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Approximate Solutions

8.1 Introduction

The linear stability analysis presented in the last chapter gives the critical Rayleigh number
for the onset of thermal convection under a variety of conditions. However, because the
governing equations have been linearized, the solutions cannot predict the magnitude of
finite-amplitude convective flows. In order to do this it is necessary to retain nonlinear terms
in the governing equations.

Even in the simplest thermal convection problems the governing equations are sufficiently
complex that analytical solutions cannot be found. There are basically two methods for
obtaining nonlinear solutions. The first is to make approximations and the second is to
obtain fully numerical solutions. We will address the former method in this chapter and the
latter method in the subsequent two chapters.

In this chapter we will consider four approximations used to obtain a better understanding
of thermal convection. We first consider an eigenmode expansion of the basic equations. This
approach provides one of the methods used to obtain fully numerical solutions. However,
in this chapter we consider only severe truncations of the full set of eigenmode equations.
Retention of only the lowest-order nonlinear terms leads to the Lorenz (1963) equations.
This set of equations is of great interest because its solution was the first demonstration of
deterministic chaos. In this approximate approach we address the question:

Question 8.1: Is mantle convection chaotic?

This question leads directly to a second question:

Question 8.2: Is mantle convection turbulent?

The second approximate approach we consider is boundary layer theory. This approach
reproduces the basic structure of thermal convection cells at high Rayleigh numbers. The
third approach is the mean field approximation. We conclude by considering weakly
nonlinear stability theory, an extension of the linear stability theory to slightly nonlinear
convection.
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8.2 Eigenmode Expansions

In this section we will consider only the simplest thermal convection problem. We will obtain
two-dimensional solutions for the flow in a fluid layer heated from below with shear stress
free boundary conditions. We will assume that the Boussinesq approximation is applicable
and that all fluid properties are constant. Initially, we will consider finite values of the Prandtl
number and retain the time-dependent terms in the momentum equation.

From (6.10.19), (7.2.7)–(7.2.9), and (7.3.1) the applicable nondimensional equations are

∂u∗

∂x∗
+ ∂v

∗

∂y∗
= 0 (8.2.1)

1

Pr

(
∂u∗

∂t∗
+ u∗ ∂u

∗

∂x∗
+ v∗ ∂u

∗

∂y∗

)
= −∂�

∗

∂x∗
+
(
∂2

∂x∗2 +
∂2

∂y∗2

)
u∗ (8.2.2)

1

Pr

(
∂v∗

∂t∗
+ u∗ ∂v

∗

∂x∗
+ v∗ ∂v

∗

∂y∗

)
= −∂�

∗

∂y∗
− Ra θ∗ +

(
∂2

∂x∗2 +
∂2

∂y∗2

)
v∗ (8.2.3)

∂θ

∂t

∗
+ v∗ + u∗ ∂θ

∗

∂x∗
+ v∗ ∂θ

∗

∂y∗
=
(
∂2

∂x∗2 +
∂2

∂y∗2

)
θ∗ (8.2.4)

With Pr → ∞ and upon linearization, this set reduces to the stability equations given in
(7.3.11)–(7.3.14). The boundary conditions (7.3.15) and (7.3.16) remain applicable.

Introduction of the stream function through (7.3.17) and elimination of the pressure
perturbation �∗ leads to
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The boundary conditions from (7.3.15) and (7.3.16) take the form θ∗ = ∂ψ∗/∂x∗ =
∂2ψ∗/∂y∗2 = 0 on y∗ = 0, 1 We require solutions of this pair of partial, nonlinear dif-
ferential equations. The convective terms on the left sides of the two equations introduce the
nonlinearities.

Based on the cellular form of the linear stability solutions obtained in Section 7.3, a
logical approach to obtaining the solutions of (8.2.5) and (8.2.6) is to expand the solutions
for ψ∗ and θ∗ in a Fourier series with a fundamental nondimensional wavelength λ∗. This
is known as an eigenmode expansion and, following Saltzman (1962), we write
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The expansions satisfy the boundary conditions (7.3.15) and (7.3.16), as restated above, on
a term by term basis. Substitution of (8.2.7) and (8.2.8) into (8.2.5) and (8.2.6) gives
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These equations constitute an infinite set of total differential equations for the ψ∗m,n and
θ∗m,n. The nonlinear terms couple modes of all orders. The retention and solution of a large
number of these equations constitutes one approach to the numerical solution of the thermal
convection equations. In this chapter, however, we are concerned with low-order truncations
of this equation set.

8.3 Lorenz Equations

Lorenz (1963) strongly truncated the eigenmode expansions of ψ∗ and θ∗ and kept the
smallest number of terms that would consistently retain nonlinear interactions. With the
introduction of three time-dependent coefficients A(τ), B(τ), and C(τ), his truncations
took the form
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with Racr given by (7.3.28). These equations satisfy the same set of boundary conditions as
(8.2.9) and (8.2.10).

Since only one term in the stream function expansion is retained, we require only the
m = n = 1 equation from the set given in (8.2.9). In terms of the quantities introduced in
(8.3.1) and (8.3.2) this can be written as

dA

dτ
= Pr (B − A) (8.3.5)
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No nonlinear terms are retained in the stream function equation. Since two terms are retained
in the energy equation we require both them = 0, n = 2 and them = n = 1 equations from
the set given in (8.2.10). In terms of the quantities introduced in (8.3.1) and (8.3.2) these can
be written as

dB
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= rA− B − AC (8.3.6)

dC

dτ
= −bC + AB (8.3.7)

where

b = 4
[
1+ (2/λ∗)2] (8.3.8)

The three first-order differential equations (8.3.5)–(8.3.7) are the Lorenz equations. These
equations would be expected to give accurate solutions of the full equations when the
Rayleigh number is slightly supercritical, but large errors would be expected for strong
convection because of the extreme truncation.

Solutions of the Lorenz equations represent cellular, two-dimensional convection.
Because only one term is retained in the expansion of the stream function, the particle
paths are closed and represent streamlines even when the flow is unsteady. The coefficient
B represents temperature variations associated with the stream function mode A. The coef-
ficient C represents a horizontally averaged temperature mode. A detailed discussion of the
behavior of the Lorenz equations has been given by Sparrow (1982).

In order to examine the behavior of the Lorenz equations we first determine the allowed
steady-state solutions. Obviously the steady-state solution A = B = C = 0 corresponds to
heat conduction without flow. An additional pair of allowed solutions is

A = B = ± [b(r − 1)]1/2 (8.3.9)

C = r − 1 (8.3.10)

These solutions correspond to cellular rolls either rotating clockwise or counterclockwise.
A stability analysis for the conduction solution shows that it is stable for r < 1 and unstable
for r > 1. The Lorenz equations have the same stability limit for the onset of convection as
the full equations with the same boundary conditions!

For 0 < r < 1 the only steady solution is the conduction solution A = B = C = 0 and
it is stable. For r > 1 there are the two solutions given by (8.3.9) and (8.3.10) which are
stable and the unstable conduction solution. For obvious reasons the transition at r = 1 is
known as a pitchfork bifurcation.

The stability of the steady solution given in (8.3.9) and (8.3.10) can also be examined.
Expansion about this solution with

A = ± [b(r − 1)]1/2 + A1e
λτ (8.3.11)

B = ± [b(r − 1)]1/2 + B1e
λτ (8.3.12)

C = r − 1+ C1e
λτ (8.3.13)

and substitution into (8.3.5)–(8.3.7) with linearization gives the characteristic equation

λ3 + (P r + b + 1)λ2 + (r + Pr)bλ+ 2bP r (r − 1) = 0 (8.3.14)
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This equation has one real negative root and two complex conjugate roots when r > 1. If
the product of the coefficients of λ2 and λ equals the constant term, we obtain

r = Pr(P r + b + 3)

P r − b − 1
(8.3.15)

At this value of r the complex roots of (8.3.14) have a transition from negative to positive real
parts. This is the critical value of r for the instability of steady convection and represents a
subcritical Hopf bifurcation. If Pr > b+1 the steady solutions given by (8.3.9) and (8.3.10)
are unstable for Rayleigh numbers larger than that given by (8.3.15).

To further examine the behavior of the Lorenz equations it is necessary to carry out
numerical solutions. Following Lorenz (1963) we consider λ∗ = 81/2, the critical value
from (7.3.30), so that b, from (8.3.8), equals 8/3. For these values the steady-state solution
given by (8.3.1), (8.3.2), (8.3.9), and (8.3.10) becomes
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The Nusselt number Nu is a measure of the efficiency of convective heat transfer across
the layer; it is the ratio of the heat transferred by convection to the conductive heat transfer
without convection. In terms of nondimensional variables it is given by
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〈
∂θ∗
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S
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where 〈 〉S indicates an average across either the upper or lower surface. Substitution of
(8.3.17) into (8.3.18) gives

Nu = 1+ 2(r − 1)

r
(8.3.19)

This relation is not in good agreement with experiment when r is significantly larger than
unity. This is clearly due to the extreme truncation which is only expected to be valid near
the stability limit r = 1. Nevertheless, it is of interest to explore the behavior of the Lorenz
equations for larger values of r .

From (8.3.15), the critical Rayleigh number for stability of the steady-state solutions is
r = 24.74 for Pr = 10, λ∗ = 81/2 and b = 8/3. For values of r greater than this value
unsteady solutions are expected. A numerical solution of the Lorenz equations for r = 28,
Pr = 10 and b = 8/3 is given in Figure 8.1. The figure shows the temporal evolution of the
solution in the three-dimensionalA,B,C phase space with the nondimensional time τ as the
parameter. The projection of the evolving numerical solution onto theA,B plane is given in
Figure 8.1a and the projection onto the C,B plane is given in Figure 8.1b. These are known
as phase portraits. The dependence of the variable B on time τ is shown in Figure 8.1c.
The solution randomly oscillates between cellular rolls with clockwise rotation, B > 0,
and counterclockwise rotation, B < 0. The unstable fixed points from (8.3.9) and (8.3.10),
A = B = ±721/2, C = 27, are the crosses in Figures 8.1a and b.

This solution is chaotic in that adjacent solutions diverge exponentially in time. The solu-
tion oscillates about a fixed point with growing amplitude until it flips into the other quadrant
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Figure 8.1. A numerical solution of the Lorenz equations (8.3.5), (8.3.6), and (8.3.7) with Pr = 10, b = 8/3,
r = 28. Solution in theA,B,C phase space projected (a) on theA,B, plane and (b) on theC,B plane. (c) Time
dependence of the coefficient B. (d) Bifurcation diagram giving the loci of the fixed points projected onto the
B, r plane. The solid lines represent stable fixed points, and the dashed lines represent unstable fixed points;
the solid circle is a pitchfork bifurcation, and the open circles are Hopf bifurcations.

where it oscillates about the other fixed point. The cellular flow oscillates in amplitude
until the amplitude goes to zero. Then cells previously rotating in the clockwise direction
rotate in the counterclockwise direction. The fixed points behave as “strange attractors.”
In Figure 8.1d the fixed points are projected on the B, r plane. This is known as a bifur-
cation diagram. The solid lines represent stable fixed points and the dashed lines represent
unstable fixed points; the solid circle is a pitchfork bifurcation and the open circles are Hopf
bifurcations.

An essential feature of the solution is that the value of C is always positive and oscil-
lates aperiodically around a positive value. It is the C term that gives an approximation
to a boundary layer structure. The growth and decay of C around a positive value is an
approximation to the growth and separation of the thermal boundary layers at the top and
bottom of the convection cell. Physically and mathematically, the aperiodic oscillations of
this boundary layer are coupled with and drive the growth and reversal of the convective
roll, represented by the aperiodic oscillations of A and B. This is illustrated in Figure 8.1b.
The direction of the trajectory near B = 0 is always toward C = 0. The direction of the
trajectory along the outer wings of the attractor is always in the positiveC direction. WhenC
is at its highest point, the boundary layer is thin and the flow velocities are decreasing. This
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quiescence of the convective motion allows the boundary layer to grow,B remains small, and
C decreases. At some point the boundary layer becomes unstable and convection resumes,
either as a clockwise roll or a counterclockwise roll. As the convective motion increases,
the boundary layer thins and the value of C grows. The amplitude of the convective motion
consequently slows down and the absolute values of A and B once again move toward zero.
Once convective motion has slowed enough, the boundary layer can grow again. Every time
the convective motion stops to let the thermal boundary layer grow, the cell is presented with
a choice of whether to convect in a clockwise or a counterclockwise direction. This choice
is made after each turnover. It is this freedom of choice in a completely deterministic system
that produces the chaotic, aperiodic behavior of the Lorenz attractor.

The essential feature of the solution of the Lorenz equations in this parameter range is
deterministic chaos. One consequence of the deterministic chaos of the Lorenz equations is
that solutions that begin a small distance apart in phase space diverge exponentially. With
essentially infinite sensitivity to initial conditions, the zero-order behavior of a solution is
not predictable.

It should be emphasized that the numerical solution of the Lorenz equations given above is
not a valid solution for thermal convection in a fluid layer. The Rayleigh number is outside the
range of validity of the Lorenz truncation. Nevertheless, this solution has a great significance
in that it was the first solution to exhibit the mathematical conditions for chaotic behavior. But
the significance goes beyond this. Experimental studies and numerical simulations of thermal
convection in a fluid layer heated from below at high Rayleigh numbers and intermediate
values of Prandtl number are generally unsteady and “turbulent.”

The Rayleigh number for mantle convection depends strongly upon whether the mantle
convects as a single layer or as two layers separated by the 660 km seismic discontinuity.
The generally accepted range for the Rayleigh number corresponding to these two cases
lies between 107 and 109 (see Chapter 7). Because the Prandtl number for the mantle is so
large, the momentum terms on the left side of the stream function equation (8.2.5) can be
neglected. Thus, the only nonlinear terms are in the energy equation (8.2.6). The question
is whether these terms can generate chaotic behavior and thermal turbulence.

This question is first addressed by determining whether the Lorenz equations yield chaotic
solutions in the limit Pr →∞. In this limit (8.3.5) requires

A = B (8.3.20)

and the substitution of this result into (8.3.6) and (8.3.7) gives

dB

dτ
= (r − 1)B − BC (8.3.21)

dC

dτ
= −bC + B2 (8.3.22)

Again, these equations have the steady-state (d/dτ = 0) solution A = B = C = 0
corresponding to the conduction solution. These equations also have the same fixed points
as the Lorenz equations as given in (8.3.9) and (8.3.10) corresponding to cellular rolls rotating
either in the clockwise or counterclockwise direction. A stability analysis again shows that
the conduction solution is stable for r < 1 and unstable for r > 1. However, the steady
solution consisting of cellular rolls is now stable for the entire range r > 1. In the limit of
infinite Prandtl number the Lorenz equations do not yield chaotic solutions. This result has
been used to argue that mantle convection is not chaotic. However, we will show in the next
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section that a higher-order truncation yields chaotic solutions at infinite Prandtl number.
Also, numerical solutions of the full equations of motion and temperature for infinite Pr are
chaotic at high Ra, suggesting that mantle convection is also chaotic.

8.4 Higher-order Truncations

We next consider higher-order truncations of the Saltzman equations given in (8.2.9) and
(8.2.10). Only the limit Pr → ∞ applicable to mantle convection will be considered. In
this limit the Fourier coefficients of the stream function ψ∗m,n can be related to the Fourier
coefficients of the temperature θ∗m,n using (8.2.9) with the result

ψ∗m,n = −Ra
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)
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This formula is then substituted into (8.2.10). The lowest consistent order of truncation
beyond that used by Lorenz is m = 2 for the expansion in x∗ (m = 1, 2) and n = 4 for
the expansion in y∗ (n = 1, 2, 3, 4). This truncation yields a set of 12 ordinary differential
equations for the time dependence of the temperature coefficients:
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It is necessary to take twice the resolution in the vertical direction compared to the horizontal
direction in order to resolve the u∗∂θ∗/∂x∗ term in the energy equation.

The time evolution of the 12 coefficients θ∗0,1, θ∗0,2, θ∗0,3, θ∗0,4, θ∗1,1, θ∗1,2, θ∗1,3, θ∗1,4, θ∗2,1, θ∗2,2,
θ∗2,3, θ∗2,4 is found by numerically integrating the 12 equations given by (8.4.2) (Stewart and
Turcotte, 1989). The time evolution can be thought of as trajectories in a 12-dimensional
phase space. It is convenient to project the 12-dimensional trajectories onto the two-
dimensional phase space consisting of θ∗1,1 and θ∗2,1. These correspond to the fundamental
mode and the first subharmonic. There are two parameters in this problem, the Rayleigh
number, Ra or r , and the wavelength. In this discussion solutions are given only for the
critical value of the wavelength λ∗ = 23/2.

At the subcritical Rayleigh numbers 0 < r < 1 (0 < Ra < 657.512) the only fixed point
of the solution is at the origin and it is stable; there is no flow. For higher Rayleigh num-
bers, the two fixed points corresponding to clockwise and counterclockwise rotations in the
fundamental mode θ∗1,1 become stable. The steady-state solution for Ra = 104 (r = 15.21)
is given in Table 8.1. It is seen that only 6 of the 12 coefficients are nonzero: θ∗0,2, θ∗0,4, θ∗1,1,
θ∗1,3, θ∗2,2, and θ∗2,4. This solution was obtained by specifying an initial condition near the
origin and studying the time evolution of the 12 coefficients using (8.4.2). This time evolu-
tion projected onto the θ∗1,1, θ∗2,1 plane is given in Figure 8.2a. Although the subharmonic
coefficient θ∗2,1 is zero at the fixed point, it is nonzero during the time evolution.

The steady-state solution for Ra = 3 × 104 (r = 45.62) is also given in Table 8.1. It is
seen that only 4 of the 12 coefficients are nonzero: θ∗0,2, θ∗0,4, θ∗2,1, and θ∗2,3. At this Rayleigh
number the fundamental mode and its associated harmonics θ∗1,1, θ∗1,3, θ∗2,2, and θ∗2,4 are zero
at the stable fixed point. The time evolution of the solution projected onto the θ∗1,1, θ∗2,1 plane
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3

is given in Figure 8.2b. Finally, the steady-state solution for Ra = 4.3 × 104 (r = 65.39)
is given in Table 8.1. It is seen that 8 of the 12 coefficients are nonzero: θ∗0,1, θ∗0,2, θ∗0,3,
θ∗0,4, θ∗2,1, θ∗2,2, θ∗2,3, and θ∗2,4. All of the θ∗1,n coefficients are zero including the fundamental
mode θ∗1,1. The time evolution of the solution projected onto the θ∗2,1, θ∗1,1 plane is given
in Figure 8.2c. It is seen that the evolution prior to entering the stable fixed point is much
more complex; the solution oscillates in the positive θ∗2,1, θ∗1,1 quadrants before entering the
negative quadrants.

The time evolution of the solution forRa = 4.5×104 (r = 68.44) is given in Figure 8.2d;
it is fully chaotic and no fixed points are stable. The flow alternates between aperiodic
oscillations about the two fundamental modes (clockwise and counterclockwise) and the
two subharmonic modes (clockwise and counterclockwise). All 12 coefficients are nonzero
and are time-dependent. The time dependence of the θ∗2,1 and θ∗1,1 coefficients is shown in
Figure 8.3. The resemblance with the time behavior of the Lorenz attractor illustrated in
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Figure 8.2. Numerical solutions of the 12-mode infinite Prandtl number equations projected onto the θ∗1,1,

θ∗2,1 plane of the 12-dimensional phase space. (a) Ra = 104 (r = 15.21), (b) Ra = 3 × 104 (r = 45.62),

(c) Ra = 4.3× 104 (r = 65.39), (d) Ra = 4.5× 104 (r = 68.44).

Figure 8.1c is striking. The oscillatory behavior of the θ∗2,1 mode amplifies until the flow
undergoes a turbulent burst in the fundamental θ∗1,1 mode, where it is briefly trapped before
flipping into the θ∗2,1 mode with the opposite sense of rotation.

In order to better understand the transitions in the behavior of the time-dependent solu-
tions, we show in Figure 8.4 two projections of the loci of fixed points as a function of the
Rayleigh number of the system. The solid lines denote stable fixed points, the dashed lines
unstable fixed points, and the open circles Hopf bifurcations. Figure 8.4a shows a projection
on the θ∗1,1, Ra plane. The solution θ∗1,1 = 0, representing the conduction solution, becomes
unstable and bifurcates at Ra = 657.512 giving two stable symmetric solutions which do
not contain the θ∗2,1 mode. One branch of this solution appears in the positive quadrant and
is labeled “θ∗1,1 pure” in Figure 8.4a to distinguish it from the mixed-mode solution, which
contains a contribution from the θ∗2,1 mode. Each branch becomes unstable and undergoes a
subcritical pitchfork bifurcation atRa = 3.802×104, producing four unstable mixed-mode
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Table 8.1. Numerical Values of Fourier Coefficients of the Fixed
Points of the 12-mode Equations (8.4.2)

Ra

104 3 × 104 4.3 × 104

r = Ra/Rcr 15.21 45.62 65.39

θ∗0,1 0.000 0.000 −2120.222
θ∗0,2 −1506.097 −4571.719 −6663.231
θ∗0,3 0.000 0.000 −366.705
θ∗0,4 −286.133 −2191.940 −3355.777
θ∗1,1 506.978 0.000 0.000
θ∗1,2 0.000 0.000 0.000
θ∗1,3 66.170 0.000 0.000
θ∗1,4 0.000 0.000 0.000
θ∗2,1 0.000 1117.832 −1415.752
θ∗2,2 426.445 0.000 −398.378
θ∗2,3 0.000 509.313 −623.561
θ∗2,4 105.531 0.000 −490.614

solutions, labeled “θ∗1,1 mixed”. Each θ∗1,1 mixed-mode branch sweeps back to a saddle bifur-
cation at Ra = 1.909 × 104. This type of bifurcation configuration (subcritical pitchfork
plus two saddles) typically produces hysteresis effects when the saddle has one stable branch
and one unstable branch. Here the “θ∗1,1 mixed” solution has one unstable manifold (out of
12) on one side of the saddle, and two unstable manifolds on the other.

The second bifurcation of the conduction solution is at Ra = 1,315.023, where two
unstable symmetric fixed points dominant in the subharmonic θ∗2,1 mode appear. Since these
fixed points contain no component in the θ∗1,1 mode, we call these “θ∗2,1 pure” unstable solu-
tion branches. Each of these branches becomes stable and undergoes a pitchfork bifurcation
at Ra = 2,041.918, resulting in the solution branches labeled “θ∗2,1 mixed” in Figures 8.4a
and b. The θ∗2,1 mixed-mode branches nearly connect with the θ∗1,1 mixed-mode branches.

Both the fundamental and the subharmonic pure-mode solutions are stable between
Ra = 2,369 and Ra = 3.802 × 104. The trajectories in Figures 8.2a and b have the
same initial condition, yet in Figure 8.2a they converge to the fundamental subharmonic
stable fixed point. Presumably this is because the unstable mixed-mode branches disrupt
the separatrix between the basin of the attraction of the fundamental and subharmonic pure-
mode solutions. Note that the transition from Figure 8.2a to Figure 8.2b occurs at a Rayleigh
number above the stability limit of the fundamental mode.

The third bifurcation of the conduction solution is at Ra = 4.140 × 104, where two
unstable symmetric solutions in the fundamental mode θ∗1,1 appear. These are labeled “new
θ∗1,1 pure” in Figure 8.4a. Each of these undergo Hopf bifurcations at Ra = 5.23× 104 and
Ra = 5.53 × 104. At no point does the origin itself undergo a Hopf bifurcation, nor does
the conduction solution bifurcate to mixed-mode solutions.

There are no Hopf bifurcations for the conduction or fundamental harmonic solutions;
however, the stable subharmonic branch undergoes two Hopf bifurcations (Figure 8.4b),
one at Ra = 4.37 × 104 and one at Ra = 6.36 × 104. Each mixed-mode saddle (θ∗1,1
mixed) undergoes two Hopf bifurcations, at Ra = 4.491 × 104 and Ra = 5.039 × 104.
Each mixed-mode saddle (θ∗2,1 mixed) undergoes six Hopf bifurcations. Each of these Hopf
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Figure 8.3. Time dependence of the coefficients (a) θ∗1,1 and (b) θ∗2,1 for the solution given in Figure 8.2d,

Ra = 4.5× 104.
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Figure 8.4. Bifurcation diagrams for the 12-mode infinite Prandtl number equations. The fixed points of (8.4.2)
are projected onto the (a) θ∗1,1, Ra plane and (b) the θ∗2,1, Ra plane. Stable branches are shown as solid lines,
unstable branches as dashed lines, pitchfork bifurcations as solid circles, and Hopf bifurcations as open circles.
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Figure 8.5. Loci of the fixed points from Figure 8.4 projected onto the θ∗1,1, θ∗2,1 plane. Superimposed as a dotted
line is the time evolution of the chaotic solution from Figure 8.2d.

bifurcations sheds stable or unstable periodic orbits which are responsible for the oscil-
lations of the trajectory at Ra = 4.5 × 104 shown in Figure 8.2d. In Figure 8.5, the
first 7,000 points of the trajectory at Ra = 4.5 × 104 are projected onto the θ∗1,1, θ∗2,1
plane (dotted line) superimposed on the central portion of the branches of the fixed points
(solid lines). Note that the trajectory weaves aperiodically around several Hopf bifurcations
(circles).

Physically, infinite Prandtl number, high Rayleigh number convection becomes time-
dependent through boundary layer instabilities that generate thermal plumes. In terms of
spectral expansions, these instabilities result from the nonlinear coupling in the convective
terms of the heat equation.

The 12-mode expansion gives solutions that are clearly chaotic. A valid question
is whether higher-order expansions also yield chaotic solutions. In order to exam-
ine this question 24- and 40-mode expansions have been considered. At Ra = 104,
both models converge to fixed points, and the energy distribution among the Fourier
modes is qualitatively correct; modes which should be nearly zero are almost zero,
while large-amplitude modes have comparable amplitudes, within 10%. At Ra = 5 ×
104, however, the temporal behavior of the 24-mode model and the 40-mode model
diverge significantly: the 40-mode model goes to a fixed point while the 24-mode
model goes to a periodic orbit. At higher Rayleigh numbers, this relationship inverts,
the 24-mode model going to a stable fixed point and the 40-mode model to a peri-
odic orbit. Therefore, it is not always true that adding more modes in the expansion
will always reduce the time-dependent behavior of the solutions – or the dimen-
sion of the attractor – in the infinite Prandtl number case; sometimes the opposite
is true.

In Figure 8.6 we show the periodic orbit of the 40-mode system projected onto the
θ∗1,1, θ∗2,1 plane at Rayleigh number Ra = 1.9 × 105. Because the system is sym-
metric under the transformation θ∗m,n → −θ∗m,n this periodic orbit also occurs in the
other quadrants of the system. Figure 8.7 shows the periodic orbit after bifurcation to
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Figure 8.6. Periodic orbit of the 40-mode system at Ra = 1.9× 105.

Figure 8.7. Periodic orbit after the transition to a two-torus in the 40-mode system at Ra = 1.9× 105.

a two-torus. This occurs near Rayleigh number Ra = 1.95 × 105. A second tempo-
ral frequency has been introduced that causes the periodic orbit to wind around in two
dimensions, remaining on the surface of a torus. The ratio between the two frequencies is
approximately 50.

The study of thermal convection at infinite Prandtl number may be the best way
to relate low-order chaotic systems to high-order turbulent systems. At infinite Prandtl
number, viscous damping occurs in the same wavelength band as the buoyancy input.
Flows have relatively little short-wavelength energy. The 40-mode expansion consid-
ered here approaches the resolution of some numerical calculations that exhibit fluid
turbulence.


