the biharmonic equation
(5.2.6), we obtain

d4Y

dy4
− 2

(
2π

λ

)2
d2Y

dy2
+
(
2π

λ

)4
Y = 0 (5.2.8)

Solutions of the constant coefficient linear differential equation for Y are of the form

Y ∝ exp(my) (5.2.9)

If this function is substituted for Y in (5.2.8), one finds that m is a solution of

m4 − 2
(
2π

λ

)2
m2 +

(
2π

λ

)4
=
(

m2 −
(
2π

λ

)2)2
= 0 (5.2.10)

or

m = ±2π
λ

(5.2.11)

These two values of m provide two possible solutions for Y :

exp

(
2πy

λ

)
and exp

(−2πy

λ

)

Since the differential equation forY is of fourth order, the two solutions above are incomplete.
Two additional solutions are required. It can be verified by direct substitution that

y exp

(
2πy

λ

)
and y exp

(−2πy

λ

)

also satisfy (5.2.8). The general solution for Y is the sum of these four solutions; it can be
written as

ψ = sin 2πx

λ

(
Ae−2πy/λ + Bye−2πy/λ + Ce2πy/λ +Dye2πy/λ

)
(5.2.12)

where the four arbitrary constants A, B, C, D are determined by the appropriate boundary
conditions.
We first require the solution to be finite as y →∞ so that C = D = 0. The formula for

the stream function simplifies to

ψ = sin 2πx

λ
e−2πy/λ (A+ By) (5.2.13)
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The velocity components ux and uy can be obtained by differentiating ψ according to
(5.2.5). We find

ux = sin 2πx

λ
e−2πy/λ

{
2π

λ
(A+ By)− B

}
(5.2.14)

and

uy = 2π

λ
cos

2πx

λ
e−2πy/λ (A+ By) (5.2.15)

Since the part of the mantle that behaves like a fluid is overlain with a rigid lithosphere,
we force the horizontal component of the velocity to be zero at y = w; that is, we apply the
no-slip condition at the upper boundary of the fluid half-space. However, because the vertical
displacement of this boundary is small, w � λ, it is appropriate to apply this condition at
y = 0. By setting ux = 0 at y = 0 in (5.2.14), we find that

B = 2πA

λ
(5.2.16)

and

ψ = A sin
2πx

λ
e−2πy/λ

(
1+ 2πy

λ

)
(5.2.17)

ux = A

(
2π

λ

)2
ye−2πy/λ sin

2πx

λ
(5.2.18)

uy = A
2π

λ
cos

2πx

λ
e−2πy/λ

(
1+ 2πy

λ

)
(5.2.19)

In order to evaluate the final constant A, it is necessary to equate the hydrostatic pressure
head associated with the topographyw to the normal stress at the upper boundary of the fluid
half-space. The former quantity is−ρgw, and the latter, from (6.15.2), is p−2μ (∂uy/∂y

)
.

Because the surface displacement is small, it is appropriate to equate these stresses at y = 0:

−ρgw = p − 2μ ∂uy

∂y
at y = 0 (5.2.20)

To apply condition (5.2.20)wemust first calculate the pressure and the displacement aty = 0.
The pressure can be found by inserting (5.2.18) for ux into the horizontal force balance

(5.2.3). One obtains

∂p

∂x
= −2μA

(
2π

λ

)3
sin

2πx

λ
(5.2.21)

on y = 0. This can be integrated with respect to x to give

p = 2μA

(
2π

λ

)2
cos

2πx

λ
(5.2.22)

ony = 0.Wealsoneed (∂uy/∂y
)
ony = 0 for (5.2.20). This is easily foundbydifferentiating

(5.2.19) with respect to y and then evaluating the result on y = 0. We get
(
∂uy

∂y

)

y=0
= 0 (5.2.23)
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Condition (5.2.20) thus simplifies to

wy=0 = −2μA

ρg

(
2π

λ

)2
cos

2πx

λ
(5.2.24)

The surface displacement w is related to the velocity field by the fact that the time
derivative of w is just the vertical component of the surface velocity

(
∂w

∂t

)

y=w

= uy(y = w) (5.2.25)

Again, since the vertical displacement of the surface is small (w � λ), we can write

(
∂w

∂t

)

y=0
= uy(y = 0) (5.2.26)

From (5.2.19) we have

uy(y = 0) = A
2π

λ
cos

2πx

λ
(5.2.27)

so that
(
∂w

∂t

)

y=0
= A

2π

λ
cos

2πx

λ
(5.2.28)

By combining (5.2.24) and (5.2.28), we find that w at y = 0 satisfies
∂w

∂t
= −w

λρg

4πμ
= −w

λg

4πν
(5.2.29)

This can be integrated, with the initial condition w = wm at t = 0, to give

w = wm exp

(−λρgt

4πμ

)
= wm exp

(−λgt

4πν

)
(5.2.30)

The surface displacement decreases exponentially with time as fluid flows from regions
of elevated topography to regions of depressed topography. Equation (5.2.30) can be
rewritten as

w = wme−t/τr (5.2.31)

where τr , the characteristic time for the exponential relaxation of the initial displacement,
is given by

τr = 4πμ

ρgλ
= 4πν

gλ
(5.2.32)

The viscosity of the mantle can be estimated from (5.2.32) once the relaxation time for
postglacial rebound has been determined.
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5.2.1.2 Spherical Shell Model

An analytic solution to the postglacial rebound problem is also possible for a spherical shell
of incompressible, constant viscosity fluid. With the neglect of buoyancy forces, we can
transform the equation of motion (see Chapter 6)

− ∂p

∂xi
+ ∂τij

∂xj
= 0 (5.2.33)

into a global energy balance bymultiplying each term by the fluid velocity ui and integrating
over the shell. The result is

∫

Ac

uipdAi −
∫

As

uipdAi +
∫

As

uiτij dAj

−
∫

Ac

uiτij dAj −
∫

V

ėij τij dV = 0 (5.2.34)

where V is the shell volume, A is the area of a bounding surface, τij and ėij are stress
and strain rate tensors, respectively, p is pressure, and the subscripts c and s refer to inner
(core) and outer (surface) boundaries. For zero horizontal motion on the upper surface, as
is appropriate for the lithosphere, and for an unperturbed inner surface, only the second
and last terms in (5.2.34) contribute. The last term is the negative of the viscous dissipation
function	 (see Chapter 6). Further, we can write the surface vertical velocity ur in terms of
the change in surface elevation h and the pressure on the reference outer surface r = rs as

ur(rs) = ∂h

∂t
(5.2.35)

and

p(rs) = ρmgh+ σs (5.2.36)

where σs is the surface normal load, ρm is the mantle density, and g is the acceleration of
gravity. Then (5.2.34) becomes

∫

As

(
ρmg

2

∂h2

∂t
+ σs

∂h

∂t

)
dA = −	 (5.2.37)

Here it is convenient to introduce spherical harmonic components. For each spherical
harmonic of degree l, the terms in (5.2.37) are approximately

∫

As

ρmg

2

(
∂h2

∂t

)
dA 
 ρmgr2s

2
Yl

dh2l

dt
(5.2.38)

and

	l 
 μl(l + 1)(rs − rc)Yl

(
dhl

dt

)2
(5.2.39)

where rc is the core radius and Yl is a spherical harmonic of degree l. Substitution of (5.2.38)
and (5.2.39) into (5.2.37) yields

dhl

dt
+ hl

τl
= 0 (5.2.40)
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for the case of postglacial rebound where σs = 0 and

τl ≡ μl(l + 1)(rs − rc)

ρmgr2s
(5.2.41)

The rebound is evidently exponential for each spherical harmonic of the initial loading,
with τl the relaxation time constant. Equation (5.2.41) is the spherical shell analogue of
(5.2.32) with l(l+1)(rs− rc)/r

2
s playing the role of 4π/λ. Either (5.2.32) or (5.2.41) can be

inverted to give mantle viscosity once τr or τl is determined from observations of postglacial
rebound.

5.2.1.3 Postglacial Relaxation Time and Inferred Mantle Viscosity

Quantitative information on the rate of postglacial rebound can be obtained from elevated
beach terraces (Table 5.1). Wave action over a period of time erodes a beach to sea level.
If sea level drops or if the land surface is elevated, a fossil beach terrace is created. The
age of a fossil beach can be obtained by radioactive dating using carbon 14 in shells and
driftwood. The elevations of a series of dated beach terraces at the mouth of the Angerman
River in Sweden are given in Figure 5.4. The elevations of these beach terraces are attributed
to the postglacial rebound of Scandinavia since the melting of the ice sheet. The elevations
have been corrected for changes in sea level. The uplift of the beach terraces is compared
with the exponential time dependence given in (5.2.31). We assume that the uplift began
10,000yr ago so that t is measured forward from that time to the present. We also assume
that wm0 = 300m with 30m of uplift to occur in the future; that is, we take w = 30m at
t = 104 yr, the present. The solid line in Figure 5.4 is obtained with tr = 4,400 yr. Except
for the earliest times, there is quite good agreement with the data.
This value of the relaxation time can be used to obtain a viscosity for the mantle using

(5.2.32). For the glaciation of Fennoscandia, a reasonable value for the wavelength is
λ = 3,000 km. With p = 3,300 kgm−3 and g = 10ms−2 along with tr = 4,400 yr,
we find that μ = 1.1× 1021 Pa s. A similar result would be obtained using (5.2.41) if spher-
ical harmonic degree l = 7 is associated with the Fennoscandian ice sheet. Haskell (1935,
1936, 1937) originally obtained 1021 Pa s for the viscosity of the mantle using postglacial
uplift data for Fennoscandia.
The above simple models are obviously only crude approximations of the actual recovery

process, because they ignore the effects of mantle structure and the details of the ice loading.
Nevertheless they are rather robust estimates. Since the problem is linear, solutions can be
superimposed in order to consider other distributions of surface displacement. Later in this

Table 5.1. Postglacial Rebound Data

Quantity Laurentide Fennoscandia

Length (km) 4,000 2,250
Width (km) 2,500 1,350
Harmonic degree, l 6 8
Melting begins, 103 yr before the present 18 18
Melting ends, 103 yr before the present 6.5 8.5
Present central uplift rate, mmyr−1 3–10 9
Relaxation time, 103 yr 2.6 4.4
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Figure 5.4. Uplift of the mouth of the Angerman River, Sweden, as a function of time before the present
compared with the exponential relaxation model (5.2.31) for wm0 = 300m less 30m of uplift yet to occur,
τr = 4,400 yr, and an initiation of the uplift 10,000yr ago.

section we review the modern analyses of this problem, which are based on essentially the
same model, but include compressibility, elasticity, and the cyclical redistribution of load
from ice to seawater and back to ice. These also yield μ 
 1–2×1021 Pa s for the global
average mantle viscosity.

5.2.2 Ice Load Histories and Postglacial Sea Levels

The ice loads associated with glaciations have complex histories in terms of both thickness
and spatial extent. Figures 5.2 and 5.5 show the pattern of the latest retreat of the margins
of the Fennoscandian and Laurentian ice sheets, the two largest Pleistocene ice sheets in
the northern hemisphere. It has been estimated that the Laurentian ice mass reached about
2×1019 kg at the height of glaciation, at about 18,000yr ago, and the Fennoscandian icemass
reached 0.6 × 1019 kg at approximately the same time (Walcott, 1972a, b, 1973). Smaller
ice sheets were present at that time along the northern margin of Eurasia. In the southern
hemisphere, it is thought that the West Antarctic ice sheet was larger at that time than it is
today, perhaps by asmuch as 0.6×1019 kg. The ice thickness is thought to have reached 2km
in Canada and about 1km in Scandinavia. Instantaneous melting of all of these ice sheets
would add about 130m to the ocean depth. The change in relative sea level at a particular
site after deglaciation depends on its position relative to the melting ice masses. Figure 5.6
shows some data on relative sea level versus time from coastal sites in North and South
America. At locations within the sheet, there is only uplift (emergence); the sea level curve
is essentially an exponential function of time since the removal of the load. At locations
near the margin of the ice load, the history consists of an initial emergence, followed by
submergence. At locations far removed from the load, sea level history consists of a sudden
submergence, followed by a slow emergence.
The behavior at sites within the perimeter of the ice load and at sites very distant from it

are easy to interpret in terms of the viscous adjustment of the mantle to ice melting. Within
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Figure 5.5. Present-day rates of submergence and emergence along the east coast of NorthAmerica as inferred
by Walcott (1972a). Contours are smoothed fits to data points.

the ice perimeter, removal of the surface load creates low pressure in the underlying mantle;
the surface uplifts in response to converging flow in the mantle. Far from the ice loads, the
increase in seawater volume first causes submergence; later, the redistribution of the load
from ocean to continent results in a gradual emergence.
Sites close to the ice margin have a more complex history, which depends on both the ice

load history and on radial variations in mantle viscosity. The sensitivity to mantle viscosity
structure is illustrated in Figure 5.7 (Cathles, 1975). For the half-space (deep flow) model,
long-wavelength anomalies relax more rapidly than short-wavelength anomalies. There is
rapid uplift at the center of the low and the boundaries relax slowly. For the channel flow
model, short-wavelength anomalies relax more rapidly than long-wavelength anomalies.
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The margins relax rapidly and the central rebound is slow. The behavior at the margin C is
quite different for the twomodels. For the deep flowmodel there is uplift, and for the channel
flow model there is subsidence. Studies using a non-Newtonian viscosity give results that
are similar to the channel flow models.

5.2.3 Evidence for a Low-viscosity Asthenosphere Channel

If there exists a low-viscosity channel or asthenosphere below which the viscosity is much
larger, then in certain cases the isostatic adjustment to changes in the pattern of surface loads
can be confined to within the channel. This leads to a rather different surface uplift pattern
compared to the predictions of the isoviscous mantle model.
The classical channel model assumes that flow is confined to a horizontal channel with

a thickness S which is confined between no-slip parallel boundaries, representing the litho-
sphere above and the more viscous mantle below. For simplicity, we allow uplift of the
lithosphere but no uplift of the lower boundary. With the assumption that flow in the
asthenosphere is entirely driven by horizontal pressure gradients associated with gradients
in surface elevation and the applied surface load, the volume flux in the asthenosphere q can
be written as

q = −ρmgS3

12μ
∇H

(
h+ σs

ρmg

)
(5.2.42)

where the subscriptH refers to horizontal coordinates. Herewe have taken the asthenosphere
viscosityμ as constant. The conservation of mass equation (see Chapter 6) integrated across
the channel is

∂h

∂t
= −∇H · q (5.2.43)

Elimination of the volume flux from (5.2.42) and (5.2.43) results in a diffusion equation for
the relative elevation

∂h

∂t
−D∇2Hh = D∇2H

(
σs

ρmg

)
(5.2.44)

where

D = ρmgS3

12μ
(5.2.45)

is the viscous diffusion coefficient of the asthenosphere channel. In thismodel, the depression
left by the melting ice diffuses with a time constant tD = (k2D)−1, where k is the wave
number of the ice load.
Figure 5.7 illustrates the difference in uplift predicted for the whole mantle (deep flow)

and the asthenosphere (channel flow) rebound models. In the whole mantle rebound model,
the rate of uplift varies inversely with the wave number of the load for the half-space geom-
etry or inversely with the square of the spherical harmonic degree for the spherical shell
geometry; thus, the rebound occurs fastest on the largest scales. In contrast, the response of
a thin channel is diffusive, with the highest wave numbers (smallest scales) decaying fastest
(tD ∝ k−2 so that tD → 0 as k →∞).
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Another difference between the two models occurs near the margin of the ice load. In
the thin channel model, unloading produces a noticeable peripheral trough, the result of
spatially variable horizontal flow in the channel, whereas unloading in the whole mantle
model results in primarily vertical flow beneath the depressed region, horizontal flow at
great depth, and only a very small peripheral bulge. Despite the fact that sea level data did
not showmuch evidence of the peripheral trough, the channel flowmodel was quite popular,
because it predicted that 200m of uplift remained near the center of the Fennoscandian ice
load, seemingly consistent with the observed negative gravity anomalies over that region. In
contrast, the whole mantle response model analyzed by Haskell (1935) predicted that only
about 20m of uplift remained for Fennoscandia. However, these figures are based on the
assumption that complete isostatic equilibrium was in place at the time the ice caps began
to melt. We now know that this was not the case, and consequently any estimate of the
remaining uplift must take into account several cycles of glacial loading and unloading, not
just the last half cycle. When several cycles are included, the amount of remaining uplift is
reduced in all models, compared with the amount deduced from assuming initial isostatic
equilibrium.
Despite the fact that postglacial rebound of the two major ice caps in the northern hemi-

sphere can be explained by the response of an isoviscous mantle, there is evidence from
other aspects of the postglacial adjustment phenomenon for the presence of a low-viscosity
asthenosphere. One example is the rebound around Lake Bonneville, the Holocene lake of
which the present Great Salt Lake is a remnant. The removal of the relatively confined Lake
Bonneville load (only a few hundred kilometers in diameter) resulted in flow confined to
the upper few hundred kilometers of the mantle. Uplift rates there indicate an elastic lid with
a thickness of 23± 2 km and an asthenosphere viscosity of only about 1020 Pa s or less to a
depth of at least 300km (Crittenden, 1963; Cathles, 1975, 1980; Nakiboglu and Lambeck,
1983; Bills and May, 1987; Bills et al., 1994). As pointed out by Bills et al. (1994), fossil
shorelines associated with Lake Bonneville were first recognized by Gilbert (1890), who
correctly interpreted their elevations as due to rebound following the removal of the load
supplied by the lake. Gilbert (1890) used the shoreline elevations to calculate the thickness
of an elastic plate under Lake Bonneville (he obtained 50km for the thickness) and also
considered the possibility of inelastic material behavior beneath the plate, though he did not
attempt a quantitative description of it.
Another indication of an asthenosphere channel comes from differential uplift detected at

sites far from the ice load. Differential uplift is an edge effect, most evident along continental
margins. Figure 5.8 illustrates differential uplift between two continental sites, one directly
on the coast, the other some distance up a coastal inlet. Loading of the ocean by meltwater
drives a flow from the suboceanicmantle to the subcontinental mantle; if this flow is confined
to an asthenospheric channel, the response will not be simultaneous at the two sites, and
the phase lag between the uplift at the two sites provides a measure of the channel diffusion
coefficient.
The phase lag expected for a uniform asthenosphere channel can be calculated analytically

from (5.2.44) for an infinitely long, straight coastline, as shown in Figure 5.8. If a layer of
meltwater with thickness �w is added to the ocean at time t = 0, the surface loading in
(5.2.44) can be expressed as

σs = ρwg�wH(x) (5.2.46)

where ρw is the water density and H(x) is the Heaviside step function with x denoting
horizontal distance. The solution of (5.2.44) and (5.2.46) when h = h0 prior to loading is
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Figure 5.8. Diagram illustrating the surface response to sea level rise accompanying continental deglaciation
along a continental margin far from the glaciated region.
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�h = h(x, t)− h0 = −ρw�w

ρm

(
x√
πDt

exp

(−x2

4Dt

)
+ 1

2
erfc

(
x

2
√
Dt

))
(5.2.47)

The first term is a transient; the second term contains the isostatic sea level changes

�h→±ρw�w

2ρm

(5.2.48)

for the ocean and continent, respectively.According to (5.2.47), the peripheral bulge diffuses
into the continental interior at a rate

dx

dt
=
√

D

t
(5.2.49)

Nakada and Lambeck (1989) and Lambeck and Nakada (1990) have used observations of
differential uplift on themargin ofAustralia andbeneath ocean islands to infer the existence of
an asthenosphere channel with a rather low viscosity. They obtain a viscosity μ = 1020 Pa s
for the upper mantle beneath ocean islands and μ = 2 × 1020 Pa s in the upper mantle
beneath continental margins far from the ice load. In either case, the inferred upper mantle
viscosity is below the canonical value estimated for the whole mantle from rebound beneath
and adjacent to ice loads.
There are other indications, not involving surface rebound after load removal, that

asthenospheric material with viscosity 1020 Pa s or less exists in some locations beneath
the lithosphere. One of these is the mantle upwelling that occurs at plate boundaries known
as leaky transforms. Some predominantly transform boundaries such as the Dead Sea and
Salton Trough–Gulf of California transforms have limited amounts of plate separation along
strike. These transforms are leaky since new area forms along them. On the surface this
produces prominent transform valleys or depressions that are associated with strike–slip
faults and rhomb-shaped pull-apart basins. At depth the small lateral plate separation forms
a vertical crack through the lithosphere. The crack must be filled by rising asthenosphere
as rapidly as it opens. This places an upper limit on the viscosity of the infilling material
because too viscous asthenosphere could not keep pace with geologically documented gap
opening rates. Schubert and Garfunkel (1984) used a lubrication theory model of the rise of
a viscous fluid into a slowly widening crack to place an upper limit on the viscosity μ of the
material given by

μ ≤ gρmH 2tS

24l
(5.2.50)
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where g is the acceleration of gravity, ρm is the density of asthenospheric material, H is the
full or present crack opening, tS is the total time in which the opening occurred, and l is the
height of material in the crack above the base of the adjacent plates (isostasy requires l =
ρlL/ρm, where ρl is the density of the lithosphere and L is plate thickness). Application of
(5.2.50) to the leaky sections of the Dead Sea transform (H = 7 km, tS = 5Myr) constrains
the viscosity of the asthenosphere beneath this region to be less than about 1.5 × 1020 Pa s
(Schubert and Garfunkel, 1984).
Schubert and Hey (1986) used the theory for the rise of asthenospheric material into

a slowly widening lithospheric crack to estimate the viscosity of the asthenosphere beneath
the propagating tip of the Galapagos rift system at 95.5◦W. Rift propagation involves both
extension of the rift in the axial direction and opening of the rift perpendicular to its strike.
The widening crack near the rift tip must be filled by mantle material upwelling from the
asthenosphere. The rift cannot extend orwiden faster thanmantlematerial can flow to occupy
the crack.Accordingly, the rate of extension andwidening near the rift tip is controlled by the
viscosity of upwelling mantle material, and the history of rift propagation and opening can
be used to constrain asthenosphere viscosity. Detailed geophysical surveys in the vicinity
of the Galapagos 95.5◦W propagating rift tip have established the opening history of the
rift and its velocity of propagation. These data have been applied to (5.2.50) with the result
that asthenospheric viscosity beneath the rift tip must be less than about 1017–1018 Pa s
(Schubert and Hey, 1986). Indeed, rift propagation would probably cease if the rift runs
into asthenosphere much more viscous than 1018–1019 Pa s. The temporal evolution of some
plate boundaries requires there to be a very low viscosity asthenosphere beneath them.

Question 5.1: Is there a low-viscosity asthenosphere beneath some plates? What
is the viscosity of the asthenospheric material?

5.3 Changes in the Length of Day

Sudden melting of the polar ice caps and the simultaneous rise in sea level increases the
moment of inertia of the Earth by about one part in 1011 per meter of sea level rise (Munk
and MacDonald, 1960). Over time the mantle adjusts by viscous flow due to the increased
surface load from the added seawater, and the change in moment of inertia brought about by
Holocene melting is gradually being reduced.Accompanying this slow reduction in moment
of inertia is an increase in the Earth’s spin rate, called the secular acceleration. The secular
acceleration gives the time constant for isostatic adjustment to a spherical harmonic degree
2 surface load, and so provides an independent measure of mantle viscosity on the largest
scale.
With isostatic adjustment included, the secular acceleration (denoted by subscript s) is

related to changes in relative sea level h through

1

�

(
d�

dt

)

s

= −a
dh∗

dt
(5.3.1)

dh∗

dt
+ h∗

t2
= dh

dt
(5.3.2)
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where� is the Earth’s spin rate, a 
 10−11 m−1 is a factor of proportionality in (5.3.1), t2 is
the spherical harmonic degree l = 2 relaxation time constant, and h∗ is the sea level increase
multiplied by a factor equal to the fractional departure from isostatic equilibrium at time t .
Given the relative sea level history h(t) and the secular acceleration (d�/dt)s , the solution
to (5.3.1) and (5.3.2) can be inverted for t2. Dicke (1969) applied this method to estimates
of the secular acceleration derived from historical eclipse data and inferred a time constant
t2 
 1,000 yr, consistent with a relatively low value for the average mantle viscosity in the
neighborhood of 1021 Pa s. More recently, the secular acceleration has been inferred directly
from the time rate of change of the l = 2 spherical harmonic coefficient of the Earth’s
gravitational potential, the so-called J̇2. Yoder et al. (1983) have obtained J̇2 = −0.35 ±
0.03 × 10−10 yr−1 while Rubincam (1984) found J̇2 = −0.26 ± 0.05 × 10−10 yr−1 from
lunar laser ranging data. Devoti et al. (1997) have derived J̇2 = −0.25± 0.07× 10−10 yr−1
from satellite laser ranging to LAGEOS I and LAGEOS II for the time interval 1985–1996.
J̇2 is related to secular acceleration by

(
d�

dt

)

s

= −2�Ma2

3C
J̇2 (5.3.3)

whereM and a are Earth’s mass and equatorial radius, and C is Earth’s moment of inertia
about its rotation axis (Lambeck, 1988, p. 640).
The above formulas can be generalized to include additional mantle structure, including

the effects of a purely elastic lithosphere, density interfaces, and several layers of differ-
ing viscosity in the mantle. These changes result in a relaxation spectrum with several
relaxation time constants. Yuen et al. (1982), Yuen and Sabadini (1984), and Sabadini and
Yuen (1989) have performed numerous sensitivity analyses of layered models of mantle
viscosity to determine the constraints on viscosity structure implied by the present value
of J̇2. Interestingly, they find that two general classes of viscosity structure are consis-
tent with J̇2 being the result of glacial unloading at 6,000yr before the present. One
class consists of models with essentially constant viscosity, in which the lower mantle
viscosity is approximately equal to the upper mantle viscosity of 1021 Pa s, similar to
the canonical value derived from sea level data from glaciated regions. The other class
consists of models with lower mantle viscosities higher than this value, by a factor 10–
100. Yuen and Sabadini (1984) show that the resolving power of J̇2, which was generally
thought to extend through the whole mantle, is in fact limited to the region above 2,000km
depth.
More recently, Vermeersen et al. (1997) used a multilayered, incompressible, viscoelastic

Earth model based on PREM to infer mantle viscosity from J̇2 and true polar wander data
(see below). They find that the mantle above about 1,400km depth has an average viscosity
of 1021 Pa s while the mantle below that depth has a somewhat larger viscosity. However, if
the upper mantle and lower mantle are assigned separate viscosities, their model requires the
uppermantle viscosity to be only 1–5×1020 Pa s and the lowermantle viscosity to be a factor
of 25 times larger. In other words, the average mantle viscosity of 1021 Pa s determined by
Haskell (1935) pertains not just to the uppermantle, but to the upper approximately 1,400km
of the mantle (Cathles, 1975; Mitrovica, 1996).

5.4 True Polar Wander

Redistribution of water on the Earth’s surface by glaciation and deglaciation leads not only to
adjustments in the Earth’s spin rate, as discussed in the previous section, but also to changes
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Figure 5.9. Schematic illustrating the direction of
present true polar wander in relation to the Lauren-
tide and Fennoscandia ice sheets. After Vermeersen
et al. (1997).

in the orientation of the Earth’s rotation axis, so-called polar wander. While Earth’s angular
momentum vector remains fixed in inertial space during internal mass readjustments, its
rotation vector moves to accommodate changes in its inertia tensor brought about by the
mass redistributions. Motion of the pole of rotation relative to the mantle (represented by the
hot spot coordinate system) is referred to as true polar wander (TPW) to distinguish it from
apparent polar wander, the motion of the pole relative to surface features that could result
from movements of the plates. TPW is a direct result of motions in the mantle induced by
shifting loads at the Earth’s surface.
TPWcan occur on a variety of time scales, frommillions of years or longer to thousands of

years or less. TPW on the longer time scales can result from amyriad of changes to the plates
or the mantle (Ricard et al., 1992; Vermeersen and Vlaar, 1993; Vermeersen et al., 1994;
Spada et al., 1996; Richards et al., 1997; Steinberger and O’Connell, 1997). On the shorter
time scale, it is generally assumed that present TPW results from Pleistocene deglaciation.
However, there is uncertainty as to what fraction of present TPW might be due to longer
time scale mantle convection processes or even still shorter time scale processes associated
with present ice sheets (James and Ivins, 1997). This, of course, contributes to the difficulty
of inferring mantle viscosity from TPW data. Figure 5.9 shows that the direction of present
TPW, toward the Laurentian and Fennoscandian ice sheets, is consistent with Pleistocene
deglaciation as the cause of the motion.
Vermeersen et al. (1997) have used the TPW data of Dickman (1977) and McCarthy

and Luzum (1996) to infer the viscosity of the mantle. The theory and Earth model are
identical to those used in estimating mantle viscosity from J̇2. TPW and J̇2 data can be
used together or separately to infer mantle viscosity. The inferences about mantle viscosity
reached byVermeersen et al. (1997) (summarized in the previous section) are based on a joint
application of the TPW and J̇2 data.

5.5 Response to Internal Loads

Another method for inferring mantle viscosity structure comes from the interpretation of the
nonhydrostatic geoid in terms of the response of the Earth to internal density heterogeneity
within the mantle. With the advent of the first global models of seismic tomography, it was
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Figure 5.10. Illustration of the geoid
anomaly above a positive density anomaly
in the mantle. Left: Positive geoid anomaly
from density anomaly in a static (unde-
forming) layer with zero dynamic topogra-
phy. Center: Large negative geoid anomaly
and dynamic topography in a uniform vis-
cous layer. Right: Reduced negative geoid
anomaly and dynamic topography due to a
factor of 30 viscosity increase at mid-layer.
From King (1995a).
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noticed that long-wavelength geoid lows correlate with seismically fast and therefore pre-
sumably cold and heavy regions of the lowermantle, and, conversely, long-wavelength geoid
highs correlate with seismically slow and light lower mantle (Dziewonski et al., 1977). This
is the reverse of what would be expected in an undeformable Earth, where the geoid would
exhibit a positive correlation with internal density anomalies. The resolution of this apparent
paradox was given in an early paper by Pekeris (1935). The modern version of the theory
has been developed and applied to mantle viscosity structure using seismic tomography by
Hager and co-workers (Hager et al., 1985; Hager and Richards, 1989; Hager, 1991).
In order to calculate correctly the geoid due to mantle heterogeneity, it is necessary

to consider contributions from both the internal density anomaly itself and the boundary
deformations associated with flow induced by the anomaly. In the viscous mantle, stresses
induced by density heterogeneity deform all compositional interfaces in the mantle, most
importantly the surface (crust) and the core–mantle boundary. The net effect of internal
sources and boundary deformation on the geoid is shown schematically in Figure 5.10
from King (1995). Whereas the geoid is positive over a dense anomaly in a hypothetically
rigid mantle, it is strongly negative over a mantle with uniform viscosity, because the large
negative surface topography induced over the load dominates the geoid signal. In fact, this
situation results in too large a negatively correlated geoid. The simplest way to preserve the
negative correlation between density anomalies and geoid and at the same time correctly
model the observed geoid amplitude is to invoke a high-viscosity lower mantle, so that
the boundary deformation is concentrated at the core–mantle boundary, rather than at the
surface. This conclusion was reached by Hager (1984), Richards and Hager (1984), Ricard
andVigny (1989), and Thoraval and Richards (1997) who inferred a factor of 30 increase in
viscosity from the upper mantle to the lower mantle. Subsequent studies using basically the
same techniques have generally supported this conclusion (Ricard et al., 1989). For example,
Figure 5.11 compares the observed low degree geoid and the geoid calculated for a two-layer
model of the mantle using seismic heterogeneity. The two are in close agreement.
The geoid anomaly δV m

l from internal loads is calculated at each spherical harmonic
degree l and order m according to

δV m
l = 4πGre

(2l + 1)
∫ re

rc

K(r, μ)δρ(r)ml dr (5.5.1)
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Figure 5.11. Comparison of nonhydrostatic geoid (top) and geoid computed from lower mantle seismic hetero-
geneity and dynamic topography in a two-layer mantle model with a factor 30 increase in viscosity at 660km
depth (bottom). Shaded regions are negative; unshaded regions are positive relative to the hydrostatic geoid.
From Hager and Richards (1989).

where G is the gravitational constant, re is the Earth’s radius, rc is the radius of the Earth’s
core, δρ(r)ml is the density anomaly at each spherical harmonic degree and order, and K is
the geoid response kernel, calculated from the deformation produced by viscous flow due to
a surface density distribution at radius r , including the boundary deformation contributions.
To use this method, it is necessary to convert seismic heterogeneity to density heterogeneity.
The standard approach is to assume a linear relationship of the form

δρ(r)ml =
δρ

δv
δvm

l (5.5.2)
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where v is seismic velocity. The ratio δρ/δv can be estimated as part of the modeling proce-
dure, or it can be derived from mineral physics data. Typically, these two approaches yield
different values for the ratio. A rationalization of this difference is an important geophysical
objective, since it would remove a source of uncertainty in viscosity profile estimation as
well as provide an additional constraint on the mineralogy of the lower mantle.

Question 5.2: What is the relationship between density anomalies and seismic
velocity anomalies in the mantle?

There are two additional important points concerning the application of this technique
for mantle viscosity estimation. First, it yields information only on viscosity variations
through the mantle, not on absolute values of viscosity. Second, successful models that
include a highly viscous lower mantle also predict significant dynamic topography at the
surface, of the order of 2km variations (Richards and Hager, 1984; Ricard et al., 1989).
No such dynamical topography has been unequivocally identified despite several attempts.
Lack of observable dynamical topography at long wavelengths is a critical problem, since
the physical basis of the model is a direct cause-and-effect relationship between surface
topography and geoid anomalies.

Question 5.3: What is the dynamical topography associated with mantle
convection?

Aspects of the above approach can be simply illustrated for an internal mass load in
a two-dimensional half-space. As in Section 5.2.1.1 we take y as the depth coordinate with
y = 0 at the surface. The horizontal coordinate is x and we assume an internal mass load
of the form σd cos kx at depth y = d , where σd is mass per unit area and k = 2π/λ is
the horizontal wave number of the load. The internal load causes flow in the half-space and
topography at the surface, i.e., boundary deformation. The geoid anomaly arises from both
the internal mass load and the boundary deformation. Aside from the mass load at y = d,
the half-space has uniform density ρ and uniform viscosity.
Quantities of interest, such as surface deformation, can be determined by solving for the

flow using the methods of Section 5.2.1.1. For this problem, the solution is algebraically
complex and will not be carried out in detail here. For example, the flow field must be
determined in the regions 0 < y < d and y > d . The stream function in the region
0 < y < d is of the form (5.2.12) and involves four constants. The stream function in the
region y > d is of the form (5.2.13) and involves two additional constants. There are a total
of six constants to be determined by applying appropriate boundary conditions at the surface
and matching conditions at y = d. Richards and Hager (1984) have determined the surface
deformation to be

w = σd

ρ
cos kx (1+ kd) e−kd

(
1− e−t/τr

)
(5.5.3)

where τr is the relaxation time given in (5.2.32). Initially, the surface is undeformed.At long
times, t � τr , there is steady-state surface deformation given by

w (t →∞) = σd

ρ
cos kx (1+ kd) e−kd (5.5.4)
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Figure 5.12. Sketch of the flow and surface deformation in a viscous half-space due to an internal load with
areal mass density σd cos kx at depth y = d. Where the internal load is positive, the surface is deflected
downward, creating a negative mass anomaly at the surface. Modified from Hager and Richards (1989).

The time scale for approach to the steady-state surface deformation is the viscous relaxation
time τr of the half-space. Where the internal mass load is positive (σd cos kx > 0), w
is positive and the surface is deflected downward as seen in Figure 5.12. The “hole” at
the surface represents a negative mass anomaly that lies directly above the positive mass
anomaly of the internal load at y = d . Surface deflection is directly proportional to the
internal loading and decreases in amplitude as the depth of the loading increases.
The geoid anomalies due to the mass anomalies at the surface and at y = d can be

obtained from the equation for the gravity anomaly δgy due to a sheet mass of areal density
σ0 cos kx at y = 0:

δgy = 2πGσ0 cos kx eky (5.5.5)

where G is the gravitational constant (Turcotte and Schubert, 1982, p. 220). The gravity
anomaly decays exponentially with vertical distance (−y) above the mass sheet. The length
scale for the decay is k−1. The gravity anomaly is related to the geoid anomaly δV by

δgy = − ∂

∂y
δV (5.5.6)

Integration of (5.5.6) after substitution of (5.5.5) gives

δV = −2πGσ0

k
cos kx eky (5.5.7)

The geoid anomaly at the surface due to the surface loading given by (5.5.4) is, according
to (5.5.7),

δVsurface
load

(y = 0) = 2πGσd

k
cos kx (1+ kd)e−kd (5.5.8)

(the areal mass density at y = 0 due to surface deformation is −ρw (t →∞)). The geoid
anomaly at the surface (y = 0) due to the internal mass load at y = d is, from (5.5.7),

δVinternal
load

(y = 0) = −2πGσd

k
cos kx e−kd (5.5.9)

(a shift in coordinates is required in using (5.5.7)). The total geoid anomaly is the sum of
(5.5.8) and (5.5.9):

δV = 2πG

k
(kd) σd cos kx e−kd (5.5.10)
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The net contribution to the geoid anomaly comes from the negative mass anomaly at the
surface induced by the internal load. The negative mass anomaly at the surface more than
cancels the positive mass load at depth in contributing to the geoid anomaly. The geoid
anomaly approaches zero as the load approaches the surface (d → 0). The viscosity of
the half-space has no effect on the geoid anomaly, which is basically why the technique
discussed above for mantle viscosity determination measures only viscosity variations with
depth. The viscosity in this problem determines only the relaxation time scale on which the
internal load establishes the long-term surface deflection.

5.6 Incorporation of Surface Plate Motion

The two-layer viscosity structure obtained from applications of seismic tomography to the
nonhydrostatic geoid is at variancewithmost publishedmodels of viscosity structure derived
from postglacial rebound. The former approach yields a relatively high viscosity lower man-
tle separated at 660–1,200km depth from a relatively low viscosity upper mantle, while the
latter procedure gives a more uniform viscosity structure (see Table 5.2). In principle, addi-
tional constraints on mantle viscosity come from a consideration of horizontal forces, in
particular the tractions on the base of the lithosphere that govern plate motions. It is theo-
retically possible to deduce the absolute viscosity of the mantle by modeling plate motions,
since the velocities of plates are a result of the balance between density heterogeneity driving
forces and viscous stresses resisting motion.
Several different procedures have been used to incorporate plate motion, but the basic

principle behind all of them is the linear superposition of results from two viscous flow
calculations, one with a rigid upper boundary condition that uses the observed distribution
of subducted slabs and mantle seismic heterogeneity as the driving density heterogene-
ity, and another flow driven solely by the observed plate motions. By adjustment of the
radial viscosity structure, solutions can be found that yield, to some approximation, zero
net torque on each lithospheric plate. Ricard and Vigny (1989) and Forte et al. (1991)
have explored this method and find that the coupling between plate motions and lower
mantle heterogeneity is rather weak; plates are primarily driven by slabs and resisted by
upper mantle viscous forces, whereas the long-wavelength geoid is mostly sensitive to
lower mantle density heterogeneity and viscosity. In addition, there is a large uncertainty
in the upper mantle viscosity derived from modeling plate motions, stemming from the

Table 5.2. Two-layer Mantle Viscosity Models

Data Lithosphere Upper Mantle Lower Mantle
Thickness Viscosity Viscosity

(km) (Pa s) (Pa s)

Postglacial rebound1 120 1× 1021 4.5× 1021
Geoid2 100 2× 1019 6× 1021
Geoid and plate velocities3 100 2.6× 1020 1.3× 1022
Continental margins4 75 2× 1020 7.5× 1021
Ocean Islands5 50 1× 1020 1× 1022
1Mitrovica and Peltier (1991), 2Hager and Richards (1989), 3Ricard and Vigny (1989),
4Lambeck and Nakada (1990), 5Nakada and Lambeck (1989).
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numerous simplifying assumptions that are invoked in order to simulate plates with a vis-
cous fluid model. These include neglect of edge forces such as fault resistance and neglect
of lateral variations in viscosity, which are especially significant near plate margins. Nev-
ertheless, consideration of plate motions seems to constrain the upper mantle viscosity
to a value near 1020 Pa s, in reasonable agreement with the results of postglacial rebound
studies.

5.7 Application of Inverse Methods

Most studies of mantle viscosity yield viscosity structures that agree within about an order
of magnitude. The principal disagreement concerns the difference in viscosity between the
upper mantle and the lower mantle. A number of these studies are summarized in Table 5.2.
Arguments favoring a near-uniform viscositymantle based on deglaciation studies have been
given by Tushingham and Peltier (1992), who suggestμ = 1021 Pa s in the upper mantle and
μ = 2×1021 Pa s in the lower mantle. Arguments favoring an order of magnitude difference
in viscosity between the upper mantle and the lower mantle, also based on glaciation studies,
have been given by Lambeck et al. (1990), who suggest μ = 3–5 × 1020 Pa s in the upper
mantle and μ = 2–7× 1021 Pa s in the lower mantle. Again, based on glaciation studies, it
is concluded that the viscosity of the mantle falls in the range 0.65–1.10 × 1021 Pa s from
the base of the lithosphere to a depth of 1,400km; Mitrovica and Peltier (1995) argue that
the lower mantle viscosity is in the range 0.5–3 × 1021 Pa s, and Peltier and Jiang (1996)
suggest that the deepest part of the mantle has a factor of 10 higher viscosity than the upper
part of the lower mantle. Peltier (1996a) and Lambeck and Johnston (1998) have reviewed
many of these results.
Motivated by the disparities among mantle viscosity models, a number of authors have

attempted to use the formalismof inverse theory to establish some reliable bounds on the class
of acceptable viscosity structures. King (1995a) has organized the main results of inversions
that rely primarily on data from plate motions, postglacial rebound, and the geoid. These
are summarized in Figures 5.13–5.15.
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Figure 5.13. Suite of five-layer mantle
viscosity profiles obtained by Forte et
al. (1991) using mantle heterogeneity from
seismic tomography and plate velocities.
The preferredmodel is shownby the dashed
line. The viscosity scale factor is 1021 Pa s.
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Figure 5.13 shows viscosity profiles obtained by Forte et al. (1991) from plate motion
data, using the method of Baysian inference. The profiles are based on a five-layer param-
eterization, and the heavy dashed line represents the preferred model. Note the presence
of a low-viscosity channel at transition zone depths, as well as low-viscosity in the D′′
layer. Figure 5.14 shows the result of a three-layer parameterized model obtained by
Ricard et al. (1989) using Monte Carlo inversion of geoid and plate velocity data. This
inversion produced twodistinct classes of acceptable solutions, onewith a low-viscosity tran-
sition zone, the other with high viscosity in the transition zone and relatively low-viscosity
in the lower mantle. Finally, Figure 5.15 shows the results of an inversion by King and
Masters (1992) using mantle S-wave velocity structure, the geoid, and an 11-layer parame-
terization. The examples of acceptable models are rather similar in this study, and all exhibit
a low-viscosity transition zone and viscosity increases in the depth range 660–1,200km.

Figure 5.14. Suite of three-layer mantle
viscosity profiles obtained by Ricard et al.
(1989) using mantle heterogeneity from
seismic tomography, plate velocities, and
the geoid in a Monte Carlo inversion. The
preferred model is shown by the heavy
dashed line. The viscosity scale factor is
1021 Pa s.
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Figure 5.15. Suite of 11-layer mantle vis-
cosity profiles obtained by King and
Masters (1992) using mantle heterogene-
ity from S-wave tomography and the geoid.
The preferred model is shown by the heavy
dashed line. The viscosity scale factor is
1021 Pa s.
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5.8 Summary of Radial Viscosity Structure

The differences among the various viscosity models in Table 5.2 and in Figures 5.13–5.15
reflect inconsistencies among the methods of inferring viscosity, lack of resolving power in
the data and, in addition, the possibility of large lateral viscosity variations in the mantle.
Even with these complications, it is possible to draw some general conclusions. First, the
upper mantle is less viscous than the lower mantle, on average. The difference in average
viscosity may only be a factor of 3, or alternatively it may be as much as 30. In either case
the difference is substantial for mantle convection processes. The region where this increase
occurs is at least as deep as the 660km discontinuity and may be as deep as 1,200km. The
average viscosity of the upper mantle (beneath the lithosphere) is less than the canonical
value of μ = 1021 Pa s, and the average viscosity for the lower mantle is higher than this
value. In some regions there is unambiguous evidence for a low-viscosity asthenosphere,
especially beneath the oceanic lithosphere, with viscosities in the range 1019–1020 Pa s. In
all likelihood, lateral variations in viscosity in this region are large, making global average
characterizations both difficult to define and misleading to use (D’Agostino et al., 1997;
Giunchi et al., 1997). There is an indication of a low-viscosity region at the base of the
transition zone, although this feature awaits further delineation and confirmation. There is
no compelling evidence for a huge viscosity increase through the lower mantle, as might
result from a strong pressure effect.

Question 5.4: What is the difference between the viscosity of the upper mantle
and the viscosity of the lower mantle?

5.9 Physics of Mantle Creep

At temperatures that are a substantial fraction of theirmelting temperatures, crystalline solids
deform “slowly” like a fluid. This creep deformation occurs under an applied stress due to
thermally activated motion of atoms and ions associated with crystalline defects such as
dislocations and atomic vacancies. The principal deformation mechanisms associated with
mantle convection are atom/ion migration (known as diffusion or Herring-Nabarro creep
if the migration occurs within grains and Coble creep if it occurs along grain boundaries)
and dislocation migration (dislocation creep). The applicability of these processes to the
deformation of the mantle was first proposed by Gordon (1967).
We first consider diffusion creep. Vacancies are empty sites in the crystalline lattice

(Figure 5.16). At any nonzero temperature there is an equilibrium concentration of vacan-
cies that is temperature dependent. Atoms migrate by the movement of adjacent vacancies
(Figure 5.17); this is basically a diffusion process and it results in deformation or creep
(Figure 5.18). Diffusion of atoms in a crystalline solid is a thermally activated process. The
relevant diffusion coefficient D is given by the Arrhenius relation

D = D0 exp

[
− (E∗ + pV ∗)

RT

]
(5.9.1)

where E∗ is the activation energy per mole, V ∗ is the activation volume per mole, R is the
universal gas constant, and D0 is the frequency factor. The activation energy is the sum of
the energy of formation of a vacancy and the energy barrier preventing the migration of an
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Figure 5.16. Point defects in a crystal lattice. (a) An inter-
stitial or extra atom, (b) a vacancy. The lattice tends to
distort around the defect. After Twiss and Moores (1992).

Figure 5.17. Illustration of the motion of a vacancy (v) from one
lattice site to an adjacent one by the opposite motion of an atom
(solid circle). Matter and vacancies diffuse in opposite directions.
After Twiss and Moores (1992).

Figure 5.18. Diffusion creep or Herring-Nabarro creep due to vacancy diffusion in a crystal under uniaxial
compression. (a)Vacancies diffuse toward the surface of highest normal (compressive) stress along the indicated
paths. Atoms diffuse in the opposite direction. (b) Creation of a vacancy at a surface of minimum compressive
stress. The solid lines mark the crystal surface. The solid circle marks the ion whose position changes to
create the vacancy (v). The surface gradually builds out, lengthening the crystal normal to the compressive
stress. Vacancies diffuse toward a surface of high compressive stress. (c) Destruction of a vacancy at a surface
of maximum compressive stress. Removal of atoms from the surface and destruction of vacancies gradually
shortens the crystal parallel to the maximum compressive stress. After Twiss and Moores (1992).

atom into an adjacent vacancy site, and the term pV ∗ takes account of the effect of pressure
in reducing the number of vacancies and increasing the energy barrier. The exponential tem-
perature dependence follows directly from the Maxwell–Boltzmann distribution of atomic
energies. It gives the fraction of atoms that have sufficient energy to overcome the energy
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Figure 5.19. Geometry of edge and screw dislocations. The two examples of each type of dislocation in lattice
blocks of (b) and (c) are dislocations of opposite sign. b is the Burgers vector. (a) A perfect crystal lattice into
which dislocations are introduced in (b) and (c). (b) Edge dislocations of opposite sign produced by shearing
the shaded volumes (a) in a direction perpendicular to its interior edge. Each dislocation is at the edge of an
extra half-plane of lattice points. The diagram to the right is a view down the edge dislocation line. The inverted
T symbol stands for an edge dislocation. (c) Screw dislocations of opposite sign produced by shearing the
shaded volumes in (a) one lattice dimension in a direction parallel to its interior edge. The diagram to the right
shows that the crystal lattice planes form a continuous helical surface around the dislocation line. After Twiss
and Moores (1992).

barrier between lattice sites and can thus jump into a vacancy as well as the fraction of lattice
sites that are vacancies. It is also possible to account for both the temperature and pressure
dependences of the diffusion coefficient using the relation

D = D0 exp

(
−aTm

T

)
(5.9.2)

where Tm is the melting temperature of the crystalline solid. The ratio T/Tm is referred
to as the homologous temperature. The pressure dependence of the diffusion coefficient is
accounted for by the pressure dependence of the melting temperature. Diffusion coefficients
in silicate minerals have been reviewed by Freer (1981).
We now turn to dislocation creep. Dislocations are line or one-dimensional imperfections

in the crystalline lattice (Figure 5.19). A dislocation is defined in terms of the Burgers vector
b which is a measure of the relative atomic motion (slip) that occurs when a dislocation line
passes through a lattice (Figure 5.19). The surface that traces the motion of a dislocation
line is the glide surface, and such surfaces are usually planar (Figure 5.19). Specification of
the Burgers vector and the line direction fully defines a dislocation. If the dislocation line is
parallel to the Burgers vector, it is a screw dislocation (Figure 5.19). If the dislocation line is
perpendicular to the Burgers vector, it is an edge dislocation (Figure 5.19). Most dislocations
have both edge and screw components (Figure 5.20).
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Figure 5.20. Boundaries of slipped por-
tions of a crystal lattice. (a) The shaded
volume of the crystal has slipped relative
to the unshaded part. The boundaries of the
glide plane are an edge and a screw dis-
location. (b) View of the glide plane. The
shaded area is the area over which slip has
occurred. The boundary is an edge dislo-
cation where b is normal to the boundary.
The boundary is a screw dislocation where
b is parallel to the boundary. Dotted and
dashed lines show planes below and above
the glide plane, respectively. After Twiss
and Moores (1992).

The two principal ways in which dislocations can contribute to creep are by dislocation
slip or glide and dislocation climb. In dislocation slip, the dislocation line moves through
the lattice breaking interatomic bonds as it moves (Figure 5.21). This motion conserves
mass because it does not require the addition or removal of atoms. Edge dislocations (or the
edge components of mixed dislocations) also move by dislocation climb (Figure 5.22). In
dislocation climb, the dislocation line moves by the addition of atoms. This is not mass con-
serving because it requires the diffusion of atoms from elsewhere in the lattice. Dislocation
creep can also be thermally activated at relatively low stress levels. Again, the Maxwell–
Boltzmann distribution gives the number of atoms that have sufficient energy to overcome
the interatomic bonds restricting the motion of a dislocation.
Experiments and theory indicate that a general form of the relationship between strain

rate ė and deviatoric stress τ valid for both diffusion and dislocation creep is given by

ė = A

(
τ

μ

)n (
b

d

)m

exp

[
− (E∗ + pV ∗)

RT

]
(5.9.3)

where A is the pre-exponential factor, μ is the shear modulus, d is the grain size, and b is
the magnitude of the Burgers vector. Typical values of n and m are n = 1 and m = 2.5
for diffusion creep and n = 3.5 and m = 0 for dislocation creep. For diffusion creep,
the relation between strain rate ė and deviatoric stress τ is linear, resulting in a Newtonian
viscosity. For dislocation creep, the relation between strain rate ė and deviatoric stress τ is
strongly nonlinear, resulting in a nonlinear viscous rheology. Another difference between
these mechanisms is the dependence on grain size. The diffusion creep viscosity decreases
strongly with decreasing grain size d , while dislocation creep is insensitive to changes in
grain size.
Grain boundaries are two-dimensional defects separating adjacent crystals with different

lattice orientations. Grain size is controlled by grain growth and, in the dislocation creep
regime, by dynamic recrystallization (De Bresser et al., 1998). Grain growth is a process that
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Figure 5.21. The glide or slip of a dislocation through a crystal lattice is accomplished by switching bonds of
neighboring atoms across the glide plane. (a) through (f) illustrate the process of forming an edge dislocation
and moving it through the crystal to produce one Burgers vector offset in the crystal. Crystallographic planes
in the undeformed crystal are numbered 1 through 8. The letters A and B refer to parts of the crystal above and
below the slip plane, respectively. After Twiss and Moores (1992).

reduces total energy by decreasing the grain boundary area per unit volume. Grain growth
is the only process to control the size of grains in the diffusion creep regime. Clearly, grain
growth would increase the size of grains with time until grain size was large enough to
result in dislocation creep. However, the presence of other phases limits grain growth (Zener
pinning) and stabilizes grain size. Therefore, grain size can be small and diffusion creep
could be occurring in the mantle.
Creation and migration of new grain boundaries in a stressed crystal can reduce the strain

energy. This is dynamic recrystallization which can occur only under dislocation creep. The
higher the applied stress, the smaller the recrystallization grain size. In a monomineralic
rock the steady-state grain size d in the dislocation creep regime is related to the applied
deviatoric stress τ by

d = Kb

(
τ

μ

)−q

(5.9.4)
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Figure 5.22. Schematic showing the climb of an edge dislocation. The dislocation climbs downward if an atom
from a neighboring site jumps on to the extra half-plane (a to b) leaving a vacancy (v) behind which can then
diffuse away. The dislocation climbs upward if a vacancy diffuses to a neighboring site and then jumps onto
the extra half-plane (b to a). After Twiss and Moores (1992).

Figure 5.23. Dependence of grain size d on the deviatoric stress τ from (5.9.4).

where b is the magnitude of the Burgers vector, μ is the shear modulus, and K and q are
nondimensional constants. The dependence of d on τ is given in Figure 5.23 for K = 19,
q = 1.2, b = 0.5 nm, andμ = 80GPa, values appropriate for typical uppermantleminerals.
The prediction of (5.9.4) is that grains can grow to meter size or larger with considerable
reduction in deviatoric stress. This clearly cannot happen in the polycrystalline mantle of the
Earth. The dependence of grain size on stress in the Earth’s mantle remains controversial.
Extensive discussions of creep processes applicable to mantle convection have been given
byWeertman (1970), Ashby andVerrall (1977), Poirier (1985, 1995), Ranalli (1995), Evans
and Kohlstedt (1995), and Drury and Fitz Gerald (1998).
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Question 5.5: What is the dependence of grain size on deviatoric stress in the
mantle?

The major minerals in the upper mantle are olivine, orthopyroxene, clinopyroxene, and
garnets (see Chapter 3). One mineral can control the rheology of a rock if its volume fraction
is greater than 20–30%, if it is significantly weaker than the other minerals, and if it forms
an interconnected matrix. Olivine is the most abundant mineral and it is also probably the
weakest, so that its rheology is likely to be dominant.
Laboratory experiments provide a direct means of determining the creep properties of

mantle minerals (Goetze and Kohlstedt, 1973; Kohlstedt and Goetze, 1974). However, this
approach does have serious difficulties, as noted in Section 5.1.6. In order to achieve steady-
state deformation on reasonable (laboratory) time scales, the measurements must be carried
out at much higher strain rates or higher temperatures than those associated with mantle
convection. The laboratory results must then be extrapolated over many orders of magni-
tude in strain rate for application to the mantle. Also, laboratory experiments are generally
carried out at much lower pressures than encountered in the mantle, again requiring a large
extrapolation of results to mantle conditions.
Many laboratory measurements of olivine deformation have been carried out. These have

been reviewed by Tsenn and Carter (1987), Karato and Wu (1993), Evans and Kohlstedt
(1995), Kohlstedt et al. (1995), and Drury and Fitz Gerald (1998). The parameters for dif-
fusion creep and dislocation creep in a dry upper mantle, as summarized by Karato and
Wu (1993), are given in Table 5.3. An important question is whether diffusion creep is the
applicable deformation mechanism in the upper mantle. The transition between dislocation
creep and diffusion creep occurs when, for a given stress, the strain rates given by the two
mechanisms are equal. In general, for a given stress, the deformation mechanism with the
larger strain rate prevails. One way to delineate the regimes of applicability of rival deforma-
tion mechanisms is to use a deformation map (Frost and Ashby, 1982). A deformation map
generally gives the stress as a function of temperature for several values of the strain rate.
A deformation map for a dry upper mantle with p = 0, based on (5.9.3) and the parameter
values in Table 5.3, is given in Figure 5.24. The diffusion creep values are based on a grain
size d = 3mm. This is a typical value for mantle rocks found in diatremes and in ophiolites.
Dislocation creep is the applicable deformation mechanism for high stress levels and high

Table 5.3. Parameter Values for Diffusion Creep and Dislocation Creep in
a Dry Upper Mantlea

Quantity Diffusion Creep Dislocation Creep

Pre-exponential factor A (s−1) 8.7× 1015 3.5× 1022
Stress exponent n 1 3.5
Grain size exponent m 3 0
Activation energy E∗ (kJmol−1) 300 540
Activation volume V ∗ (m3 mol−1) 6× 10−6 2× 10−5
a After Karato andWu (1993). Other relevant parameter values areμshear

modulus
= 80GPa,

b = 0.55 nm, and R = 8.3144 JK−1 mol−1.
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Figure 5.24. Deformation map for a dry upper mantle. The deviatoric stress τ is given as a function of tem-
perature T for several strain rates ė. The dashed line separates the dislocation creep regime from the diffusion
creep regime. The solid circle represents a typical condition for mantle convection.

temperatures, while diffusion creep is dominant for low stress levels and low temperatures.
Uncertainties in flow law parameters lead to uncertainties of about an order of magnitude in
deformation maps.
Typical values of ė and T for mantle convection are ė = 10−15 s−1 and T = 1,600K;

these values locate the large solid circle in Figure 5.24 and correspond to τ = 0.5MPa.
This point clearly falls in the dislocation creep field of the upper mantle deformation map.
If (5.9.4) had been used to obtain grain sizes instead of assuming d = 3mm, the grain
sizes would have been considerably larger and dislocation creep would have been applicable
over the entire upper mantle deformation map given in Figure 5.24. Most authors who
have published laboratory studies of mantle deformation have concluded that dislocation
creep is the applicable deformation mechanism in the upper mantle. This conclusion is not
consistent with almost all studies of postglacial rebound that favor a Newtonian viscosity for
themantle. In assessingwhether dislocation creep or diffusion creep is dominant in the upper
mantle, it must be emphasized that Figure 5.24 is for p = 0. Effects of pressure can change
the dominant mechanism from dislocation creep in the shallow upper mantle to diffusion
creep in the deeper upper mantle (Karato andWu, 1993). Karato andWu (1993) and Karato
et al. (1995a) have argued that significant seismic anisotropy in the shallow upper mantle is
evidence for dislocation creep at these depths, while weak seismic anisotropy in the lower
mantle is evidence for diffusion creep at great depths. The nature of mantle deformation
may well be a function of depth with dislocation creep occurring only in the shallow upper
mantle.
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Question 5.6: Is dislocation creep or diffusion creep the dominant deformation
mechanism associated with mantle convection?

Question 5.7: Does the mantle behave like a Newtonian or a non-Newtonian
fluid on geological time scales?

There are yet other factors contributing to our uncertainty about the viscosity of themantle.
One of these is the role of water (Hirth and Kohlstedt, 1996). Chopra and Paterson (1984)
showed that trace amounts of water as low as 200–300ppm by weight could significantly
weaken olivine. Estimates of the water content of the mantle have been given by Bell
and Rossman (1992). Kohlstedt et al. (1995) suggest that a dry rheology is applicable to
the oceanic lithosphere and a wet rheology is applicable to the continental lithosphere.
However, a high degree of depletion by melting in the continental upper mantle could mean
that continental lithosphere as a whole is drier than oceanic lithosphere (Karato, 1999).
Partial melting can also influence mantle rheology (Hirth and Kohlstedt, 1995a, b;

Kohlstedt and Zimmerman, 1996). Laboratory studies indicate that 1–3% melt can reduce
the diffusion creep viscosity by a factor of 2–5. For dislocation creep, melt can also have a
significant influence on the rheology.
The above discussion of mantle rheology has dealt mainly with the upper mantle where

olivine is the principal mineral constituent. An important question is whether there will be
a significant change in rheology across the 410 and 660km seismic discontinuities. Between
410 and 660km depth the dominant mineral will be spinel, and below 660km depth the
minerals (Mg,Fe)SiO3 perovskite and magnesiowüstite will be dominant. This problem has
been considered in some detail by Karato et al. (1995b). They suggest that there will be
a small increase in viscosity at a depth of 410km and a small decrease in viscosity at a depth
of 660km. Below 660km depth the viscosity is predicted to increase with depth (pressure)
so that the average lower mantle viscosity would be one to two orders of magnitude greater
than the average upper mantle viscosity. The rheology of the lower mantle has been reviewed
by Karato (1997).

Question 5.8: Are there changes in viscosity associated with the solid–solid
phase changes in the transition zone?

5.10 Viscosity Functions

The scalar relationship between strain rate ė and deviatoric stress τ given in (5.9.3) can be
generalized to a full constitutive relation between the strain rate and deviatoric stress tensors.
The generalized strain rate–deviatoric stress relation is (Christensen, 1989a)

ėij = 1

B

(
τ2

μ

)n−1
exp

[
−
(
E∗ + pV ∗

RT

)]
τij (5.10.1)

B =
(
A

μ

)−1 (
b

d

)−m

(5.10.2)
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where τ2 is the square root of the second invariant of the deviatoric stress tensor, and the
coefficient B includes dependence on both rigidity and grain size. From (5.10.1) and the
relation

ėij = 1

2μ
τij (5.10.3)

where μ is viscosity, we can identify the viscosity function as

μ = B

2

(
τ2

μshear
modulus

)1−n

exp

{
E∗ + pV ∗

RT

}
(5.10.4)

On the right side of (5.10.4) we havewrittenμshear
modulus

for the shearmodulus to avoid confusion
with the viscosity function μ. For diffusion creep with n = 1, (5.10.4) becomes

μdiff
creep

= 1

2
Bdiff
creep

exp

⎡

⎢
⎣

(
E∗diff
creep

+ pV ∗diff
creep

)

RT

⎤

⎥
⎦ (5.10.5)

For a grain size d = 3mm and μshear
modulus

= 80GPa we have, from (5.9.3) and Table 5.3,

Bdiff
creep

= 8.1 × 1011 Pa s. For dislocation creep with n = 3.5 the viscosity function is
given by

μdisloc
creep

= 1

2
Bdisloc
creep

(μshear
modulus

τ2

)2.5
exp

⎡

⎢
⎣

(
E∗disloc
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creep

)

RT

⎤

⎥
⎦ (5.10.6)

With μshear
modulus

= 80GPa we have, from (5.9.3) and Table 5.3, Bdisloc
creep

= 2.29 × 10−12 Pa s.
Figure 5.25 shows the dependence of the viscosity functions on temperature for shallow
upper mantle conditions (p = 0) from (5.10.5) and (5.10.6) with parameter values given
in Table 5.3. The result for diffusion creep (solid line) is independent of stress, and results
for dislocation creep (dashed lines) are given for τ = 105 and 106 Pa. For τ = 106 Pa
deformation is due to dislocation creep for the entire range of temperatures considered.
For τ = 105 Pa deformation is due to dislocation creep for T > 1,415K and to diffusion
creep for T < 1,415K. For τ = 104 Pa deformation is due to diffusion creep for the entire
range of temperatures considered. Typical upper mantle viscosity and temperature values
are μ = 3 × 1020 Pa s and T = 1,600K; this condition (large filled circle in Figure 5.25)
lies in the dislocation creep field with τ = 105 Pa.
It is generally concluded that laboratory studies favor dislocation creep as the dominant

deformationmechanism for the shallow uppermantle. If dislocation creep also characterized
the entiremantle, it would imply a strongly nonlinear rheology for themantlewithμ ∼ τ−2.5
as shown in (5.10.4). However, studies of mantle rheology based on postglacial rebound
show that the adjustment of the mantle to shifts in surface loads is adequately described
by a linear Newtonian behavior. A rationalization of these conclusions is possible if the
flow associated with postglacial rebound is superimposed on a convecting mantle. If the
deviatoric stresses associated with rebound are less than the deviatoric stresses associated
with mantle convection, a linear behavior would be expected for rebound even in a non-
Newtonian mantle (Weertman and Weertman, 1975; Wu, 1995). Another interpretation is
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Figure 5.25. The dependence of the viscosity of a dry upper mantle on temperature is given for several stress
levels. The solid line is for diffusion creep; the viscosity is not dependent on stress level. The dashed lines
are for dislocation creep illustrating the dependence on the stress level. The solid circle represents a typical
condition for mantle convection.

that diffusion creep characterizes all of the mantle except its shallowest depths and much of
the deformation causing postglacial rebound indeed occurs in the linear Newtonian regime.
In the upper mantle, temperature variations control the behavior of the viscosity function

(5.10.4), while in the lower mantle it is likely that pressure variations are equally impor-
tant. Since temperature increases rapidly with increasing depth through the lithosphere, the
effective viscosity drops rapidly from very high values through the lithosphere, reaching the
observationally constrained range of 1019–21 Pa s in the asthenosphere. In the lower mantle,
the influence of increasing temperature and increasing pressure act in opposite directions, so
the inference of either a uniform viscosity throughout most of the lower mantle or a viscosity
increasing with depth in the lower mantle is reasonable from a mineral physics perspective,
although neither behavior is required.
The complete viscosity formula (5.10.4) is cumbersome to use in numerical modeling and

accordingly it is often simplified. One common simplification, the exponential dependence
of viscosity on temperature

μ = μ0 exp(−γ T ) (5.10.7)

is an adequate approximation over restricted temperature intervals, and it is used in
applications where the pressure dependence can be neglected.


