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The characteristic time constant of the geological
processes related to mantle convection, typically

10 My (3� 1014 s), is so long that the mantle,

although stronger than steel and able to transmit

seismic shear waves, can be treated as a fluid.

Similarly, ice, which is the solid form of water, is

able to flow from mountain tops to valleys in the

form of glaciers. A formalism that was developed for

ordinary liquids or gases can therefore be used in

order to study the inside of planets. It is not the

equations themselves, but their parameters (viscosity,

conductivity, spatial dimensions, etc.) that character-

ize their applicability to mantle dynamics.
7.02.1 Introduction

In many text books of fluid dynamics, and for most

students, the word ‘fluid’ refers to one of the states of

matter, either liquid or gaseous, in contrast to the solid

state. This definition is much too restrictive. In fact, the

definition of a fluid rests in its tendency to deform

irrecoverably. Basically, any material that appears as

elastic or nondeformable, with a crystalline structure

(i.e., belonging to the solid state) or with a disordered

structure (e.g., a glass, which from a thermodynamic

point of view belongs to the liquid state) can be deformed

when subjected to stresses for a long enough time.
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Most materials can therefore behave like elastic
solids on very short time constants and like liquids at
long times. The characteristic time that controls the
appropriate rheological behavior is the ratio between
viscosity, �, and elasticity (shear modulus), �R, called
the Maxwell time �M (Maxwell, 1831–79):

�M ¼
�

�R
½1�

The rheological transition in some materials like
silicon putty occurs in only a few minutes; a silicon
ball can bounce on the floor, but it turns into a puddle
when left on a table for tens of minutes. The transi-
tion time is of the order of a few hundred to a few
thousand year s for the mantle (see Secti on 7.02.3.2 ).
Phenomena of a shorter duration than this time
will experience the mantle as an elastic solid while
most tectonic processes will experience the mantle as
an irreversibly deformable fluid. Surface loading of
the Earth by glaciation and deglaciation involves
times of a few thousands years for which elastic
aspects cannot be totally neglected with respect to
viscous aspects.

Although the word ‘convection’ is often reserved
for flows driven by internal buoyancy anomalies of
thermal origin, in this chapter, we will more gener-
ally use ‘convection’ for any motion of a fluid driven
by internal or external forcing. Convection can be
kinematically forced by boundary conditions or
induced by density variations. The former is ‘forced’
and the latter is ‘free convection’ which can be of
compositional or thermal origin. We will however,
mostly focus on the aspects of thermal convection (or
Rayleigh–Bénard convection (Rayleigh, 1842–1919;
Bénard, 1874–1939; see Chapter 7.01) when the fluid
motion is driven by thermal anomalies and discuss
several common approximations that are made in this
case. We know, however, that many aspects of mantle
convection can be more complex and involve com-
positional and petrological density anomalies or
multiphase physics. We will therefore review some
of these complexities.

The physics of fluid behavior, like the physics of
elastic media, is based on the general continuum
hypothesis. This hypothesis requires that quantities
like density, temperature, or velocity are defined
everywhere, continuously and at ‘points’ or infinite-
simal volumes that contain a statistically meaningful
number of molecules so that these quantities repre-
sent averages, independent of microscopic molecular
fluctuations. This hypothesis seems natural for
ordinary fluids at the laboratory scale. We will
adopt the same hypothesis for the mantle although
we know that it is heterogeneous at various scales and
made of compositionally distinct grains.
7.02.2 Conservation Equations

The basic equations of this section can be found in
more detail in many classical text books (Batchelor,
1967; Landau and Lifchitz, 1980). We will only
emphasize the aspects that are pertinent for Earth’s
and terrestrial mantles.
7.02.2.1 General Expression of
Conservation Equations

Let us consider a fluid transported by the velocity
field v, a function of position X, and time t. There are
two classical approaches to describe the physics in
this deformable medium. Any variable A in a flow can
be considered as a simple function of position and
time, A(X, t), in a way very similar to the specification
of an electromagnetic field. This is the Eulerian point
of view (Euler, 1707–1783). The second point of view
is traditionally attributed to Lagrange (Lagrange,
1736–1813). It considers the trajectory that a material
element of the flow initially at X0 would follow
X(X0, t). An observer following this trajectory would
naturally choose the variable A(X(X0, t), t). The same
variable A seen by an Eulerian or a Lagrangian obser-
ver would have very different time derivatives.
According to Euler the time derivative would simply
be the rate of change seen by an observer at a fixed
position, that is, the partial derivative q/qt.
According to Lagrange, the time derivative, noted
with D, would be the rate of change seen by an
observer riding on a material particle

DA

Dt
¼ dA X X0; tð Þ; tð Þ

dt

� �
X0

¼
X
i¼1;3

qA

qXi

qXi

qt
þ qA

qt
½2�

where the Xi are the coordinates of X. Since X is the
position of a material element of the flow, its partial
time derivative is simply the flow velocity v. The
Lagrangian derivative is also sometimes material
called the derivative, total derivative, or substantial
derivative.

The previous relation was written for a scalar field
A but it could easily be applied to a vector field A.
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The Euleri an and Lagrang ian time derivatives are

thus related by the symb olic relation

D

Dt
¼ q

qt
þ v ? �ð Þ ½3�

The opera tor ( v ? � ) is the symb olic vector ( v1q/ qx 1,
v2 q/qx 2 , v3 q/q x3 ) and a conveni ent mnemonic is to
interpre t it as the scalar pr oduct of the veloc ity field
by the gradient operato r ( q/ qx1 , q/ qx 2, q/ qx 3). The
operator ( v ? � ) can be appli ed to a scalar or a vector.
Notice that (v ? � ) A is a vec tor that is neith er paral-
lel to A nor to v.

In a purely ho mogene ous fluid , the flow lines are
not visible and the mecha nical propert ies are inde-

pendent of the ori ginal position of fluid particles. In
this case the Euleria n persp ective seems natural. On

the other hand, a physicist describ ing elastic media

can easily draw mark s on the su rface of def ormable
objects and flow lin es become percepti ble for him.

After an elastic deforma tion, the stresse s are also

depende nt on the ini tial equilibr ium state. The
Lagrangian perspect ive is theref ore more appropri-

ate. We will mostly adopt the Euleria n persp ective

for the description of the mantl e. Howe ver when we

discuss def ormation of heterog eneities embed ded in
and stirred by the conv ective mantle, the Lagr angian

point of view will be more meaningfu l (see Secti on

7.02.5.1.7 ).
A starting point for describ ing the physics of a

continuum are the conservat ion equat ions. Consid er

a scalar or a ve ctor ex tensive variabl e (i.e., mas s,

momentu m, energy, entropy, number of moles)
with a density per unit volum e A, and a virtual but

fixed volume � enclos ed by the surface � . This

virtual volum e is freely crossed by the flow. The

temporal change of the net quantity of A inside � is

d

d t

Z
�

A d V ¼
Z

�

qA

qt
dV ½ 4�

Since � is fixed, the der ivative of the integra l is the
integral of the par tial time deriva tive.

T he total quantity of the extens ive variabl e A in a
volume � can be re lated to a local pro duction, HA

(with units of A per unit vol ume and unit time ), and

to the trans port (influx or efflux ) of A acros s the
interface. This transpor t can either be a macroscopi c

advective transpo rt by the flow or a more ind irect

transport, for exa mple, at a micros copic diffu sive
level. Let us cal l JA the total flux of A per uni t surface
area. T he conse rvation of A can be expr essed in
integr al form as

Z
�

qA

qt
d V ¼ –

Z
�

JA ? d S þ
Z

�

HA d V ½ 5�

where the infinit esimal surfa ce elemen t vector d S is
oriented with the outwar d unit nor mal; hence , the
minus sign assoc iates outwar d flux w ith a sink of
quantity A . Equa tion [5] is the gen eral form of any
conse rvation equation . When the volume � , surfac e
� , and flux JA are regular enou gh (in mathema tical
terms when the volum e is compact, the su rface pie-
cewise smoo th, and the flux continuous ly
differe ntiable ), we can make use of the diverg ence
theorem

Z
�

JA ? d S ¼
Z

�

� ? JA d V ½ 6�

to transf orm the surfac e integr al into a volume inte-
gral. The divergence operat or transf orms the vec tor J
with Cartesian coordinat es (J1 , J 1 , J 2 ) (Descartes ,
1596–1 650) into the scalar � ? J ¼ qJ1 /qx 1 þ qJ 2 /
qx2 þ qJ 3 /qx 3 , scalar pro duct of the sym bolic opera-
tor � by the real ve ctor J (notice the difference
between the scalar � ? J and the oper ator J ? �).
Since the integral eqn [5] is valid for any virtu al
volum e � , w e can dedu ce that the general differe n-
tial form of the conse rvation equation is

qA

qt
þ � ? JA ¼ HA ½ 7�

A similar expr ession can be used for a vec tor
quantity A with a tens or flux J and a vector source
term HA. In this case, the divergence operator
converts the second-order tensor with components
Jij into a vector whose Cartesian components are
�j¼1,3 qJij/qxj .

We now apply this formalism to various physical
quantities. Three quantities are strictly conserved:
the mass, the momentum, and the energy. This
means that they can only change in a volume � by

influx or efflux across the surface �. We must iden-
tify the corresponding fluxes but no source terms
should be present (in fact, in classical mechanics the
radioactivity appears as a source of energy) (see also

Secti on 7.0 2.2.5.3 ). O ne very imp ortant phys ical
quantity is not conserved – the entropy – but the
second law of thermodynamics insures the positivity
of the associated sources.
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Figure 1 The force per unit area applied on a surface
directed by the normal vector ni is by definition s ? ni. The

component of this force along the unit vector ej therefore

ej ? s ? ni.
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7.02.2.2 Ma ss Conser vation

The net rate at which mass is flowing is

J� ¼ � v ½ 8�

Using either the Euleri an or the Lagr angian time
derivatives, mas s conservation bec omes

q�
qt
þ � ? �vð Þ ¼ 0 ½ 9�

or

D�

Dt
þ �� ? v ¼ 0 ½ 10�

In an incom pressibl e fluid, particles hav e constant
density, and so in the particle frame of re ference,
the Lagr angian observ er does not see any density
variation and D� /D t ¼ 0. In this case, mass con serva-
tion takes the simple form � ? v ¼ 0. This equation is
commonly called the continu ity equation althou gh
this termin ology is a littl e bit vague .

Usin g mas s conservat ion, a few identitie s can be
derived that are very useful for transform ing an
equation of con servation for a quantity per unit
mass to a quant ity per uni t volum e. For exampl e for
any scalar field A,

q � Að Þ
qt
þ � ? � Avð Þ ¼ �DA

Dt 
½ 11�

and for any vec tor field A ,

q � Að Þ
qt
þ � ? � A � vð Þ ¼ �DA

Dt 
½ 12�

where A � v is a dyadi c tens or of com ponents Ai v j .
7.02.2.3 Momen tum Conser vation

7.02.2.3.1 G eneral momentum

conser vation

The changes of mom entum can be easily deduc ed by
balancin g the changes of mom entum with the body
forces acti ng in the volum e � and the su rface force
acting on its surfac e � , tha t is, N ewton’s second law
(Newton, 1642–1 727). The total mom entum isZ

�

� v d V ½ 13�

and its variati ons are due to

• adv ective transpor t of mom entum acros s th e su r-
face � ,

• forc es acti ng on this surface, and

• internal bod y forces .
The momentum conservation of an open, fixed
volume, can therefore be expressed in integral form asZ

�

q � vð Þ
qt

d V ¼ –

Z
�

�v v ? d Sð Þ

þ
Z

�

s ? d S þ
Z

�

F d V ½14 �

The tenso r s corres ponds to th e total stresse s ap plied
on the surfac e �  (see Figu re 1). Our conv ention is
that �ij is the i -compon ent of the force per uni t area
across a plane normal to the j -directio n. The term F
represe nts the sum of all body forces , and in par ticu-
lar the gravita tional forces � g (we will not consider
electrom agne tic forces).

Using the diver gence theorem (for the first term
on the righ t-hand side, � v(v ? dS ) can also be writ ten

� (v � v) ? d S) and the equality [12], the diffe rential

form of mom entum conse rvation becomes

�
Dv

Dt
¼ � ? s þ F ½15 �

It is common to divid e the total stress te nsor into a
thermod ynami c pressu re � PI where I is the ident ity
stress tenso r, and a velocity-d ependen t stress t . The
relations hip betw een the tens or t and the veloc ity
field will be discusse d later in Section 7.02.3 .2.
Witho ut motion , the total str ess tenso r is thus iso-
tropic and equal to the usual pressu re. In most
geophys ical lite rature, it has been ass umed tha t the
velocity-d epen dent tens or has no isotropi c compo-
nent, that is, it is traceless tr(t)¼ 0. In this case the
thermodynamic pressure P is the average isotropic
stress, tr(s)¼�3P, which is not the hydrostatic pres-
sure (see Secti on 7.0 2.3.2 for more details). T he
velocity-dependent stress tensor t is thus also the
deviatoric stress tensor.
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As � ? (PI) ¼�P , momentu m conse rvation [14], in
terms of pr essure and deviatoric stresses, is

�
Dv

Dt
¼ –�P þ � ? t þ F ½ 16�

This equation is called the Navier–Stokes equation
(Navier, 1785–1836; Stokes, 1819–1903) when the
stress tensor is linearly related to the strain rate tensor
and the fluid incompressible (see Section 7.02.3.2).
7.02.2.3.2 Inertia and non-Galilean forces

In almost all studies of mantle dynamics the fact that
the Earth is rotating is simply neglected. It is however
worth discussing this point. Let us define a reference
frame of vectors ei attached to the solid Earth. These
vectors rotate with the Earth and with respect to a
Galilean frame such that

dei

dt
¼ w � ei ½17�

where w is the angular velocity of Earth’s rotation. A
point of the Earth, X¼�i Xiei , has a velocity in the
Galilean frame:

dX

dt

� �
Gal

¼
X
i¼1;3

dXi

dt

� �
ei þ Xi

dei

dt

� �� �
¼ vEarth þ w � X ½18�

where vEarth is the velocity in the Earth’s frame, and
by repeating the derivation, an acceleration gGal in a
Galilean frame (Galileo, 1564–1642)

gGal ¼ g Earth þ 2w � vþ w � w � Xð Þ þ dw
dt
� X ½19�

In this well-known expression, one recognizes on the
right-hand side, the acceleration in the non-Galilean
Earth reference frame, the Coriolis (Coriolis, 1792–
1843), centrifugal and Poincaré accelerations (Poincaré,
1854–1912).

To quantify the importance of the three first
acceleration terms (neglecting the Poincaré term),
let us consider a characteristic length scale (the
Earth’s radius, a¼ 6371 km), and mantle velocity
(the maximum plate tectonic speed, U¼ 10 cm yr�1)
and let us compare the various acceleration terms.
One immediately gets

inertia

Coriolis
¼ U

2!a
¼ 1

2:9� 1011
½20�

Coriolis

gravitational force
¼ 2!U

g
¼ 1

2:1� 1013
½21�
centrifugal

gravitational force
¼ !

2a

g
¼ 1

291
½22�

Thus, the inertial term is much smaller than the
Coriolis term (this ratio is also known as the Rossby
number (Rossby, 1898–1957)), which is itself negli-
gible relative to gravitational force. Even if we argue
that a more meaningful comparison would be
between the whole Coriolis force 2�!U and the lat-
eral variations of the gravitational force ��g (this ratio
would be the inverse of the Eckman number,
(Eckman, 1874–1954)), inertia and Coriolis accelera-
tions still play a negligible role in mantle dynamics.
Neglecting inertia means that forces are instanta-
neously in balance and that changes in kinetic
energy are negligible since inertia is the time deriva-
tive of the kinetic energy. We can perform a simple
numerical estimate of the mantle kinetic energy. The
kinetic energy of a lithospheric plate (a square of size
2000 km, thickness 100 km, velocity 5 cm yr�1, and
density 3000 kg m�3) is 1.67 kJ, which is comparable
to that of a middle size car (2000 kg) driven at only
4.65 km h�1!

The centrifugal term is also quite small but not so
small (1/291 of gravitational force). It controls two

effects. The first is the Earth’s flattening with an equa-

torial bulge of 21 km (1/300 of Earth’s radius) which is
a static phenomenon that has no interactions with

convective dynamics. The second effect is the possi-

bility that the whole planet rotates along an equatorial

axis in order to keep its main inertial axis coincident
with its rotational axis (Spada et al., 1992a; Ricard et al.,

1993b). This rotational equilibrium of the Earth will

not be discussed here (see, e.g., Chandrasekhar (1969)
for the static equilibrium shape of a rotating planet

and, e.g., Munk and MacDonald (1960) for the

dynamics of a deformable rotating body).
We neglect all the acceleration terms in the follow-

ing but we should remember that in addition to the
convective motion of a nonrotating planet, a rotation of

the planet with respect to an equatorial axis is possible.

This motion documented by paleomagnetism is called
True Polar Wander (Besse and Courtillot, 1991).
7.02.2.3.3 Angular momentum

conservation

The angular momentum per unit mass J¼X� v obeys

a law of conservation. This law can be obtained in two

different ways. First, as we did for mass and momentum
conservation, we can express the balance of angular
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momen tum in integral form. In t he absen ce o f intrinsic
angula r m omen tu m s o u rces, it s va riat ion s are due t o

• adv ective transpor t of angular momentu m across
the surface � ,

• torq ue of forces acting on this surface, and

• torq ue of internal bod y forces.

The resultin g bal ance is ther eforeZ
�

q � Jð Þ
qt

d V ¼ –

Z
�

�J v ? d Sð Þ þ
Z

�

X � s ? dSð Þ

þ
Z

�

X � F d V ½ 23�

The only dif ficulty to transf orm this integral form
into a local equation is with the integra l involvi ng the
stress tensor. After some alge bra, eq n [23] becomes

�
DJ

Dt
¼ X � � ? s þ X � F þ T ½ 24�

where the torq ue T is the vector (�zy � �  yz , � xz � �  zx,
� yx �� xy ). A secon d expres sion can be obtained by the
vectoria l multiplicati on of the momentu m equation
[15] by X . Sinc e

X � Dv

Dt
¼ DJ

Dt
–

DX

Dt
� v ¼ DJ

Dt
– v � v ¼ DJ

Dt
½ 25�

we get

�
DJ

Dt
¼ X � � ? s þ X � F ½ 26�

which diffe rs from [24] by the absence of the torque
T . This proves that in the absence of source s of
angular mom entum, the stres s (eithe r s or t ) must
be represe nted by a symmet rical tenso r,

s ¼ s 
t; t ¼ t  

t ½ 27�

where [] t denote s tens or transpositi on.
7.02.2.4 Energy Co nservation

7.02.2.4.1 First law and internal energy

The total energy per unit mass of a fluid is the sum of
its internal energy, U , and its kinetic energy (this
approach implies that the work of the various forces
is separately taken into account; another approach
that we use in Secti on 7.0 2.2.5.3 , adds to the total
energy the various possible potential energies and
ignores forces). In the fixed volume �, the total
energy is thus Z

�

� U þ v2

2

� �
dV ½28�
A change of this energy content can be caused by

• advection of energy across the boundary � by
macroscopic flow,

• transfer of energy through the same surface with-
out mass transport, by say diffusion or conduction,

• work of body forces,

• work of surface forces, and

• volumetrically distributed radioactive heat
production

Using the divergence theorem, the balance of energy
can therefore be written as

q
qt

� U þ v2

2

� �� �
¼ –� ? � u þ v2

2

� �
vþ qþ Pv – t ? v

� �
þ F ? v þ �H ½29�

where q is the diffusive flux, H the rate of energy
production per unit mass, and where the stresses are
divided into thermodynamic pressure and velocity
dependent stresses.

This expression can be developed and simplified
by using [11] and the equations of mass and momen-
tum conservation, [9] and [16] to reach the form

�
DU
Dt
¼ –� ? q – P� ? vþ t : �vþ �H ½30�

The viscous dissipation term t : �v is the contraction
of the two tensors t and �v (of components qvi/qxj).
Its expression is �ij � ij qvi/qxj.
7.02.2.4.2 State variables
The internal energy can be expressed in terms of the
more usual thermodynamic state variables, namely,
temperature, pressure, and volume. We use volume
to follow the classical thermodynamics approach, but
since we apply thermodynamics to points in a con-
tinuous medium, the volume V is in fact the volume
per unit mass or 1/�. We use the first law of thermo-
dynamics which states that during an infinitesimal
process the variation of internal energy is the sum
of the heat �Q and reversible work �W exchanged.
Although irreversible processes occur in the fluid, we
assume that we can adopt the hypothesis of a local
thermodynamic equilibrium.

The increments in heat and work are not exact
differentials: the entire precise process of energy
exchange has to be known to compute these incre-
ments, not only the initial and final stages. Using
either a T�V or T� P formulation, we can write

�Q ¼ CV dT þ ldV ¼ CPdT þ hdP ½31�
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where CP an C V are the heat cap acities at constant
pressure and volum e, respect ively, and h and l are
two other calorime tric coefficients neces sary to
account for heat exchang e at constant temper ature.
For fluid s the reversibl e exchange of w ork is only due
to the work of pr essure forces

� W ¼ – P d V ½ 32�

This imp lies that only the pressu re term corre-
sponds to an energ y capa ble to be stored and
returned withou t loss when the volum e chang e is
reversed . On the con trary, the stresse s re lated to
the velocity will ultimatel y appear in the dissipa-
tive, irrecoverable term of viscous dissipation. This
point will be fu rther considered in Section 7.02.3.2
about rheology.

Thermodynamics states that the total variations of
energy, dU ¼ �Qþ �W, enthalpy, dH ¼ dU þ d(PV),

or entropy, dS ¼ �Q/T, are exact differentials and U ,

H , and S are potentials. This means that the net

change in energy (enthalpy, entropy) between an

initial and a final state depends only on the initial

and final states themselves, and not on the intermedi-

ate stages. This implies mathematically that the

second partial derivatives of these potentials with

respect to any pair of variables are independent of

the order of differentiation. Using these rules a large

number of relations can be derived among the ther-

modynamic coefficients and their derivatives. These

are called the Maxwell relations and are discussed in

most thermodynamics textbooks (e.g., Poirier, 1991).

We can in particular derive the values of l (starting

from dU and dS in T�V formulation) and h (starting

from dH and dS in T� P formulation),

l ¼ �TKT and h ¼ –
�T

�
½33�

In these expressions for l and h, we introduced the
thermal expansivity � and the isothermal incompres-
sibility KT,

� ¼ 1

V

qV

qT

� �
P

¼ –
1

�

q�
qT

� �
P

KT ¼ –V
qP

qV

� �
T

¼ � qP

q�

� �
T

½34�

The thermodynamic laws and differentials apply to
a closed deformable volume �(t). This corresponds to

the perspective of Lagrange. We can therefore inter-

pret the differential symbols ‘d’ of the thermodynamic

definitions [31] of [32] as Lagrangian derivatives ‘D’.
Therefore, in total, when the expressions for l and

h are taken into account, [33], and when the
differential symbols are interpreted as Lagrangian
derivatives, the change of internal energy,
dU ¼ �Qþ �W, can be recast as

DU
Dt
¼ CV

DT

Dt
þ �TKT –Pð Þ� ? v

�
½35�

or

DU
Dt
¼ CP

DT

Dt
–
�T

�

DP

Dt
–P

� ? v

�
½36�

In these equations we also have replaced the volume
variation using mass conservation [9]

DV

Dt
¼ D 1=�ð Þ

Dt
¼ –

1

�2

D�

Dt
¼ � ? v

�
½37�
7.02.2.4.3 Temperature

We can now employ either thermodynamic relation
[35] or [36], in our conservation equation deduced
from fluid mechanics, [30], to express the conserva-
tion of energy in terms of temperature variations

�CP

DT

Dt
¼ –� ? q þ �T

DP

Dt
þ t : �v þ �H

�CV

DT

Dt
¼ –� ? q þ �TKT � ? v þ t : �v þ �H

½38�

Apart from diffusion, three sources of temperature
variations appear on the right-hand side of these equa-
tions. The last term �H is the source of radioactive
heat production. This term is of prime importance for
the mantle, mostly heated by the decay of radioactive
elements like 235U, 238U, 236Th, and 40K. Altogether
these nuclides generate about 20� 1012 W
(McDonough and Sun, 1995). Although this number
may seem large, it is in fact very small. Since the Earth
now has about 6� 109 inhabitants, the total natural
radioactivity of the Earth is only �3 kW/person, not
enough to run the appliances of a standard kitchen in a
developed country. It is amazing that this ridiculously
small energy source drives plate tectonics, raises
mountains, and produces a magnetic field. In addition
to the present-day radioactivity, extinct radionu-
cleides, like that of 36Al (with a half life of 0.73 My),
have played an important role in the initial stage of
planet formation (Lee et al., 1976).

The viscous dissipation term t : �v converts
mechanical energy into a temperature increase.
This term explains the classical Joule experiment
(equivalence between work and heat (Joule, 1818–
89), in which the potential energy of a load (mea-
sured in joules) drives a propeller in a fluid and
dissipates the mechanical energy as thermal energy
(measured in calories).
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The remaining source term, containing the ther-
m o d y na m i c c o e f f ic ie n t s (� or �KT in (38)) cancels
when the fluid is incompressible (e.g., when �¼ 0 or
when � ? v ¼ 0). This term is related to adiabatic
compression and will be discussed in Section 7.02.4.2.2.
7.02.2.4.4 S econd law and entr opy

We now consi der the second law of thermod ynamics
and entropy conservat ion. Assumi ng loc al thermod y-
namic equilibriu m, we have d U ¼ T d S � P d V. Using
the equation of conservation for the internal energ y
U , [30], and expres sing the volum e change in terms of
velocity diverg ence, [37], we obtai n

� T
DS
Dt
¼ –� ? q þ t : �v þ � H ½ 39�

To identify the entropy sources, we can express this
equation in the form of a conservation equation (see [7]),

q �Sð Þ
qt
¼ –� ? �S v þ q

T

� �
–

1

T 2 
q ? �T

þ 1

T
t : �v þ 1

T
�H ½ 40�

The physical mean ing of this equat ion is theref ore
that th e chang e of entr opy is related to a flux of
advected and diffused entropy, �S v and q /T , and to
three entropy pro duction te rms, includi ng from
radiogeni c heatin g.

A brief intr oduction to the general principle s of
nonequilib rium ther modynami cs will be given in
Section 7.02.5.1.4 . Here , we simpl y stat e that the
second law re quires that in all situations, the total
entropy producti on is posi tive. When diffe rent
entropy producti on terms involve factor s of diffe rent
tensor order s (te nsors, vectors , or scalars), they must
separate ly be positive. This is called th e Curi e prin-
ciple (Cu rie, 1859–1906 ) (see , e.g., de Groot and
Mazur (1984) and Woods (1975) ). It implies that

– q ? �T � 0 and t : �v � 0 ½ 41�

The usual Fouri er law (Fourier , 1768–1 830) with a
positive thermal conducti vity k > 0,

q ¼ – k �T ½ 42�

satisfies the second law.
W h e n the c o n du ct iv it y k is uniform, the thermal

di ffusion term of the energy equation �� ? q becomes
kr  

2T, where r  
2 ¼� ? � is the s calar Laplacian

oper ator (La plac e, 1 74 9– 18 27 ). Instea d of a therm al
conductivity, a t hermal diffusivity 	 can be int roduced:

	 ¼ k

� CP

½ 43�
(in princi ple, isobar ic and isochoric thermal diffusiv-
ities should be defined). In situations with uni form
conducti vity, without motion and rad ioactivity
source s, the energ y equation [38] becomes the stan-
dard dif fusion eq uation

qT

qt
¼ 	r2 T ½44 �

The re lation betw een stress and velocity satisfy-
ing [41] will be discusse d in detail in Section 7.02.3 .2.
We will show that the relationshi p

t ¼ 2� _
 –
1

3 
� ? v

� �
½45 �

is appropr iate for the mantl e, where the stra in rate
tenso r _† is defined by

_† ¼ 1

2

�
�v½ � þ �v½ �t

	
½46 �

Using this relation and assuming � uniform, the
divergence of the stress tensor that appears in the
momentum conservation equation has the simple form

� ? t ¼ ��2 v þ �

3 
� � ? vð Þ ½47 �

where the vectori al Lap lacien �2 v is �(� ? v) ���
(�� v). This relationshi p sugg ests a meaning ful
interpre tatio n of the viscosity. The mom entum eq ua-
tion [16] can be writ ten as

qv

qt
¼ �
�

� 
2 v þ other terms . . . ½48 �

forget ting the oth er terms , a compar ison with th e
thermal diffusi on equation [44] show s that the kine-
matic viscos ity, � , defined by

� ¼ �
�

½49 �

should rather be called the mom entum diffusi vity; it
plays the same role with respe ct to the veloc ity as
thermal diffusi vity does with respect to temp erature.
7.02. 2.5 Gravitation al Forces

7.02.2.5.1 P oisson’s e quation

In this chapter, the on ly force is the grav itational
body force. The grav ity is the su m of this gravita-
tional bod y force and the centrifug al force alr eady
discus sed (see Section 7.02.2.3.2 ). The grav itational
force per unit mass is the gradient of the gravitational
potential  , a solution of Poisson’s equation (Poisson,
1781–1840), that is,

g ¼ –� and r2 ¼ 4�G� ½50�
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where G is the gravitational con stant. In th e force
term that appear s in the mom entum equation [16] ,
F ¼ � g, the gravitat ional forc e per unit mas s should
be in agreem ent with the dis tribution of masses: the
Earth should be self-gr avitating .

7.02.2.5.2 S elf-gravitation

When dealing with fluid dynam ics at the labo ratory
scale, the grav itational force can be consi dered as
constant and uni form. The gra vitational force is
related to the entire distrib ution of mas s in the
Earth (a nd the Univer se) and is practic ally ind epen-
dent of th e local changes in density in the
experimental enviro nment. T herefore , at the labora-
tory scale , it is re asonable to ignor e Poiss on’s
equation and to assum e that g is a uniform and con-
stant referenc e gravitational field.

Insid e a plane t, the density can be divided into an
average depth -depende nt dens ity, �0 (r ), the source of
the referen ce depth -depende nt gravitational field,
g0(r ), and a density pert urbation ��, the sou rce a
gravitational perturb ation � g. The force term , F , is
therefore to first order �0 g0 þ ��g0 þ �  0� g; it is
tempting to assume th at eac h term in this expres sion
is much lar ger tha n the next one and hopeful ly that
only the first two terms are of impo rtance (neglecti ng
the secon d term would suppress any feed back
between density perturba tions and flow ).
Practicall y, this assum ption woul d imply consi dera-
tion of the total density anomalies but only the
depth-dep endent gravitat ional field. Solvi ng
Poisson’s equation to compu te the pert urbed gra vita-
tional field would thus be avoided . We can test the
above idea and show tha t unfor tunately , the third
term, þ�0� g, may be of the same ord er as the second
one (Rica rd et al., 1984 ; Richar ds and Hag er, 1984 ;
Panasyuk et al., 1996 ). To perform this exerc ise we
have to introdu ce the sph erical har monic func tions
Ylm (,� ). T hese functions of latitude  and long itude
� oscil late on a spher e just like tw o-dimension al
(2-D) sinusoid al func tions on a plane. Each harmoni c
function changes sign l � m times from north to south
pole, and m time s ove r the same angle (180 �  ) around
the eq uator. The degree l can thus be interpre ted as
correspond ing to a wavelength of ord er 2� a/ l, where
a is rad ius. Sph erical harmoni cs consti tute a basis for
functions def ined on the sph ere and are also eigen-
functions of the angu lar part of Laplace’ s equation
which facil itates the solution of Poisso n’s equation .

Let us consider a density anomal y ��¼ �� (r � a)�
Ylm (, � ) at the surface of a sphere of rad ius a and
uniform density �0 (� (r � a) is th e D irac delta
function (Dirac, 1902–84), � has unit of kg m �2 .
This mas s dist ribution generat es insid e the planet
the rad ial grav itational perturb ation field of

� g ¼ 4�G�
l

2l þ 1

r

a

� �l – 1

Ylm ; �ð Þ ½51 �

We can compar e the terms �0 � gh i and g0 ��h i, both
averag ed over the plane t radius. For a uniform pla-
net, the surface gravitational for ce per unit mass is
g0 ¼ 4/3� G�0 a. Since ��h i ¼ � Ylm ; �ð Þ=a , we get

�0 � gh i
g0 ��h i

¼ 3

2l þ 1 
½52 �

This estimate is certainly crude and a prec ise com-
putation taki ng into account a distributed density
distrib ution could be done. Howe ver, this rule of
thumb woul d remain valid. At low degree the effect
of self-grav itation �0� g is about 50% of the direct
effect ��g0 and reaches 10% of it only near l � 15.
Self-gr avitation has been taken into accou nt in var-
ious models intended to explai n the Eart h’s grav ity
field fro m mantl e dens ity anomal ies (see also Chap ters
7.04 and 1.23). Some sph erical conv ection cod es seem
to neg lect this effect, althou gh it is importan t at the
longes t wave lengths.
7.02.2.5.3 C onser vative forms of

mome nt um an d e ne rgy eq ua ti  o ns

In the general remarks on conservation laws in Section
7.02.2.1, we wrote that conserved quantities like mass,
momentum, and energy can only be transported but
do not have production terms (contrary to entropy).
However, in the momentum conservation [16] and in
the energy conservation [29], two terms, �g and �g ? v,
appear as sources (we also said that the radioactive
term �H appears because the classical physics does not
identify mass as energy and vice versa. A negligible
term ��H/c2, where c is the speed of light, should,
moreover, be present in the mass conservation).

It is interesting to check that our equations can be
recast into an exact conservative form. An advantage
of writing equations in conservative form is that it is
appropriate to treat with global balances, interfaces,
and boundaries (see Section 7.02.2.6). We can obtain
conservative equations by using Poisson’s relation and
performing some algebra (using g ? �g¼�g ? g, since
g¼�r )

�g ¼ –
1

4�G
� ? g� g –

1

2
g2I

� �
½53�
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Figure 2 The pillbox volume used to derive the interface

and boundary conditions.
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�g ? v ¼ – �
D 

Dt
–

1

4�G 
� ? g

q 
qt

� �
–

1

8�G

qg 2

qt
½ 54�

If we substitu te these two ex pression s in the momen-
tum and the energy conse rvation eq uations, [16] and
[29], we obtain the con servative forms

q � vð Þ
qt
¼ –� ?

�
� v � v þ PI – t

þ 1

4�G 
g � g –

1

8�G 
g 2I

�
½ 55�

q
qt

� U þ  þ v 2

2

� �
þ g 2

8�G

� �
¼ –� ?

 
� v U þ  þ v 2

2

� �
þ q

þ P v – t ? v þ g

4�G

q 
qt

!
þ � H ½ 56�

When the gravitational  force is time independent, a
potential   can simply b e a dd ed to the k ine tic and
inte rn al e nergies t o re pl ac e the wo rk of gravit at io nal
forces. When gravitational force and its potential are
time- dep enden t (d ue to m ass re distribution during
convection, s egregation of elemen ts , etc.) , t wo n ew
terms must b e add ed; a gravitational ene rg y prop or-
tio n al t o g2 an d a gravitational flux proportion al t o
gq  /qt (this is equivalen t t o t he magnetic e nergy
proportional to B2 where B is the magnetic inducti on,
in tesla (T esla, 1856–1943), an d to the Poy ntin g v ector
of magneto- hyd rodyn amics (P oyn tin g, 1 852– 1914) ).

In a permanent or in a statistically steady regime,
the time-dependent terms of energy equation [56] can

be neglected and the equation can then be integrated

over the volume of the Earth. The natural assumption

is that the Earth’s surface velocities are perpendicular

to the Earth’s surface normal vector and that the sur-

face is either stress free or with no horizontal velocity

(we exclude the case of convection forced by imposing

a nonzero surface velocity). Using the divergence the-

orem to transform the volume integral of the

divergence back to a surface integral of flux, most

terms cancel and all that remains isZ
�

q ? dS ¼
Z

�

� H d V ½ 57�

The surfac e flux in a statist ically steady regi me is
simply the total radiog enic heat producti on.

It is su rprising at first tha t viscou s dissipation does
not appear in this bal ance. To understand this point,

we can direct ly integr ate the energ y equation written

in terms of temp erature [38] ,
Z
�

�CP

DT

Dt
dV ¼ –

Z
�

q ? d S þ
Z

�

�T
DP

Dt
þ t : �v

� �
dV

þ
Z

�

�H d V ½58 �

On the right-hand side, the first and last terms cancel
each oth er o ut by [57]. On t he left-hand side, w e can
use [11] to rep lace � DT/D t by q(� T)/qt þ� ? (� vT).
T he modest a ssumption s t hat CP is a c onst an t a nd t hat
the t empe ra ture is statistically constant lead toZ

�

�T
DP

Dt
þ t : �v

� �
dV ¼ 0 ½59 �

The total heat producti on due to dis sipation is
balanc ed by the work due to compr ession and ex pan-
sion over the conv ective cyc le ( Hew itt et al. , 1975 ).
This balance is global , not local. Dis sipation occu rs
most ly near the boundary layers of the convec tion
and compr essional wo rk is done along the downwe l-
lings an d upwelling s of the flow .
7.02. 2.6 Bounda ry and Int erface
Condition s

7.02.2.6.1 G eneral m ethod

A boundar y con dition is a special case of an interfac e
conditi on w hen certain propert ies are taken as kno wn
on one side of the interface. Sometimes the properties
are explicitly known (e.g., the three velocity compo-
nents are zero on a no slip surface), but often an
interface condition simply expresses the continuity
of a conserved quantity. To obtain the continuity
conditions for a quantity A, the general method is to
start from the conservation equation of A in its inte-
gral form (see [5]). We choose a cylindrical volume �
(a pill-box) of infinitely small radius R where the top
and bottom surfaces are located at a distance 	 

from a discontinuity surface (see Figure 2). We
choose two Cartesian axis Ox and Oy, we call n the
upward unit vector normal to the interface and t, a
radial unit vector, normal to the cylindrical side of
the pill-box, and  is the angle between t and Ox.
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If we now make the volume �(
) shrink to zero by
decreasing 
 at constant R, the volume integrals of the
time dependent and the source terms will also go to
zero (unless the source term contains explicit surface
terms like in the case of surface tension, but this is
irrelevant at mantle scales). Since the surface of the
pillbox �(
) remains finite, we must have

lim

! 0

Z
� 
ð Þ

JA ? dS ¼ 0 ½60�

(the demonstration is here written for a vector flux,
but is easily extended to tensor flux). This condition
can also be written as

�R2 JA


 �
? n þ R

Z þ


– 


Z 2�

0

J ? t dz d ½61�

where [X] is the jump of X across the interface, some-
times noted Xþ �X�. In most cases, the second term
goes to zero with 
 because the components of J are
bounded, or is exactly zero when the flux is not a
function of  (since the double integral becomes the
product of an integral in z times

R 2�

0 t d ¼ 0). In these
cases, the boundary condition for A becomes

JA


 �
? n ¼ 0 ½62�

At an interface, the normal flux of A must therefore
be continuous. However in some cases, for example,
when J varies with x and y but contains a z-derivative,
the second term may not cancel and this happens in
the case of boundaries associated with phase changes.
7.02.2.6.2 Interface conditions in the 1-D

case and for bounded variables

Using the mass, momentum, energy, and entropy
conservations in their conservative forms in (9),
(55), (56), and (40) and assuming for now that no
variable becomes infinite at an interface, the interface
conditions in the reference frame where the interface
is motionless are

�v½ � ? n ¼ 0

t½ � ? n – P½ �n ¼ 0

�vU þ q – t ? v þ Pv½ � ? n ¼ 0

�vS þ q

T

h i
? n ¼ 0

½63�

(the gravitational force per unit mass and its potential
are continuous). In these equations, we neglected
the inertia and the kinetic energy terms in the second
and third equations of [63] as appropriate for the
mantle. When these terms are accounted for
(adding [��v� v] ? n to the second equation and
[�vv2/2] ? n to the third), these equations are
known as Hugoniot–Rankine conditions (Hugoniot,
1851–87; Rankine, 1820–72).

On any impermeable interfaces where v ? n¼ 0,
the general jump conditions [63] without inertia

imply that the heat flux, [q] ? n, the entropy flux

[q/T ] ? n (and therefore the temperature T ), and

the stress components [t] ? n� [P]n are continuous.

In 3-D, four boundary conditions are necessary on a

surface to solve for the three components of velocity

and for the temperature. The temperature (or the

heat flux) can be imposed and, for the velocity and

stress, either free slip boundary conditions (v ? n¼ 0,

which is the first condition of [63] and (t ? n)�
n¼ 0), or no slip boundary conditions (v¼ 0), are

generally used.
7.02.2.6.3 Phase change interfaces

Mantle minerals undergo several phase transitions at

depth and at least two of them, the olivine Ð wad-

sleyite and the ringwooditeÐ perovskiteþ
magnesiowustite transitions around 410 and 660 km

depth, respectively, are sharp enough to be

modeled by discontinuities. Conditions [63] suggest

that [�v] ? n¼ 0 and [t ? n�Pn]¼ 0 and these seem

to be the conditions used in many convection models.

However as pointed by Corrieu et al. (1995), the first

condition is correct, not the second one. The problem

arises from the term in qvz/qz present in the rheolo-

gical law [100] that becomes infinite when the

material is forced to change its density discontinu-

ously. To enforce the change in shape that occurs

locally, the normal horizontal stresses have to

become infinite and therefore their contributions to

the force equilibrium of a pillbox do not vanish when

the pillbox height is decreased.
To derive the appropriate interface condition we

have to consider again [61] where JA is substituted by

s . The only terms may be unbounded on the inter-

face are �xx, �yy, and �zz. Omitting the other stress

components, that would make no contribution to the

interface condition when 
 goes to zero, the stress

continuity becomes

�R2 s½ � ? n þ exR

Z þ


– 


Z 2�

0

�xx cos  dz dþ

Rey

Z þ


– 


Z 2�

0

�yy sin  dz d ¼ 0 ½64�

Since R is small, we can replace the stresses on the
cylindrical side of the pillbox by their first-order
expansions, for example, �xx ¼ �xx oð Þ þ q�xx=qxð Þ�
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R co s  þ q�xx=qy

� 	
R sin  and perform the integra-

ti on i n . After simplification by � R2, one gets

s½ � ? n þ ex

q
qx

Z þ


– 


�xx d z þ ey

q
qy

Z þ


– 


�yy dz ¼ 0 ½ 65�

This expressi on already demonstrates the con tinuity
of �zz . Usin g � xx ¼ �  zz þ 2� qv x/ qx � 2� qv z/qz , and
assuming that the viscos ity re mains uni form, we see
that

lim

! 0

Z 


– 


�xx d z ¼ – 2� lim

! 0

Z 


– 


qvz

qz
d z ¼ – 2� vz½ � ½66�

The sam e re sult holds for the �yy term. Since v z is
discontin uous, for cing a sudden chang e in volum e
implies a discontin uity of the tangential stres ses.
The boundary con ditions are thus

�xz½ � – 2�
q
qx

vz½ � ¼ �yz


 �
– 2�

q
qy

vz½ � ¼ �zz – P½ � ¼ vx½ �

¼ vy


 �
¼ � vz½ � ¼ 0 ½ 67�

Wh en the kineti c energ y is neglecte d, and the
viscous stres ses are much smaller th an the pressu re
term, which are tw o appro ximati ons val id for the
mantle, the last two bou ndary conditions are, ass um-
ing continu ity of tempera ture,

� v U þ P

�

� �� �
? n þ q½ � ? n ¼ 0

� vS½ � ? n þ 1

T
q½ � ? n ¼ 0

½ 68�

The diffusive flux q can be eli minated from thes e two
equation s. Sin ce �v is continuo us and rememb ering
that U þ P /� is the enthalpy H , we simply recogni ze
the Clap eyron conditi on, which is latent heat release,

�H ¼ T �S ½ 69�

where the enthal py and entropy jumps, [H ] and [ S ],
were re placed by th eir mor e tradi tional nota tions,
�H and �S . The heat flux is disco ntinuous across
an interfac e,

�H � v ? n þ q½ � ? n ¼ 0 ½ 70�

and the disco ntinuity amoun ts to the enthal py
released by the mass flux that has und ergone a che-
mical reacti on or a phas e change.

7.02.2.6.4 Weakly deformable s urface

of a c on v e c t  iv e c e l  l
When a no slip con dition is imp osed at the surface,
both nor mal and she ar stres ses are prese nt at the
boundary. These stresse s, accordi ng to the secon d
interface conditi on [63], must bala nce the force
�t ? n þ Pn exer ted by the fluid. T his is re asonable
for a laborator y experiment with a fluid total ly
enclosed in a tank whose walls are rigid enou gh to
resist fluid traction . Howe ver in the case of free slip
boundar y conditi ons, it may see m str ange that by
imposi ng a zero vertical velocity, a finite nor mal
stress re sults at the free surface. It is ther efore worth
discus sing this point in more detail.

The nat ural boundar y conditi ons should be that
both the normal and tange ntial stresse s applied on
the free defo rmable surfac e, z ¼ h (x, y , t ), of a con-
vectiv e fluid are zero

t ? n – P nð Þon z ¼ h ¼ 0 ½71 �

(neglecti ng atmospheri c pr essure) . In this ex pression
the topography h is unknown and the normal, com-
puted at the surface of the planet, is n ¼ ez –�Hhð Þ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ �hj j2
q

where ez is the unit vector along z,

opposite to gravity.
The variation of topography is related to the con-

vective flow and satisfies

qh

qt
þ v0

H ? �Hh – v0
z ¼ 0 ½72�

This equation expresses the fact that a material par-
ticle on the surface remains always on it. In this
expression vH

0 and vz
0 are the horizontal and vertical

velocity components at the surface of the planet. We
will see in Secti on 7.0 2.4 that lateral pressu re an d
stress variations are always very small compared to
the average pressure (this is because in most fluids,
and in the mantle, the lateral density variations
remain negligible compared to the average density).
This implies that the surface topography is not much
affected by the internal dynamics and remains close
to horizontal, j�Hhj<< 1. Boundary condition [71]
and topography advection [72] can therefore be
expanded to first order to give

t ? ez –Pezð Þon z ¼ 0 . – �0g0hez ½73�

qh

qt
¼ v0

z ½74�

where we again make use of the fact that the total
stress remains close to hydrostatic, that is,
n ? t ? n << P (�0 and g0 are the surface values of
density and gravity). To first order, the stress bound-
ary condition on a weakly deformable top surface is
therefore zero shear stress but with a time-dependent
normal stress related to the surface topography and
vertical velocity.
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T he convec tion equation s with th ese bou ndary
conditions could be solve d but this is not always

useful. Sin ce the boundary conditi ons involve

both dis placemen t h and velocity vz
0, the solut ion is

akin to an eigenval ue pro blem. It can be show n that

for an internal density structure of wavelen gth � , vz
0

goes to zero in a time of ord er �� /�0 g 0� , where �� is the

typical viscosity of the under lying liquid over the

depth � (Richar ds an d Hager, 19 84 ). For the Earth,

this time is the characte risti c time of postglaci al

rebound and is ty pically a few thous and years for

wavelength s of a few thousa nd kilom eters (e.g.,

Spada et al. , 1992b ).
For conv ection, wher e the characte ristic times

are mu ch longer , it is thus appropriat e to ass ume

that th e induced top ography is in mech anical equili-

brium with the internal density structu re. A zero

normal velocity can theref ore be imp osed and the

resulting nor mal stress can be used to estimate

the top ography generated by the conv ective

flow. Internal compos itional interf aces can be

treated in a similar manner if they are only weakly

deformab le (i.e., w hen their intrin sic density

jumps are much large r than the thermal density

variations ). This is the case for the core–mantl e

boundary (CM B).
For short w avelength structu res and for rapid

events (e.g., for a locali zed thermal anomal y imping-

ing the Earth’ s surfac e), the time for topograph ic

equilibrat ion becomes comparab le to the time scale

of internal con vective processes . In this case the pre-

cise computa tion of a history -depende nt topograph y

is necessary and the finite elas ticity of the lith o-

sphere, the col dest part of the mantl e, plays an

importan t role ( Zhong et al. , 1996 ).
7.02.3 Thermodynamic and
Rheological Properties

Section 7.0 2.2 on conse rvation equation s is valid for

all fluids ( although th e interf ace conditions are

mostly disc ussed when inerti a and kineti c energ y

are negli gible). The diffe rences between mantl e con-

vection and core, ocea nic, or atmo spheric con vection

come from the thermod ynami c and trans port pr oper-

ties of solids that are very differe nt from those of

usual fluids. We re view som e basic gen eral pro perties

of solids in Secti on 7.02.3 and will be more specific in

Section 7.0 2.6 .
7.02. 3.1 Equation of Stat e and Solid
Prop erties

The equation of state of any material (EoS) relat es its
pressu re, density, and tempera ture ( see Chap ter 2.06).
The equat ion of stat e of a perfe ct gas, PV /
T ¼ constant, is well kn own, but irrelevant for solids.
Unfort unately, there is no equation for solids based
on a simpl e and effici ent th eoretical model. In the
Earth mineralog ical commu nity, the third-orde r
finite strain Birch –Murnagh an EoS seems highly
favor ed ( Birch , 1952 ). This equation is cumbe rsome
and is essentiall y emp irical. More phys ical
approa ches hav e been used in Vinet et al. (1987) ,
Poiri er and Taranto la (1998) , and Stacey and Davis
(2004) , but it seems tha t for eac h solid, the EoS has to
be obtai ned experim entally.

In the simpl est cases, the density varies arou nd �0

measured at temp erature T0 and pr essure P0 as

� ¼ �0 1 –� T – T0ð Þ þ P – P0

KT

� �
½75 �

where the thermal expansivity � and incom pressi-
bility KT hav e been define d in [34]. T his expres sion is
a first-order expans ion of any EoS. Equa tion [75] can
however be mislea ding if one forgets tha t the para-
mete rs � and KT are not ind ependen t but mu st be
related throug h Maxwell relations (e.g., their defini-
tions [34] imply that q(�� )/qP ¼�q(� / KT)/qT).

Equa tion [75] can be used for a very simple
numerical estimate that illustrates an important char-
acteristics of solid Earth geophysics. Typically for
silicates �� 10�5 K�1, KT � 1011 Pa, while tempera-
ture variations in the mantle, �T, are of a few 1000 K
with a pressure increase between the surface and the
core, �P, of order of 1011 Pa. This indicates that the
overall density variations due to temperature differ-
ences are negligible compared to those due to
pressure differences (��T << 1 but �P/KT � 1). In
planets, to first order, the radial density is only a
function of pressure, not of temperature. This is
opposite to most liquid or solid laboratory experi-
ments, where the properties are usually controlled by
temperature.

A very important quantity in the thermodynamics
of solids is the Grüneisen parameter (Grüneisen,
1877–1949)

� ¼ �KT

�CV

¼ 1

�CV

qP

qT

� �
V

½76�

The Grüneisen parameter is dimensionless, does not
vary much through the mantle (� is typically around
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1 within 50%), and can reasonabl y be con sidered as
independen t of the temp eratur e. An empirical law
(Anderson , 1979 ) relates � with the density

� ¼ �0
�0

�

� �q

½ 77�

where q is around 1. The G rü neisen parameter ca n a lso
be related to the microscopic v ibrational properties of
crystals (Stacey, 19 77 ). At high temperature, above the
Debye temper ature (Debye, 1 88 4 –19 66 ), all s olids h ave
more or less the s ame heat capacity a t constant volume.
This is called the D ulong and Petit rule (Dulong,
17 85 –1838; Petit, 1791–1820). At hig h T, each  atom
vibrates and the thermal v ibrational energy is equipar-
tioned between the t hr ee di mensions of space (degrees
of freedom) which l eads to CVm ¼ 3R per m ole of a toms,
independent of the nature of the s olid (R is the gas
constant). Assuming that the m antle i s ma d e o f p ure
forsterite Mg2Si O 4 that contains seven a toms for a
molar m ass of 140 g, its heat capacity a t constant v olume
is therefore close to CVm ¼ 21 R ¼ 174.56 J K� 1 mol� 1 or
CV ¼ 1247 J K� 1 kg �1. The approximate c onsta n cy of
CV and the fact that � is only a function of � [77],
allow u s to i ntegrate [76]:

P ¼ F �ð Þ þ �0 K 0T T – T0ð Þ �

�0

� �1 – q

½ 78�

where �0 and K T
0 are the thermal expans ivity and

incompres sibility at stand ard conditio ns and where
F(� ) is a density- depende nt integr ation constant. A
rather simpl e bu t acceptab le choice for the function
F(� ), at leas t for mantl e dynam icists, is the
Murnagh an EoS (Murnagh an, 1951 ) at con stant T

that allows us to write an EoS for solids of the form

P ¼ K 0T
n

�

�0

� �n

– 1

� �
þ �0 K 0T T – T0ð Þ �

�0

� �1 – q

½ 79�

with an exponen t n of ord er of 3. This equat ion could
easily be used to derive any thermod ynamic pr operty
like � (P , T ) or  KT (P, T ). This equation has been
used impli citly in variou s models of mantl e con vec-
tion (e.g., Gl atzmaier, 1988 ; Bercov ici et al. , 1989a ,
1992 ). An importan t consequence of this EoS ass um-
ing q � 1 is that � KT is more or less con stant and that

KT � K 0T
�

�0

� �n

; � � �0
�

�0

� � – n

½ 80�

In the mantl e, the incompres sibility increas es and the
thermal expans ion decreas es significa ntly with depth .
The geophys ical conse quence s are further disc ussed
in Secti on 7.02.6 .5.1 .
Tw o o the r thermod ynamic equalitie s c an also be
straightforwardly deduced by chain rules of derivatives
and will be used in the following. A relati on betwee n
the t wo he at capaci ties CP and CV of the e ne rg y equa-
tions [ 38 ] can b e derived from the tw o expressions for
heat increments, [31] and the definition of h, [33],

CP – C V ¼
�T

�

qP

qT

� �
V

½81 �

The same expr essions for heat increments , [31] and
the l and h def initions, [33], imply that for an adia-
batic transfo rmation (when � Q and d S are ze ro),

q P
qT

� �
S
¼ �CP

�T
and

qV

qT

� �
S
¼ –

CV

� KT T
½82 �

Equa tions [81]–[ 82] take simpl er forms when the
Grü neisen parameter [76] and the adiab atic com-
pressibi lity defined by

KS ¼ �
qP

q�

� �
S

½83 �

are used; th ey are

CP

CV

¼ KS

KT

¼ 1 þ ��T ½84 �

Since �� 1 and sinc e � T << 1, the two heat capa-
cities are basical ly equal. It seems safer to assum e that
CV is constant (the Dulon g and Petit rule) and infer
CP from it. T he incom pressibility K S is defined simi-
larly to KT but at constant entropy. The theory of
elastic wave s introdu ces this par ameter that can be
obtai ned fro m sei smic observ ations

KS ¼ � v 2p –
4

3 
v 2s

� �
½85 �

where vp and v s are the p and s, compressio nal and
shear seismic, wave velociti es. T his importan t para-
mete r pr ovides a connecti on be tween geodynam ics
and seismo logy.
7.02. 3.2 Rheology

In Section 7.02.2.3 , no assum ption is made on th e
rheolog y of th e fluid, that is, on th e relation be tween
the stress tensor and the flow itself. In contrast, the
discus sion of energy conservat ion (Secti on 7.0 2.2.4)
relies on the assumption that the pressure-related
work is entirely recoverable [32]; as a consequence,
the work of the deviatoric stresses ends up entirely as
a dissipative term, hence a source of entropy. In a real
fluid, this may be wrong for two reasons: part of the
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deviatoric str esses may be recove rable and part of the
isotropic work may not be recove rable. In the first
case, elasticity may be pr esent, in the secon d case,
bulk viscosity (see Chap ter 2.1 4).
7.02.3.2.1 Elasticity

On a ve ry short timescal e, the mantle is an elastic
solid in which compres sional and shea r waves propa-
gate (e.g., Kenn ett, 2001 ). In an elast ic solid, the lin ear
strain tensor,

†  
e ¼ 1

2
�u þ �u½ �tð Þ ½86�

where u is the displ aceme nt ve ctor (this is valid for
small deformat ions (see , e.g., Malvern , 1969 ; Landau
and Lifch itz, 2000 ) for the large defo rmation case) is
linearly related to the stress tens or,

�e
ij ¼ A eijkl 


e
kl ½ 87�

where A e is the fourth- rank stiffnes s tens or. Since
both the stress and the strain tens ors are symme tric
and becaus e of the Maxwel l ther modyna mic re lations
for internal energ y ( including the elastic energy),

q2 U =q
ij q
kl ¼ q2 U =q
 kl q
 ij , the elast ic tensor is

invariant to per mutations of i and j , k and l , ij and kl .
This leaves in th e most gen eral case of anisot ropy, 21
independen t stiffnes s coeffici ents ( Malve rn, 1969 ). In
crystals, this num ber decreas es with the number of
symmet ries of the unit cell. For isotropic elastic
solids, only tw o par ameters are needed, the incom -
pressibility K and th e rigidity �R and the elastic
behavior satisfies

s 
e ¼ K tr †eð ÞI þ 2�R †  

e –
1

3 
tr †  

eð ÞI
� �

½ 88�

where tr(† 
e ) ¼� ? u.

T wo remar ks can be made on this rapid prese nta-
tion of elasticity which are more deep ly develo ped in
textbooks of mech anics (e.g., Malve rn, 1969 ; Landau
and Lifchitz, 2000 ) or of seismolog y (e.g., Dahlen and
Tromp, 1998 ). First, th e expres sion [8 8] assum es that
the displ aceme nt vector is compu ted from an initial
situation where the solid is perfe ctly stres s free, that
is, s 

e ¼ 0 when †  
e ¼ 0. In practica l pro blems, only

incremental dis placemen ts with respe ct to an initial
prestress ed state are known and s 

e has to be und er-
stood as a variatio n of the stres s tensor. Second ,
tempera ture variati ons are associated with chang es
in elast ic stresse s and the incom pressibi lity K takes
these variati ons into accou nt. T he incom pressibility
should be K ¼ KS for rapid adiabatic seism ic waves 
and K ¼ K T for isother mal variati ons. The other

elastic par ameters th at are often introdu ced,
Poisson’s ratio, Young’s modulus (Young, 1773–

1829), Lamé ’s parameters (Lamé, 1795–1870), are

simple functions of incompressibility and rigidity.
Since the term proportional to �R is traceless, eq n

[88] leads to, tr(s  
e ) ¼ 3K tr(†e ), the rheology law can

also be written in terms of compliance (i.e., getting † 
e

as a function of s 
e ):

†e ¼ 1

9K 
tr s 

eð ÞI þ 1

2�R
s 

e –
1

3 
tr s 

eð ÞI
� �

½89 �

In these eq uation s, the trace of the stress tensor can
also be replaced by the pressure definition

tr s 
eð Þ ¼ – 3P ½90 �

The mom entum equation [1 5] remain s valid in a
purely elastic soli d (except tha t the adv ective trans-

port is gener ally neglecte d, D/D t� q/qt ), but the

discus sion of energ y conse rvation and ther mody-
namic s is different for elastic and viscous bodies.

The work the elastic stress is entirely recoverable: a

deformed elastic body returns to its undeformed
shape when the external forces are released. The

internal energy change due to the storage of elastic

stress is �W¼V s e : d† 
e inst ead of � W ¼�P d V and

this is provided by the deformation work term t : �v,

which is theref ore nondissipative. Thus, for an elast ic

body, the temp eratur e equation s [38] and the entro py
equation [39] hold but with the t : � v sou rce term

remov ed.
7.02.3.2.2 V iscous Newtonian rheology

On a ve ry long time scale, it is reasonabl e to
assum e that the internal deviato ric stresse s

become eventua lly relaxed and dissipated as heat.

This is the assumption that we have implicitly
made and that is usual in fluid mechanics. Since

the dissipative term is t : �v¼ t : _
 
v and mu st be

positiv e accor ding to the secon d law, th is suggest s a
relations hip between velocity-rel ated str esses and

velocity deriv atives such that the total stres s tensor

has the form 

�v
ij ¼ – P� ij þ Av

ijkl _
 
v
kl ½91 �

�  ij being the Kronecker symbol (Kronecker,
1823–91). Except for the time derivative, the only
formal difference between this expression and [87] is
that pressure exists in a motionless fluid but is always
associated with deformation in an elastic solid.
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Usin g the same argum ents as for the elastic case,
the viscou s rh eology in the isotropi c case can there-
fore be writt en in term of stiff ness

s 
v ¼ – P þ � tr _†vð Þð ÞI þ 2� _†v –

1

3 
tr _†  

vð ÞI
� �

½ 92�

where t r( _† 
v) ¼� ? v. Usin g tr ðs 

v Þ ¼ 3 ð – P þ � tr ð _† 
v)),

the r he ology c an also be expressed in t erm of
compliance

_†  
v ¼ 1

9�
3P þ tr s 

vð Þð ÞI þ 1

2�
s 

v –
1

3 
tr s 

vð ÞI
� �

½ 93�

The two par ameters � and � are positive accordi ng to
the secon d law and are called the shear and bulk
viscositi es. Wh en they are intrinsic material pr oper-
ties (i.e., indepen dent of the flow itself), the fluid is
called linear or Newt onian. The hypothe sis of iso-
tropy of the rheolog y is pr obably wron g for a mantle
composed of highl y anisot ropic material s (see Karato,
1998 ) but only a few papers hav e tried to tackle the
problem of anisot ropic viscosity ( Christen sen, 1997a ;
Muhlhaus et al., 2004 ).

Since tr (s 
v)/3 ¼�P þ �� ? v, the isotropic aver-

age of the total stress is not the pressure term, unless

�� ? v ¼ 0. Therefore, part of the stress work, t : _†  
v,

during isotropic compaction could be dissipated in the

form of the heat source �ð� ? vÞ  2 . A density-indepen-

dent bulk viscosity allows an infinite compression

under a finite isotropic stress. The bulk viscosity para-
me te r � is generally only introduced to be
immediately omitted and we will do the same.
However, using [92] with �¼ 0 but keeping � ? v 6¼ 0
does not seem valid since it would remove all
resistance to isotropic compression. We will see

that considering �¼ 0 in [92] is formally correct
although the real physical explanation is more
complex: elastic stresses must be present to provide a
resistance to isotropic viscous compression. The bulk
viscosity, or some equivalent concept, is however

necessary to handle two phase compression problems
(McKenzie, 1984; Bercovici et al., 2001a) (see Section
7. 02 .5. 2).
7.02.3.2.3 Maxwellia n visco-elasticity
To account for th e fact th at the Earth behaves

elastically on short time constants and viscousl y at
long times, it is often assum ed that und er the same
stress, the deforma tion has both elastic an d viscous
compon ents. By summing the viscou s compl iance
equation [93] with the time deriva tive of the elastic
compl iance equation , [89] and in the case of an
infinit e bulk viscosity � , we get

_† ¼ 1

9K 
tr _sð ÞI þ 1

2�
s –

1

3 
tr sð ÞI

� �
þ 1

2�R

_s –
1

3 
tr _sð ÞI

� �
½94 �

where s ¼ s 
v ¼ s 

e and†¼ † 
v þ † 

e . This time-
depende nt rheolog ical law is th e con stitutive law of
a lin ear Maxwel l solid.

A few simple illustrati ons of the behavior of a
Maxwel lian body will illus trate the physical meaning
of eqn [94] (see also Chap ter 7.0 4). First, we can
consider the case where stress an d strain are simpl e
time-dep ende nt sinusoid al functions with frequency
! (i.e., s ¼s0 exp(i!t ) and †¼ †0 exp(i! t)). T he
solution to this problem can then be used to solve
other time -depende nt pro blems by Fouri er or
Laplace trans forms. Equ ation [94] be comes

†0 ¼
1

9K 
tr s0ð ÞI þ

1

2�R
1 –

i

!�

� �
s0 –

1

3 
tr s0ð ÞI

� �
½95 �

where � ¼ � /�  R is the Maxwel l time, [1]. This eq ua-
tion can be com pared to [8 9], and shows tha t the
solution of a visco-elas tic probl em is formally eq uiva-
lent to that of an elastic problem with a complex
elastic rigidity. This is called the correspondence
principle.

We can also solve the problem of a purely 1-D
Maxwellian body (only �zz and 
zz are nonzero),
submitted to a sudden load �zz¼ �0H (t) (where
H is the Heaviside distribution (Heaviside, 1850–
1925)), or to a sudden strain 
zz¼ 
0H (t). The solu-
tions are, for t� 0,


0 ¼
1

3k�R
�0 þ

1

3�
�0t ½96�

and

�0 ¼ 3k�R exp – k
t

�

� �

0 ½97�

respectively, with k¼ 3K/(3Kþ�R). In the first case,
the finite elastic deformation is followed by a steady
flow. In the second case, the initial elastic stresses are
then dissipated by viscous relaxation over a time
constant, �/k. This time constant is different from
the Maxwell time constant as both deviatoric and
nondeviatoric stresses are present. For mantle mate-
rial the time �/k would however be of the same order
as the Maxwell time constant � (in the mid-mantle,
K� 2�R� 200 GPa).
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Fro m eqn [94] , we can now under stand what
rheology must be used for a compres sible viscous
mantle. For phen omena that occur on time con stants
much lar ger than the Maxwell time, the deviat oric

stresses can only be suppor ted by th e viscosity. As a
typical viscosity for the deep mantle is in the

range 10 19 –10 22 Pa s (see Secti ons 7.02.4 and 7.02.6 ),
the appro priate Max well time s are in the range
30 yr–30 kyr, much shorter than those of conv ection.

By constr ast, the isotro pic stres s remains only sup-
ported by elasticity in the appr oximation wher e the
bulk vi scosity � is infinitel y large. The appr opriate

rheology for mantl e convect ion is ther efore gi ven by

_† ¼ 1

9K 
tr _sð ÞI þ 1

2�
s –

1

3 
tr sð ÞI

� �
½ 98�

This equat ion is simu ltaneou sly a rheolog y equation
for the deviato ric stres s and an EoS for the isotropi c
stress. Using P ¼�tr(s )/3, the stress tensor verifies

s ¼ – PI þ 2� _† –
_P

3K
I

� �
½ 99�

This equation is intrinsic ally a visco-e lastic equat ion,
that can be replaced by a purel y viscous equation
plus an EoS

s ¼ – PI þ 2� _† –
1

3 
tr _†ð ÞI

� �
½ 100�

tr 
ð Þ ¼ P

K 
½ 101�

Equation [100] is therefo re the appropriat e limit of
eqn [92] for slow deformat ion, when �¼þ1  and
when isotropic compaction is resisted by the elastic
stresses.

The use of a Maxwell visco-elastic body to repre-
sent the mantle rheology on short timescale remains
however rather arbitrary. Instead of summing the

elastic and viscous deformations for the same stress
tensor, another linear viscoelastic body could be
obtained by partitioning the total stress into elastic

and viscous components for the same strain rate.
Instead of having the elasticity and the viscosity
added like a spring and a dashpot in series

(Maxwell rheology), this Kelvin–Voigt rheology
would connect in parallel a viscous dashpot with an
elastic spring (Kelvin, 1824–1907; Voigt, 1850–1919).

Of course, further degrees of complexity could be
reached by summing Maxwell and Voigt bodies, in

series or in parallel. Such models have sometimes be
used for the Earth but the data that could support or
dismiss them are scarce (Yuen et al., 1986).
7.02.3.2.4 Nonlinear rheologies

Even without elasticity and bulk viscosity, the
assumption of a linear Newtonian rheology for the
mantle is problematic. The shear viscosity cannot be
a direct function of velocity since this would contra-
dict the necessary Galilean invariance of material
properties. However, the shear viscosity could be
any function of the invariants of the strain rate tensor.
There are three invariants of the strain rate tensor;
its trace (but tr( _†)¼ 0, for an incompressible
fluid), its determinant and the second invariant

I2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
_† : _†

p
(where as in [30], the double dots

denote tensor contraction). The viscosity could
therefore be a function of det ( _†) and I2.

The main mechanisms of solid-state deformation
pertinent for mantle conditions (excluding the
brittle and plastic deformations) are either diffusion
creep or dislocation creep (see Poirier (1991)). In
the first case, finite deformation is obtained by sum-
ming the migrations of individual atoms exchanging
their positions with crystalline lattice vacancies.
In crystals, the average number of lattice vacancies
C varies with pressure, P, and temperature, T,
according to Boltzmann statistics (Boltzmann,
1844–1906),

C _ exp –
PV

RT

� �
½102�

(V is the atomic volume, R the gas constant). A mineral
is composed of grains of size d with an average con-
centration of lattice vacancies C0. A first-order
expansion of [102] indicates that a gradient of vacan-
cies of order j�Cj _ (C0/d )(�V/RT ) appears under a
deviatoric stress � , due to the difference in stress
regime between the faces in compression and the
faces in extension (�V << RT ) (see Poirier, 1991;
Ranalli, 1995; Turcotte and Schubert, 1982; Schubert
et al., 2001). This induces a flux of atoms (number of
atoms per unit surface and unit time)

J _ D
C0

d

�

RT
½103�

where D is a diffusion coefficient. This flux of atoms
goes from the grain faces in compression to the grain
faces in extension. Along the direction of maximum
compression, each crystal grain shortens by a
quantity �d which corresponds to a total transport
of d2�d/V atoms. These atoms can be transported in a
time �t by the flux JV across the grain of section d2

(with volume diffusion DV). They can also be trans-
ported by grain boundary flux JB (with grain
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boundary diffu sion DB) along the grain s interfac es
through a su rface hd (h being the thick ness of the
grain bou ndary), accordi ng to

d 2� d

V
� JD d 2� t or

d 2� d

V
� JB hd� t ½ 104�

As _
¼ (� d /� t )/d , the previous eq uations lead to the
stress–str ain rate re lationship

_† _
V

d 2 RT
DV þ D B

h

d

� �
t ½ 105�

This diffusio n mecha nisms lead to a Newtoni an
rheology but with a grain -size depende nce of
the viscosity; � _ d 2 for N abarro–H erring creep
with diffusi on insid e the grain (Nabarro , 1916–2 006;
Herring, 19 14) and � _ d 3 for Cob le grain -
boundary cree p (Coble , 1928–9 2). The viscos ity is
also ve ry str ongly T -depe ndent not so mu ch
because of the expli cit factor T in [105] , but
because diffusio n is a thermal ly activ ated process,
D _ exp( �Ediff/ RT ), where E diff is an activ ation
enthalpy of diffu sion.

In the case of dislocation creep, lines or planar
imperfec tions are present in the crystall ine lattice

and macro scopic deforma tion occur s by slip motion

along thes e imperfec tions, called dislocation s. Instead

of the grain size d for diffu sion cree p, the mean

spacing dd between disloca tions provides the length

scale. This dist ance is often found to vary as 1/ I2 .

Therefore , instea d of a diffusi on creep with a viscos-

ity in d n the resultin g rh eology is rather in I2
� n and is

also thermal ly activ ated with an activ ation energ y

Edis. Dis location creep leads to a nonlinear regime

where the equival ent viscosity varie s w ith the second

invariant with a po wer � n , where n is typical ly of

order 2,

_† _ I n2 exp – Edis=RTð Þt ½ 106�

(this relationshi p is often written, in short , _† _ t 
m

with a stres s expo nent m of order 3 but t  
m really

means I 2
m �1t ).

In genera l, for a given stress and a given temp era-
ture, the mech anism with the smallest viscos ity

(largest strain rate) pr evails. Whether linear (grain

size depende nt), or nonli near ( stress depe ndent),

viscositi es are also str ongly depende nt upon tem-

perature, pr essure, melt con tent, wa ter content,

mineralog ical phase, and oxygen fugacity (e.g.,

Hirth and Ko lhstedt (1996) ). In Secti on 7.02.6.3 we

will further discuss the rheological mechanisms

appropriate for the Earth.
7.02.4 Physics of Convection

The complex and very general system of equations

that we have discusse d in Secti ons 7.02.2 and 7.02.3

can be used to model an infinite number of mantle

flow situations. Mantle flow can sometimes be simply

modeled as driven by the motion of plates (some

examples are discussed in Chapters 7.05, 7.07 and

7.08). It can also be induced by compositional density

anomalies (some examples are discussed in Chapters

7.10 and 1.23). However, a fundamental cause of

motion is due to the interplay between density and

temperature and this is called thermal convection.
The phenomenon of thermal convection is com-

mon to all fluids (gas, liquid, and creeping solids) and

it can be illustrated by simple experiments (see

Chapter 7.03). The simplest can be done using

water and an experimental setup called the shadow-

graph method. Parallel light enters a transparent fluid

put in a glass tank and is deflected where there are

refractive index gradients due to temperature varia-

tions in the fluid. A pattern of bright regions and dark

shadows is formed on a screen put on the other side

of the tank. From this shadowgraph the structure of

the temperature pattern can be qualitatively assessed

(see examples of shadowgraphs in Tritton (1988)).
7.02.4.1 Basic Balance

From a simple thought experiment on thermal con-

vection, we can derive the basic dynamic balance of

convection. Let us consider a volume of fluid, �, of

characteristic size a, in which there is a temperature

excess �T with respect to the surrounding fluid. The

fluid is subject to a gravity g, it has an average density

� and thermal expansivity �. The volume �, because

of its anomalous temperature, experiences an

Archimedian force, or buoyancy (Archimedes around

287–212 BC) given by

F ¼ – c1a3���Tg ½107�

(c1 is a constant taking into account the shape of �,
e.g., c1¼ 4�/3 for a sphere). If the volume � is in a
fluid of viscosity �, it will sink or rise with a velocity
given by Stokes law (Stokes, 1819–1903)

vs ¼ – c1c2
�2���Tg

�
½108�

(c2 is a drag coefficient accounting for the shape of �,
i.e., c2¼ �/6 for a sphere).
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D uring its motion , the vol ume � exc hanges heat
by diffu sion with the rest of the fluid and the diffu-
sion equation [44] tells us that a time of order

td ¼ c3

� Cp a 2

k 
½ 109�

is needed before temp erature equilibr ation with its
surroundi ngs. During th is time, the fluid parcel
travels the distanc e l ¼ vs td .

A natural indication of the possibility that the par-
cel of fluid moves can be obtained by comparing the
distance l to the characteristic size a. When l >> a, that
is, when the fluid volume can be displaced by several
times its size, motion will be possible. On the contrary
when l << a, thermal equilibration will be so rapid or
the Stokes velocity so slow that no motion will occur.

T he conditi on l >> a, when vs and t d are replaced
by the above expres sions, depends on only one quan-
tity, th e Rayleigh numb er Ra

Ra ¼ � 
2��Tga 3 CP

� k
¼ ��Tga 3

	�
½ 110�

in terms of which motion occurs when Ra >> 1
(assuming that c1c2c3 � 1). The Rayleigh number com-
pares the driving mechanism (e.g., the Archimedian
buoyancy) to the two resistive mechanisms, the diffu-
sion of heat, represented by 	 (see [43]), and the
diffusion of momentum, represented by � (see [49]).

T his simple balance sugges ts th at a large no ndi-
mensional numb er Ra favors fluid motion . How lar ge
Ra need s to be is a ques tion tha t we cannot addres s at
this mom ent but it will be discusse d in Secti on
7.02.4.4 . Conv ection lifts hot fluid and cau ses cold
fluid to sin k (assum ing � > 0, which is true for mos t
fluids and for the mantl e). A convec tive syst em will
rapidly re ach an equilib rium where all thermal het-
erogeneiti es are swept up or do wn (if Ra is large ) or
thermally eq uilibrat ed (if Ra is small), unless a forcing
mechanism continuo usly injects new cold par cels at
the top and new hot parce ls at the bottom. This can
be done by cool ing the top su rface or heatin g the
bottom one. Wh en a fluid is heated from the side, a
lateral temp eratur e anomal y is constantly impo sed
and the liqu id lateral th ermal equilibr ation is pre-
vented. T he fluid re mains in motion regardl ess of the
amplitude of the imposed te mperature anomal y.

7.02.4.2 Two Simple Solut ions

7.02.4.2.1 The diffusive solution

Trying to directl y and exactly solve the mas s,
momentu m, energy, and Poiss on’s equation s and
accountin g for a realist ic EoS wo uld certainly be a
formida ble task. T his compl ex system of equation s
has howev er two rather obviou s but oppos ite

solution s.
A stead y an d motion less solut ion is indeed possi-

ble. The assum ption q/qt ¼ 0 and v ¼ 0 satisf ies the
mass eq uation [9] , the mom entum equation [16]

when the pressu re is hydros tatic,

0 ¼ –�P þ � g ½ 111 �

and the energ y eq uation [38] when the temp eratur e
is diffu sive (us ing the Fouri er law [42]),

� ? k �Tð Þ þ � H ¼ 0 ½ 112 �

Solvi ng analyti cally for the hydros tatic pressu re and
the diffusi ve temper ature is tri vial when H , k , and �
are uni form. For example, choosing a depth z posi-
tive downwa rd, we get

P ¼ � gz; T ¼ T0 þ �T
z

h
þ 1

2
� Hz h – zð Þ ½113 �

across a conducti ve solution with T ¼ T0 , P ¼ 0 at
z ¼ 0, and T ¼ T0 þ� T at z ¼ h . Com puting an aly-
ticall y the conducti ve solution remain s feasible, but
could be quite cumbe rsome if on e intro duces a rea-
listic EoS and com putes grav ity in agreemen t with
the density distribution using Poisso n’s eq uation [50] .
In Secti on 7.02.4. 4 we will und erstand why the fluid
does not necess arily choo se the diffu sive solut ion.
7.02.4.2.2 T he adiabatic s olution

The previous diffusiv e solution was obtai ned for a

stead y mot ionless situation. Howeve r, the oppos ite
situation where the velociti es are very lar ge also

corres ponds to a rathe r simpl e situat ion. The energy
equation [38] can also be writ ten as

� CV T
D lnT

Dt
–�

D ln�

Dt

� �
¼ –� ? q þ t : �v þ � H ½ 114 �

or

� CP T
D lnT

Dt
–
�

�CP

DP

Dt

� �
¼ –� ? q þ t : �v þ � H ½ 115 �

The righ t-hand sides of thes e equation s were pr e-
viously shown to be equal to � T DS /D t in [39]. If we
decreas e the viscosity in a fluid , th e con vective ve lo-
city increases . The adv ection te rms, v ? �T , v ? � ln � ,
and v ? � P bec ome th en mu ch larger than the time
depende nt, diffusio n, and rad ioactive pro duction
terms. With a low viscosity, the fluid becomes also
unable to sustain large stresses. As a consequence,
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when conv ection is vigoro us enough, the fluid should
evolve towa rd a situation where

� lnTð ÞS –� � ln�ð ÞS ¼ 0

� lnTð ÞS –
�

� CP

�Pð ÞS ¼ 0 
½ 116�

Since suc h equation s imply that the entropy is
exactly conse rved, DS /D t ¼ 0, this equilibriu m is
called the adiabatic equilibr ium. We added a su b-
script [ ]S to denote th e isentropic state.

N otice that , since the Grü neisen parameter is only
density depe ndent, see [77], dens ity and temper ature
are simpl y related along the adiabat . For ex ample, if
the Grüneisen parameter is a constant, �0 (using
q ¼ 0 in [77]), the first of eqns [116] impli es

T ¼ T0
�

�0

� ��0

½117�

where T0 and �0 are two reference values. This
equation implies that the adiabatic temperature
increases by a factor 1.72 (e.g., from 1300 to 2230 K)
from the asthenosphere (�0� 3200 kg m�3) to the
CMB (�� 5500 kg m�3), if we assume �0¼ 1.
7.02.4.2.3 Stability of the adiabatic

gradient

When a fluid is compressed, it heats up and
cools down when decompressed. This is the same
physics that explains why atmospheric temperature
decreases with altitude. Of course, this adiabatic
effect is vanishingly small in laboratory experiments,
but not always in nature.

If a parcel of fluid is rapidly moved up or down
along z by a distance a, it changes its temperature
adiabatically, by the quantity a(dT/dz)S . However,
the surrounding fluid will be at the temperature
a(dT/dz) where dT/dz is just the temperature gra-
dient, not necessarily adiabatic, of the fluid at rest.
We can define �Tna as the nonadiabatic tempera-
ture: �Tna¼ a(dT/dz� (dT/dz)S ). The parcel being
warmer or colder than the surroundings will rise or
sink with a Stokes velocity that, rather than [108] will
be of order

vs ¼ – c1c2
a2���Tnag

�
½118�

Since z is depth, dz is positive along g, the adiabatic
gradient is positive and the fluid parcel locally
unstable when the gradient in the surrounding fluid
is larger (superadiabatic) than the adiabatic gradient.
On the contrary, a subadiabatic gradient is stable with
respect to convection. It is therefore not the total
temperature difference between the top and bottom
of the fluid that drives motion, but only its nonadia-
batic part.

To compare the Stokes velocity with the thermal
equilibration time, we need to introduce a modified
Rayleigh number

Ra ¼ ��Tnag0a3

	�
½119�

This number is based on the nonadiabatic tempera-
ture difference in excess of the adiabatic variation
imposed over the height a.

We have shown that inside a convective cell,
the thermal gradient should be superadiabatic.
Superadiabaticity is the source of convective instabil-
ity, but vigorous convective stirring involves largely
rapid adiabatic vertical motion; so much of convect-
ing fluid is indeed adiabatic while most of
superadiabaticity is bound up in the thermal bound-
ary layers where the vertical motion goes to zero.
This mechanism suggests that an adiabatic reference
background should not be such a bad assumption for
a convective fluid.

This adiabaticity hypothesis should, however, not
be taken too literally (Jeanloz and Morris, 1987). In
most numerical simulations, the resulting averaged
geotherm can be far (a few hundred kelvins) from
adiabatic (Bunge et al., 2001). First, radioactive heat-
ing, dissipation, and diffusion are never totally
negligible, second, even if each fluid parcel follows
its own adiabatic geotherm, the average geotherm
may not correspond to any particular adiabat.
7.02.4.3 Approximate Equations

7.02.4.3.1 Depth-dependent reference

profiles

We assume that the thermodynamic state is not far
from an hydrostatic adiabat; thus, we choose this state
as a reference and rewrite the equations of fluid
dynamics in term of perturbations to this state (see
also Jarvis and McKenzie, 1980; Glatzmaier, 1988;
Bercovici et al., 1992). We denote all the reference
variables with an overbar. We choose a reference
hydrostatic pressure given by

� �P ¼ ���g ½120�
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and adiabatic temperature and densities obeying [116]

� �T ¼ ���g
�CP

�T

��� ¼ ���g
�CP �

��
½ 121�

where all the parameter s are compu ted along the
reference geother m and where �g has been solve d
using Poiss on’s equat ion [50] with the referen ce
density �� .

T he referen ce pa rameters are depth depende nt
and usuall y, even for a simpl e EoS cannot be analy-
tically obtai ned. They can howev er be compu ted
numerical ly from [1 16] assuming that the
Grü neisen pa rameter is only � -depende nt. Using
the EoS [79], all the ther modynami c quantities
become functions of depth only, so that the referen ce
profile can be obtained by quadra tures.
7.02.4.3.2 Nondim ensionalization

As a principle, the validity of equations cannot depend
on the units in which the quantities are expressed. The
laws of physics can only relate dimensionless combi-
nations of parameters (e.g., Barenblatt, 1996). This is
fundamental in fluid dynamics where a large number
of quantities appear in the equations (see also C hap te r
7.04). A necessary starting point is therefore to
rephrase any fluid dynamics problem involving N-
dimensional parameters in term of M dimensionless
qu an ti ti es ( N � M 
 0 is the number of independent
physical dimensions of the problem).

O ne cannot perform the nondime nsionaliz ation
of the con vection equation s using the variabl e
reference profi les. We must ther efore introdu ce
constant parameters , with ind ices [ ]0 , correspond -
ing to some typical or mantl e-avera ged val ues of
the depth -depe ndent referen ce values. We intro-
duce, for ex ample, �0 , �  0, g 0 , or  C P

0.
T he ad iabatic equat ions [121] impose the natural

scale for temp erature variatio n, �C P=ð��jj �gjjÞ . This
scale varie s with depth but shou ld not be too diffe rent
from the value com puted with the constant par a-
meters (with ind ices 0). We theref ore introdu ce a
nondime nsional number , the dissipation numb er D0,

D0 ¼
�0 g0 a

C 0P
½ 122�

that compar es the natural scale of temper ature varia-
tions with the layer thickness , a. T he dissipation
number D0 is around 0.5 for the Earth’ s mantl e. For
any labo ratory ex periment th is num ber would be
infinitel y small, only geop hysical or astr ophysical
problem s have large dis sipation number s. T he
hydros tatic and adiab atic referen ce profi les satisfy
approx imate ly

d �T

d z
� D0

�T

a
and

d ��

dz 
� D0

�0

��

a
½ 123 �

A zero dissipat ion number leads to uni form referenc e
temp erature an d pressu re, as the adiabat ic compres-
sion effect s are not large enough to aff ect these
quantiti es.

From top to bottom , the referen ce temp eratur e
increas es adiabaticall y by �TS while a total tem-

peratur e ju mp � TS þ� T na is impose d. Only th e

excess nonadia batic te mperature � Tna is really us e-

ful to drive conv ection. The term driving convect ive

instabi lity is thus the dim ensionles s qua ntity 
 ,


 ¼ �0 � Tna ½ 124 �

which is always a sm all numb er (all the necess ary
numer ical val ues are listed in Tabl e 1 ).

All these prelimi naries have been somewhat
lengthy but we are now ready to no ndimensi onalize

the various equation s. Then, we will get the approx-

imate equation s (Jarvi s an d Mck enzie, 1980 ), by

simply taking into account that 
 << 1 (anel astic

equation s) or more crudel y that both 
 << 1 and

D0 << 1 (the so-call ed Boussine sq equation s,

Boussine sq, 1842–1929 ). The mathem atical formu la-

tion is heavy because of the numb er of sym bols with

or withou t overbars, tild es or ind ices, but is straight-

forwar d. The re ader may ju mp directly to th e results

of Secti on 7.02.4. 3.3 .
To nondi mensio nalize the equation s we can us e

the quant ities a and � Tna; we also need a character-

istic velocity and pressure. Following our discussion

of the bas ic force bal ance in Secti on 7.02.4 .1, we use a

typical Stokes velocity, V0¼ a2g0�0�0�Tna/�0, time

a/V0, and pressure P0¼ �0V0/a. Using the definitions

of D0, [122], �0, [76] and 
, [124], we perform the

following change of variables:

v ¼ 

aK 0

T

�0

D0

�0

C0
P

C0
V

ve
P ¼ �P þ 
K 0

T

D0

�0

C0
P

C0
V

Pe
�0T ¼ �0

�T þ 
Te
� ¼ 1

a
�e

q
qt
¼ 


K 0
T

�0

D0

�0

C0
P

C0
V

q
qte

½125�



Table 1 Typical parameter values for numerical models of mantle convection.

Mantle Core

Size a 3� 106 3�106 m

Dyn. viscosity �0 1021 10�3 Pa s

Heat capacity CP
0 ou CV

0 1000 700 J K�1 kg�1

Density �0 4000 11000 kg m�3

Heat cond. k0 3 50 W m�1 K�1

Expansivity �0 2� 10�5 10�5 K�1

Temperature excess �Tna 1500 1? K

Radiactivity prod. H 7� 10�11 0? W kg�1

Gravity g0 9.8 5 m s�2

Incompressibility KT
0 1011 1012 Pa

Kin. viscosity � ¼ �0/�0 2.5�1017 9.1� 10�8 m2 s�1

Thermal diff. 	 ¼ k0/(�0CP
0) 7.5�10�7 6.5� 10�6 m2 S�1

Driving term 
 ¼ �0�Tna 3.0�10�2 1.0�5

Dissip. number D0 0.59 0.21

Grüneisen par. � 0.50 1.3

Rayleigh Ra 4.2�107 2.2� 1027?

Intern. Rayleigh RaH 2.4�1010 0?
Prandtl Pr 3.3�1023 1.4� 10�2

Reynolds Re ¼ Ra/Pr 1.3�10�15 1.6� 1029

Mach M 5.0�10�15 2.3� 10�16

RaPrM2 3.5�10�2 1.6� 10�6

To emphasize the drastic differences between the highly viscous mantle and a real liquid (in which shear waves do not propagate), we
added estimates for the core assuming that core convection is so efficient that only 1 K of nonadiabatic temperature difference can be
maintained across it. Notice that with only 1 K of temperature difference, the Rayleigh number of the fluid core would already reach 1027!
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The EoS [75] can then be expanded at first order for
a thermodynamic state close to the hydrostatic adia-
batic reference

� ¼ �� þ ��
�KT

P – �Pð Þ – ���� T – �Tð Þ ½126�

After nondimensionalization, the EoS becomes

� ¼ �� 1 þ 

K 0

T

�KT

D0

�0

C0
P

C0
V

Pe – ��

�0
Te� �� �

½127�

As C0
P � C0

V ; KT � K 0
T ; � � �0; Pe � Te � 1, and


<< 1, it shows that the density remains close to
the reference profile within terms of order 
,
�¼ ��(1þO (
)).
7.02.4.3.3 Anelastic approximation

To approximate the equations of convection, we per-

form the change of variables, [125], and use the fact

that 
 is small (see also Schubert et al., 2001). The

choice of the reference state leads to the cancellation

of the terms O (1) of the mass, momentum, and

energy equations, [9], [16], and [38].
At order O (
), the first terms that remain in each
equation are

�e ?
��

�0
ve� �
¼ 0

Ra

Pr

Dve
Dte ¼ –�ePe þ �e ? te þ ��

�0

�g

g0

K 0
T

�KT

D0

�0

C0
P

C0
V

Pe
–

��

�0

�g

g0

��

�0
Te

��

�0

�CP

C0
P

DTe
Dte ¼ 1

Ra
�e ?

�k

k0
�e �T

�Tna

þ Te� �� �
þ ��

�0

��

�0

�g

g0
D0Teveg þ ��

�0

1

Ra

�0Ha2

k0�T

þD0te : �eve

½128�

In the last equation, veg is the component of
the velocity field is along the radial reference gravity
�g ? ve¼ �gveg. This new set of equations constitutes the
equation of fluid dynamics in the anelastic approx-
imation. The term ‘anelastic’ comes from the fact that
the propagation of sound waves is impossible since
the term in q�/qt is neglected.
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In eq ns [1 28] , we introduc ed the Raylei gh, Ra, and
Prandtl, Pr , number s

Ra ¼ �0 �T na� 
2
0 g0 a 3 C 0P

�0 k0
¼ �0 �T na g0 a 3

�0	 0
½ 129�

Pr ¼ �0 C 0P
k0
¼ �0

	0
½ 130�

The physical meaning of th e Rayleigh numb er as a
measure of con vective vigor has already been dis-
cussed. The Prandtl number (Prandtl , 18 75–1953)
compares the tw o diffu sive processes: name ly the
diffusion of mom entum and heat.

In the mom entum equation , �e¼ t a/(�0 V 0) is the
nondime nsionaliz ed stress tens or which in the
Newtoni an case (withou t bulk viscos ity) becomes

et ¼ �

�0
�e ve þ �e ve
 �t
� �

–
2

3

�

�0
� ? ve ½ 131�

T he formal ism is alr eady so heavy that we have
not incl uded the sel f-gravita tional term. This term is
not negligible at long wa velengths (see Secti on
7.02.2.5.2 ). To account for this term w e should have
added on the righ t-hand side of second equation of
[128] a term ��� /�0 re e, where the per turbed grav-
itational potenti al due to the departur e of the density
from the referen ce profi le satisfies Poisso n’s equation

�e2 e ¼ 3
��

< � >

K 0T
�KT

D0

�0

C 0P
C 0V
eP –

��

�0

eT� �
½ 132�

where <� > is the ave rage density of the Earth.

7.02.4.3.4 Dimensionless num ber s

The rati o Ra/Pr is also called the Gras hof numb er
Gr ¼� g � Tnaa

3 /� 
2 (Grashof, 1826–1893 ). This num-

ber can also be written as V0 a/� and could be called
the Re ynolds number , Re , of the flow (Reynol ds,
1842–1912 ). Usin g one or the oth er name s depe nds
on the quantities that are best known. For example, if
the velocity V is a par ameter impose d by a bou ndary
condition, using it to perform the nondi mensio nali-
zation and speaking in terms of Reynold s numb er
would be more natural tha n using the Gras hof num-
ber. If a thermal structu re is impose d by a velocity
boundary conditi on (e.g., by the thick ening of the
oceanic lith osphere w ith age), it would see m natural
to introdu ce a Pé clet num ber Va /	 (Pé clet, 1793–
1857), which is nothin g mor e than the Rayleigh
number of the flow if the velocity is impose d by the
internal dynam ics.

T he Raylei gh and Pra ndtl numb ers can be esti-
mated in diffe rent ways. In fact, th e only difficul t
parameter to know is the viscos ity. In mos t textboo ks
the value of 10 21 Pa s, firs t propose d by Haskell
(1937) , is given with a unanimit y that hides very
large unce rtainties and most probably a large geogra-
phical variab ility. The mantl e viscos ity and its depth
depende nce can be constrain ed by postg lacial
rebound, geoid, true polar wander, change of flatte n-
ing of th e Earth, and plate force balanc e mode ls or
extrap olated from labo ratory measurem ents. An
increas e of viscosity with depth betw een one or two
order s of magnitu des is likel y, w ith an asthe nosp here
signifi cantly less vi scous (10 19 Pa s) at least under
oceanic plates and a lower mantl e probably arou nd
10 22 Pa s (see details in Secti on 7.02.6. 1). It is imp os-
sible to give justice to all the papers on this subject
but som e geod ynamic esti mates of mantle viscos ity
can be found in, for example, Peltier (1989) , Sabadin i
and Yuen (1989) , Lam beck and Johns ton (1998) , or
Ricard et al. (19 93a) . Wh atever the value of the re al
viscosity, the rati o Ra /Pr is so sm all tha t inerti a plays
no role in the mantle and the left-hand side of the
mom entum eq uation in the anelas tic appro ximation
[128] can safely be set to zero (see num erical values
in Table 1 ).

We can also introduce the Rayleigh and Prandtl
number in the EoS [127] and define a new number, M,

� ¼ �� 1 þ K 0T
�KT

RaPrM 2 eP –
��

�0

eT
� �
½ 133 �

This number is the Mach num ber M ¼ vD/v M , ratio
of the veloc ity of thermal diffu sion, vD ¼ 	 0/ a, to the
velocity vM ¼

ffiffiffiffiffiffiffiffiffiffiffi
KT=�

p
(Mach , 18 38–1916). This last

velocity is very close to the bulk velocity v� ¼ffiffiffiffiffiffiffiffiffiffi
KS=�

p
(see [85]). The anelas tic appr oximation is

sometim es called sm all Mach number approx imation.
The Earth’s Mach numb er is indeed of order 10 � 15

since thermal diffu sion is mu ch slow er than the
sound spe ed. However, the anelastic appro ximation
really requires a small RaPrM 2 and this quantity is
just 
D0C P

0/ �0 CV
0 , that is, of order 
¼ 10 � 2 (Berco vici

et al., 1992). A planet could have a very low Mach
number but so large a Prandtl number that the ane-
lastic approximation would not be valid. Similarly, a
planet can have a low Reynolds number (creeping
convection) with a very large Rayleigh number
(chaotic convection).
7.02.4.3.5 Boussinesq approximation

As was expected fro m Section 7.02.2. 5.3 , where we
had shown that the dissipation and the adiabatic
terms balance each other in a statistical steady-state
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regime, these terms are propor tional to the same
dissipation number D0 . Althoug h D 0 is not so sm all,
most of the phys ics of mantl e conv ection, ex cept for
the additional adiab atic temp eratur e gradient, is cap-
tured with models where D0 is arbitr arily set to zero.
This is due to th e fact tha t the mantl e viscosity is so
high tha t a huge �Tna is maint ained acros s the top
and bottom boundar y layers . The oth er sou rces and
sinks of energ y and density ano maly (viscou s dissipa-
tion and adiabatic heatin g) are theref ore alwa ys sma ll
(Jarvis and Mcken zie, 1980 ; Glatzm aier, 1988 ;
Bercovici et al., 1992 ; T ackley, 1996 ).

In the Boussine sq appr oximation , D0 ¼ 0, the
reference density and temp eratur e become con stants
according to [123] and the EoS [127] ind icates that
the density becomes only a function of temper ature
(when the referen ce temp eratur e is uniform we can
also cho ose CP ¼ C V ¼ �C P ¼ �C V). The nonadi abati c
tempera ture increas e � Tna be comes simpl y the
total te mperature increas e � T . This approxim ation
is of cour se exc ellent for laboratory scale experi-
ments where effective ly D0 << 1 and the fluid
dynamics equation s become

e� ?ev ¼ 0

Ra

Pr

Dev
Det ¼ – e�eP þ e� ?

�

�0

e�ev þ e�evh it� �� �
–

�g

g0

��

�0

eT
D eT
Det ¼ 1

Ra
e� ?

�k

k0

e� eT� �
þ 1

Ra

�0 Ha 2

k0 �T

½ 134�

Here again as in the mantl e, Gr ¼ Ra/Pr << 1, the
inertia in the mom entum equat ion [134] can be
neglecte d. T he self-gr avitational term – ��=�0

e�e 
should be added to the mom entum eq uation (secon d
equation of [134]) for large-scal e simu lations, the
gravitational pot ential be ing solut ion of [132] where
only the thermal par t of the dens ity variati ons need s
to be taken into accou nt.

T he physica l behav ior of a large Raylei gh numb er
is obviou s in [134] . Wh en Ra !1, the temper ature
becomes a purely adv ected an d conse rved quantity,

D eT=Det ¼ 0.
7.02.4.3.6 Internal h eating

In the nondi mensiona lization, we assum ed that the
nonadiabati c temper ature � Tna and the rad ioactive
sources are tw o indepen dent quantities . Of course , in
the case where the mantl e is only heat ed from within,
the exc ess temp eratur e is not anymor e a free
parameter bu t must result from the pro perties of
the flow itself. In the nondime nsionali zation, we can
replace �Tna by �0Ha2/k0 in such a way that the
radioactive heat source of the anelastic or
Boussine sq energy eq uations, [128] or [134], are sim-
ply 1/Ra. This choice requires the introduction of a
somewhat different Rayleigh number, the internally
heated Rayleigh number (Roberts, 1967)

RaH ¼
�0H�3

0g0a5C0
P

�0k2
0

½135�

7.02.4.3.7 Alternative forms

Using the formulation of internal energy in terms of
CV, we would have reached the equivalent anelastic
energy equation

��

�0

�CV

C0
P

D eT
Det ¼ 1

Ra
e� ?

�k

k0

e� �T

�T
þ eT� �� �

þ ��

�0

��

��0

�g

g0

�KT

�KS

D0
eTevz

þ ��

�0

1

Ra

�0Ha2

k0�T
þ D0et : e�ev ½136�

where the reference incompressibility �K S is the
incompressibility measured along the reference adia-
batic profile

�KS ¼ ��
qP

q�

� �
S

¼ ��
j � �Pj jj
j���jj j ¼

��2�g

j ���j jj ½137�

This relationship is given here as a definition of �K S,
and this incompressibility is built from a theoretical
hydrostatic and adiabatic model. However if the
real Earth is indeed hydrostatic and adiabatic, then
this relationship [137] relates the density gradient of
the real Earth, j �� rð Þjj j, to a seismological observa-
tion KSðrÞ=�ðrÞ. This is the important Bullen
hypothesis (Bullen, 1940) used to build the refer-
ence density of the Earth (e.g., Dziewonski and
Anderson, 1981).
7.02.4.3.8 Change of nondimensionalization

We used a Stokes velocity to nondimensionalize the
equations. We have therefore introduced a velocity
V0 of order of 300 m yr�1 and a time a/V0¼ 10 000
years (see Table 1). This is certainly very fast and
short compared with geological scales. Most physical
and geophysical textbooks (e.g., Schubert et al., 2001)
use instead a diffusive time tD¼ �CPa2/k0 and velo-
city a/tD. This is perfectly valid but Table 1 shows
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that the diffu sive time and velocity amoun t to
tD ¼ 400 bill ion year s and V D ¼ 7 � 10 � 6 m yr� 1 .
These val ues are, on the con trary, very slow and
long compared with geolo gical scales. A nondi men-
sionalizati on using a diffusiv e time scale leads to the
anelastic equation s

e� ?
��

�0
ev� �
¼ 0

1

Pr

Dev
Det ¼ – e�eP þ e� ? e� þ ��

�0

�g

g0

K 0T
�KT

D0

�0

C 0P
C 0V
eP

–
��

�0

�g

g0

��

�0
Ra eT

��

�0

�CP

C 0P

D eT
Det ¼ e� ?

�k

k0

e� �T

�T
þ eT� �� �

þ ��

�0

��

�0

�g

g0
D0
eTev g þ

��

�0

�0 Ha 2

k0 �T

þ D0

Ra
et : e�ev

½ 138�

and the Boussine sq equation s,

e� ? ev ¼ 0

1

Pr

Dev
Det ¼ – e�eP þ e� ?

�

�0

e�ev þ e�evh it� �� �
–

�g

g0

��

�0
Ra eT

D eT
Det ¼ e� ?

�k

k0

e� eT� �
þ 1

Ra

�0 Ha 2

k0 �T

½ 139�

Notice that the Ra numb er appears in differe nt places
than in [128] or [1 34]. Of course, after their ap pro-
priate cha nges of variab les, the dimension al solu tions
are the sam e.
7.02.4.4 Linea r Stabil ity Analysis for
Basally Heated Convection

To und erstand why the diffusi ve solution is not
necessari ly the solution chose n by th e fluid, the stan-
dard wa y to test the stability of a solu tion is what
physicists call a study of mar ginal stability ( see also

Chapter 7.0 4). It consi sts of su bstituing into the basic
equation s a known solution plus an infini tely sma ll
perturbat ion and checking whethe r or not this per-
turbation ampl ifies, decreas es, or propagate s. It is
only if th e per turbation decr eases in ampl itude, that
the tested solution is stable.

We use the Boussinesq approximation, with con-
stant viscosity and conductivity, neglecting inertia,
and without internal heating. The nondimensionalized
equations [134] (the tilde sign has been omitted for

simplicity) can then be written as

� ? v ¼ 0

–�P þ �2v –Tez ¼ 0

qT

qt
þ v ? �T ¼ 1

Ra
�2T

½140�

(ez is the normal vector directed along g). The steady
diffusive nondimensional temperature solution is
T¼ z, and we test a solution of the form T¼ zþ �T.
The temperature boundary condition T¼ 0 on top
and T¼ 1 at the bottom requires that �T vanishes
for z¼ 0 and z¼ 1. As in the diffusive case the velocity
is zero, the velocity induced by �T will be infinitely
small �v. In the nonlinear term, we can approximate
v ? �T¼ �v ? �(zþ �T ) by �vz¼ vz. With this
approximation, the equations are linear and we can
find a solution in the form of a plane wave.

For a fluid confined between z¼ 0 and z¼ 1 and
unbounded in the x-direction, a solution �T¼ (t)

sin(�z)sin(kx) is appropriate and satisfies the boundary

conditions. This solution is 2-D, has a single mode in
the z-direction, and is periodic in x with wavelength

�¼ 2�/k. More complex patterns could be tried but

the mode we have chosen would destabilize first (see

Chapter 7.04). It is then straightforward to deduce that

for such a thermal anomaly, the energy equation

imposes a vertical velocity

vz ¼ – _ þ k2 þ �2ð Þ
Ra



� �
sin �zð Þsin kxð Þ ½141�

From mass conservation the x-component of the
velocity must be

vx ¼ –
�

k
_ þ k2 þ �2ð Þ

Ra


� �
cos �zð Þcos kxð Þ ½142�

This flow has a vertical component that vanishes on
the top and bottom surfaces where the horizontal
component is maximum. The choice of the tempera-
ture structure corresponds to free-slip velocity
conditions. When the velocity and the temperature
are introduced in the momentum equation, the time
evolution of the temperature perturbation is found:

_ ¼  k2

�2 þ k2ð Þ2
–
�2 þ k2ð Þ

Ra

 !
½143�

For any wave number k, a small enough Rayleigh
number corresponds to a stable solution, _/< 0.

When the Rayleigh number is increased, the
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temperature component of wave number k becomes
unstable at the threshold Rayleigh number

Ra ¼ �2 þ k2ð Þ3

k2
½144�

This Ra(k) curve is plotted in Figure 3 This curve
has a minimum when

k ¼ �ffiffiffi
2
p ; Rac ¼

27

4
�4 � 657 ½145�

What can be interpreted as the size of one convective
cell is �/k since one wavelength corresponds to two
contrarotating cells. When Ra & Rac , the steady dif-
fusive solution becomes marginally unstable and a
convective cell with an aspect ratio, width over
height, of

ffiffiffi
2
p

, develops.
A Rayleigh number of 657 is the critical Rayleigh

number for convection heated from below with free-
slip boundary conditions. As soon as Ra > Rac, there is
a wave number interval over which convection
begins. Of course, when convection grows in
amplitude, the marginal stability solution becomes
less and less pertinent as the assumption that
�v ? ��T << �v ? �z becomes invalid.
7.02.4.5 Road to Chaos

In Cartesian geometry, when the Rayleigh number
reaches its critical value, convection starts, and forms
rolls. When the Rayleigh number is further
increased, complex series of convection patterns can
be obtained, first stationary, then periodic, and
finally, chaotic (see Chapter 7.03). Using the values
of Table 1, the critical Rayleigh number of the
mantle would be attained for a nonadiabatic tempera-
ture difference between the surface and the CMB of
only 0.025 K! The mantle Rayleigh number is several
orders of magnitude higher than critical and the
mantle is in a chaotic state of convection.

Figure 4 shows a stationary convection pattern at
Ra¼ 105 and three snapshots of numerical simulation
of convection at higher Rayleigh number. The color
scale has been chosen differently in each panel to
emphasize the thermal structures that decrease in
length scale with Ra. This view is somewhat mislead-
ing since all the thermal anomalies become confined
in a top cold boundary layer and in a hot bottom one
at large Rayleigh numbers. Most of the interior of the
cell becomes just isothermal (or adiabatic when ane-
lastic equations are used). The various transitions of
convection as the Rayleigh number increases will be
discussed in other chapters of this treatise (see e.g.,
Chapters 7.03, 7.04 and 7.05).
7.02.5 Introduction to Physics of
Multicomponent and Multiphase Flows

The mantle is not a simple homogeneous material. It is
made of grains of variable bulk composition and
mineralogy and contains fluids, magma, and gases.
Discussion of multicomponent and multiphase flows
could deal with solids, liquids, or gases, include com-
pressibility or not, and consider elastic, viscous, or
more complex rheology. For each combination of
these characteristics a geophysical application is pos-
sible. Here we will restrict the presentation to viscous
creep models (i.e., without inertia), where the various
components are treated with continuous variables (i.e.,
each component is implicitly present everywhere).
We do not consider approaches where the various
components are separated by moving and deformable
interfaces. Our presentation excludes cases where the
problem is to match properties at macroscopic inter-
faces between regions of different but homogeneous
compositions (e.g., Manga and Stone, 1993).

We will focus on two cases. First, when all the
components are perfectly mixed in variable propor-
tions. This corresponds to the classical chemical
approach of multiple components in a solution.
This will provide some tools to understand mantle
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Figure 4 Convection patterns of a fluid heated from below at Rayleigh number 105, 106, 107, 108. The temperature color

bars range from 0 (top boundary) to 1 (bottom boundary). The Boussinesq approximation was used (numerical simulations by
F. Dubuffet). The increase in Rayleigh number corresponds to a decrease of the boundary layer thicknesses and the width of

plumes. Only in the case of the lowest Rayleigh number (top left) is the convection stationary with cells of aspect ratio�
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as

predicted by marginal stability. For higher Rayleigh number, the patterns are highly time dependent.
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phase transitions and the physics of chemical diffu-
sion and mixing. We will be rather formal and refer
the applications and illustrations to other chapters of
this treatise (e.g., Chapters 7.07 and 7.10). Our goal is
to explain why and when the advection diffusion
equation can be used in mantle dynamics. The irre-
versible thermodynamics of multicomponent flows is
discussed in various classical books (e.g., Haase, 1990;
de Groot and Mazur, 1984). However as usual with
geophysical flows, the mantle has many simplifica-

tions and a few complexities that are not necessarily
well documented in these classical textbooks.

The second case will be for two phase flows in
which the two phases are separated by physical inter-

faces which are highly convolved and with spatial
characteristics much smaller than the typical size of
geodynamic models. This is typically the case where
magma can percolate through a compacting matrix
(see also Chapter 2.15). This approach was used to
model melt extraction and core–mantle interaction
(McKenzie, 1984; Scott and Stevenson, 1984).
Magma migration has also been treated in a large
number of publications where solid and magma are
considered as separated in studies of dike
propagation through hydraulic fracturing, (e.g.,
Lister and Kerr, 1991), or where fusion is parame-
trized in some way (e.g., Ito et al., 1999; Choblet and
Parmentier, 2001). We do not discuss these latter
approaches.
7.02.5.1 Fluid Dynamics of
Multicomponent Flows in Solution

7.02.5.1.1 Mass conservation in a

multicomponent solution

If we want to study the evolution of major or trace
element concentration in the convecting mantle, we
can consider the mantle, instead of a homogeneous
fluid, as a solution of various components i in volu-
metric proportions �i (with �i�i¼ 1) having the
densities �i and velocities vi (and later, thermal
expansivities �i, heat capacities CP

i , etc.).
Using a mass balance very similar to what we had

discussed for a homogeneous fluid, we obtain mass
conservation equations of the form

q �i�ið Þ
qt

þ � ? �i�ivið Þ ¼ �i ½146�
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where �i is the rate of mass pro duction of compon ent
i. This rate of mass pro ductio n is zero if no reactio ns
produce the compon ent i .

In the fluid , the average density is

�� ¼
X

�i� i ½ 147�

and variou s ave rage velociti es can be def ined
(weighte d by the mass, the vol ume, the number of
moles of each compon ent i). In this sectio n, we intro-
duce the barycen tric velocity, vb (velocity of the
center of mass), define d by

vb ¼
��i� i v i

��
½ 148�

The ave rage mas s conse rvation can be obtained by
summing the equation s of compon ent con servation
[146],

q ��
qt
þ � ? �� vbð Þ ¼ 0 ½ 149�

since the sum of the rates of mass pro duction is zero:X
i

�i ¼ 0 ½150�

In eqn [146] , instead of the various compon ent velo-
cities vi, we can introdu ce the baryc entric velocity vb

and the diffusive flux of the component i with respect
to this average flow,

q �i�ið Þ
qt

þ � ? �i� i vbð Þ ¼ –� ? Ji þ �i ½ 151�

where we define the diffusiv e flux, Ji , by

Ji ¼ �  i� i vi – vbð Þ ½152�

By definition of the barycen tric velocity [148] , the
sum of the diffusiv e flows just cancels out:X

i 

Ji ¼ 0 ½ 153�

A diffu sive trans port is nothin g els e than an adv ective
transfer with respect to th e average barycen tric velo-
city. We will show later in simpl e cases that the
diffusive transports are driven by concentration gra-
dients (Woods, 1975; de Groot and Mazur, 1984;
Haase, 1990).

If we introduce the mass fraction Ci¼�i�i/�� (in
kg of i per kg of mixture), we can easily show from
[149] and [151] that

��
DCi

Dt
¼ –� ? Ji þ �i ½ 154� 
where the Lagra ngian derivative is defined with the
barycentric velocity:

D

Dt
¼ q

qt
þ vb ? � ½155 �
7.02.5.1.2 M om entum a nd energy in a
multicomponent solu tion

In a mu lticompone nt solut ion, all constituents are

present at each point and they are all locally sub-

mitted to the same pressu re and stresse s. We assum e

that the viscous stress is simply related to vb and we

neglect inertia as appropriate for the mantle.

Newton’s second law (here, simply the balance of

forces) can be applied to the barycenter and implies

� ? t –�P þ �� g ¼ 0 ½ 156 �

where the only forc e is due to the (constan t) gravity.
The momentu m equation thus remain s identica l to
that of a fluid with uniform compos ition and without
inertia [16].

Since ther e is only one momentu m equation for i
compon ents , the i � 1 other velocity equation s will

be found by using the constrain ts of the laws of

thermodynami cs and in particular the positivity of

the entropy source. To derive the energy conserva-

tion, we perform the standard balance to account for

all the energy exchanges in a volume � and across its

surface � . Instead of the one compon ent eq uation

[30], we have to sum up various contributions and

we get

X
i

q �i�i U ið Þ
qt 

¼ –� ?
X

i 

� i�i U  ivi

 

þ P
X

i

�ivi þ q – t ? vb

!
þ g ?

X
i 

� i�i vi þ �� �H ½ 157 �

In this expression , we recognize th e temp oral
chang es in energy ( U  i is the compon ent internal
energy per unit mass, the kineti c energ ies are
neglecte d), the bulk energ y flux, the pressure work,
the thermal diffu sion, the viscou s stres s work, th e
gravity work, and the radioact ivity pro duction

ð���H ¼�i�i�i Hi ). The variou s �i come from the
assumption that each component i is present in pro-
portion �i in both the volume � and its surface �. We
assume that thermal diffusion acts equally for each
component and that the surface work of the stress
tensor is only related to the barycentric velocity.
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Using the definition of the barycentric velocity
[148], of the diffusive fluxes, [152], of the momentum
conservation, [156], and using �i�i¼ 1, the energy
expression can be simplified to

X
i

�i�i

DH i

Dt
¼ –� ? q –

X
i

Ji ? �H i þ
DP

Dt

–
X

i

�i H i þ t : �vb þ �� �H ½158�

where H i are the component enthalpies:

H i ¼ U i þ
P

�i

½159�

The enthalpy variation for each component i can
be expressed as a function of the state variables P and
T. From dH i¼ �QiþVi dP and the expression of the
exchanged heat [31], we can write

�i

DH i

Dt
¼ �iC

i
P

DT

Dt
þ 1 –�i Tð ÞDP

Dt
½160�

Finally, the expression for the temperature evolution
is

�� �CP

DT

Dt
¼ –� ? q –

X
i

Ji ? �H i þ ��T
DP

Dt

–
X

i

�i H i þ t : �vb þ �� �H ½161�

where the average heat capacity and thermal expan-
sivity are �CP¼�i�i�i CP

i /�� and ��¼ �i�i�i .
Compared to the homogeneous case [38], two new

heat source terms are present, the enthalpy exchange
through chemical reactions, �i�i H i , and the
enthalpy redistribution by component diffusion,
�i Ji ? �H i .
7.02.5.1.3 Entropy conservation in a

multicomponent solution

Entropy conservation is essential for deriving the
expressions of the diffusive fluxes. The general
expression of entropy conservation [7] is

X
i

q �i�i S ið Þ
qt

¼ –� ? JS þ HS ½162�

where JS and HS are the yet unknown entropy flux
and source. The entropy of the various components
take into account their specific entropies as well as
their configurational entropies or mixing entropies
due to the dispersion of the component i in the
solution. Introducing the barycentric velocities and
the diffusive fluxes, this equation can be recast as
X
i

�i�i

DS i

Dt
¼� ?

X
i

�i�i S ivb þ
X

i

S i Ji – JS

 !
þ HS – S i�i – Ji ? �S i ½163�

However, a second expression of the entropy con-
servation can be obtained from the enthalpy
conservation, [158]: using dH i¼T dS iþVi dP,
which in our case can be expressed as

�i

DH i

Dt
¼ �i T

DS i

Dt
þ DP

Dt
½164�

we deriveX
i

�i�iT
DS i

Dt
¼ –� ? q –

X
i

Ji ? �H i

–
X

i

�i H i þ t : �vb þ �� �H ½165�

A comparison of the two expressions for the entropy
conservation, [163] and [165], allows us to identify
the total entropy flux

JS ¼
q

T
þ vb

X
i

�i�i S i þ
X

i

S i Ji ½166�

and the entropy sources

THS ¼ –
q

T
þ
X

i

S i Ji

 !
? �T –

X
i

Ji ? ��i

–
X

i

�i�i þ t : �vb þ �� �H ½167�

where we introduced the chemical potentials
�i¼ H i�TS i. The total entropy flux, [166], is
related to thermal diffusion and to advection and
chemical diffusion of component entropies.

In [167], the gradients of chemical potential and
temperature are not independent as the chemical
potential gradients implicitly include the tempera-
ture gradient, so that alternative expressions can be
found. For example, using

��i ¼ T�
�i

T
þ �i

�T

T
½168�

and �i¼ H �TS i, the entropy source [167] can be
written as

THS ¼ – q þ
X

i

H iJi

 !
�T

T
–T

X
i

Ji ? �
�i

T

–
X

i

�i�i þ t : �vb þ ��H ½169�

We can also introduce the gradient of � at constant
temperature �T� as

�T�i ¼ ��i þ S i�T ½170�
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which leads to

THS ¼ –
1

T
q ? �T –

X
i

Ji ? �T� i

–
X

i

�i� i þ t : �vb þ �� �H ½ 171�

This last eq uation has the advant age of separati ng the
tempera ture contrib ution, � T , fro m the com posi-
tional contribution , �T�i (�  T� i varie s mostly with
compositi on as com position can chang e over very
short distances ; however, this term is also re lated to
pressure variati ons) (see de Groot and Mazur , 1984 ).
7.02.5.1.4 A dvection–diffusion equation

and r ea cti o n r  a te s

Among the entro py sou rces, only terms involvi ng
similar tens orial ranks can be coupl ed in an isotropi c
medium, accordi ng to Curie’s princi ple. The po sitiv-
ity of the entr opy pro ductio n impose s three
conditions : coupl ing tens ors, vectors, and scalars .

t : �vb � 0; – q ?
�T

T
–
X

i

Ji ? �T� i � 0;

–
X

i

�i� i � 0 ½ 172�

The first term relates tens ors and we have already
discussed its imp lications for the rheolog y in Secti on
7.02.3.2 .

The second te rm relate s vectors a nd we assu me,
in agreeme nt wi th the general principle of nonequi li-
briu m t hermodynamics ( de Groot a nd Mazur, 1984),
th at a m a t rix a phe no men o logi ca l m at rix M relates t he
th ermodynamic fl uxes J ¼ J1 . . .  Ji . . .  q to th e thermo-
dyn am ic forces X ¼ –�T� 1 . . . –�  T�i . . . –�T=T :

J1

J2

. . .

q

0BBBBB@

1CCCCCA ¼ –

m11 m12 . . .  m1 q

m21 m22 . . .  m2 q

. . . . . . . . . . . .

mq 1 mq 2 � � �  mqq

0BBBBB@

1CCCCCA
�T� 1

�T� 2

. . .

�T=T

0BBBBB@

1CCCCCA ½ 173�

This linear relationshi p impli es that the term of
vectoria l rank (with supers cript v), in the entr opy
source, TH S

(v) appears as

TH 
vð Þ

S ¼ Xt M X ¼ Xt M þMt

2
X ½174�

According to the second law of thermodynamics, the
symmet ric par t of the matrix M , (M þ M t)/2, mu st be
positive defini te, th at is, the righ t-hand side of eqn
[174] must be positive for any vectors X.
At microscopic scale, a process and its reverse occur
at the same rate. A consequence, known as the Onsager
reciprocal relations, is the existence of symmetry or
antisymmetry between mij and mji (Onsager, 1903–76).
A general discussion can be found in, for example,
de Groot and Mazur (1984) or Woods (1975). When
the forces are even functions of the velocities and in
the absence of magnetic field, the matrix M must be
symmetric. As �T/T and �T�i are even functions, as
independent of the velocities, mij¼mji.

In the general case, the transport of heat by con-
centration gradients (the Dufour effect (Dufour, 1832–
92)) or the transport of concentration by temperature
gradients (the Soret effect (Soret, 1827–90)) are possi-
ble. In many situations these cross-effects are small and
we will assume that the matrix M does not couple
thermal and compositional effects (the last row and
column of M are zero except for mqq/T¼ k, the ther-
mal conductivity). In some case, however, when the
chemical potential changes very rapidly with tempera-
ture, it becomes impossible to neglect the coupling
between chemical diffusion and temperature variations.
In this case it may be safer to consider a formalism
where the thermodynamic force that drives the chemi-
cal diffusion of the component i is T �(�i/T ) rather
than �T�i (see also Richard et al. (2006)).

Even without coupling between thermal and
compositional effects, chemical diffusion in a multi-
component system remains difficult to discuss in the
most general case (the positive definiteness of a sym-
metric i by i matrix is not a very strong constraint).
We therefore restrict our study to a simple -
two-component system where

J1

J2

 !
¼ –

m11 m12

m21 m22

 !
�T�1

�T�2

 !
½175�

For such a simple case, the sum of the fluxes must
cancel (see [153]), and since the Onsager relations
impose the symmetry of the matrix, the coefficients
mij must verify

m11 þ m21 ¼ m12 þ m22 ¼ m12 –m21 ¼ 0 ½176�

Only one coefficient, for example, m11, can be freely
chosen, and the fluxes can be written as

J1 ¼ m11�T �2 –�1ð Þ ½177�

J2 ¼ m11�T �1 –�2ð Þ ½178�

and the second law requires m11 > 0. If the component 1
is in small quantity (the solute) and the component 2 is
in large quantity (the solvent, with �(�2)¼ 0), we can
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easily trac k t he e voluti on o f solute concentra tion C1. Its
che mical diffusion flux is J1 ¼�m11� T� 1 and accord-
ing to [154], its concentration sati sfie s

��
q C
qt
þ vb ? �C

� �
¼ � ? m�T�ð Þ þ � ½ 179�

where the subscr ipts 1 have been omitte d.
For a solute the chem ical potentia l is a stand ard

chemical pot ential �0 plus a mixing term expressi ng
the entropy gain (configur ational entropy associated
with the increas ed disor der) made by dis persing the
solute into the solvent, of the form RT log a(C ) (for
crystalline solids, the activ ity a(C ) of the mixing term
can be compl ex since it depends on the number and
multiplici ty of crystallo graphic site s ( Spe ar, 1993 ),
but we just need to kno w tha t it is re lated to C ). In a
domain where the stand ard chem ical potenti al and
the average density are uniform , the adv ection–d iffu-
sion equation is obtained:

qC

qt
þ vb ? �C ¼ � ? D �Cð Þ þ �

��
½ 180�

with a diffusion coeffici ent D ¼ m/ �� (q�/ qC ), mos t
likely T-depe ndent . The neg ative linear relations hip
between chem ical diffusi on and concentr ation gradi -
ent, J ¼ – �� D � C is called the first Fick’ s law (Fick,
1829–1901 ).

Wh en a compon ent is present in tw o domains
separate d by a com positional interf ace, its stand ard
chemical potentia l �0 is generall y dis continuous . In
this case the gradient of the chem ical potenti al at
constant T , �T�, is a mathem atical distrib ution that
contains a term �T� 0 , infini te on the compositi onal
interface. This disco ntinuity drives an infinitel y fast
diffusion of the solute compon ent acros s the interf ace
until th e equil ibrium [� ] ¼ [�0 þ RT log a( C)] ¼ 0.
The con centrat ion rati on of C (or partition coeffi-
cient of C ) must theref ore verify

a Cð Þþ

a Cð Þ – ¼ exp –
� þ0 –� –

0

RT

� �
½ 181�

where [ ] þ  and [ ]�  denote the val ues on the two
sides of the discontin uity. T his eq uation corres ponds
to the gener al rule of chemical equilibr ium.

T he last entropy sou rce in [172] re lates tw o sca-
lars (producti on rates and chemical potenti als). In a
mixture of i compon ents involvi ng k stable atomic
species, the conservation of these atomic spe cies
implies that only r ¼ i � k linear ly ind ependen t re ac-
tions exist. Let ni

j be the stoichiom etric coeffici ent of
the compon ent i in the j th ¼ (1, . . ., r) chem ical re ac-
tion with reaction rate, �j . We can expres s �  i as
�i ¼
X

j ¼ 1; ...; r

n 
j
i �j ½ 182 �

and the secon d law impo ses

–
X

j ¼1;...; r

�j

X
i

n
j
i�i � 0 ½ 183 �

The p ositivity of the entropy s ource i s satisfied if the
kinetic rates of the j th ¼ 1, . . .,r chemical reaction are
proportional to the their chemical affinities,
�� Gj ¼��  ini

j�i, w ith positive reaction rate f actors R j :

�j ¼ – R  j �Gj ½ 184 �

Chemi cal reacti on rates are very rarely simpl y pro-
portio nal to th e affinities and the R j are likel y som e
compl ex, bu t positive, functions of P, T an d con cen-
tration s Ci. In the case of exact thermod ynamic
equilibr ium, �i n i

j�i ¼ 0, the secon d law is of course
satisf ied.

In the sam e way as we define d the affini ty �� Gj

of the reacti on j, we can define its enthalpy
�H j ¼�i n i

jH i (see de Groo t an d Mazur (1984) ).
The enthal py exchang e term of the energy eq uation
[161] , �i �i H  i, can also be writt en �j �j�H  j , which
represe nts the products of the reactio n rates and the
reactio n enthal pies. Various phase changes take place
in the mantl e, mos t notably at 41 0 and 660 km depth.
Thei r effects on mantle conv ection have been stu-
died by various authors and will be discus sed in
Secti on 7.02.6. 6.
7.02.5.1.5 C onser vation pr operties of

th e a dvect ion –d i  ffusion equation

We now make the hypothe sis that th e evo lution of
concentr ation of a solute in the convec tive fluid is
control led by the advect ion–dif fusion equation [180] ,
and tha t this solute is not invo lved in any chem ical
reactio n, �¼ 0. For simpl icity, we assum e that the
barycen tric flow is incom pressible ( C can ther efore
be a conc entration per unit vol ume or per unit mass)
and th e diffusio n coeffici ent D is a constant. The fluid
and the solut e cannot escap e the domai n � ; the
normal velocity and normal diffusiv e flux are
thus zero on the boundar ies of the domai n, that is,
v ? n ¼ 0 and �C ? n ¼ 0 on the su rface � with nor-
mal vector n .

First, it is obvious that when integrated over the
total domain � and with the divergence theorem, the
advect ion diffusion eq uation [180] implies

d

dt

Z
�

C dV ¼ –

Z
�

Cv –D�Cð Þ ? dS ¼ 0 ½185�



Figure 5 An initial heterogeneity (top) is introduced at

t ¼ 0 into a time-dependent convection cell. Without

diffusion, D ¼ 0 (bottom left), the heterogeneity is stirred by

convection and then stretched on the form of thin ribbons.
However, the variance of the heterogeneity concentration

remains constant. It is only with diffusion, D 6¼0 (bottom

right), that a real homogenization occurs with a decrease of
the heterogeneity variance.

Table 2 Homogenization times for helium and uranium
assuming an heterogeneity of initial thickness 2l0 ¼ 7 km

and a strain rate of 5� 10�16 s�1

Uranium Helium

D (m2 s�1) 10�19 10�13

t0 (Ma) 3.88�1013 3.88� 107

tL (Ma) 3.60�105 3.60� 103

tT (Ma) 1920 1490
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The initial heterogeneity does not disappear; it is just
redistributed through time.

To understand how the heterogeneity is redistrib-
uted, we can express the evolution of the
concentration variance. Multiplying [180] by 2C, we
get after some algebra

DC2

Dt
¼ Dr2C2 – 2D �Cj j2 ½186�

This expression when integrated over the closed
volume � implies that

d

dt

Z
�

C2 dV ¼ – 2D

Z
�

�Cj j2 dV ½187�

Note that the actual variance is C2� �C2 where �C is the
average concentration, but The �C2 term makes no
contribution to [187]. Since the right-hand side is
always negative, the variance must continuously
decrease until �Cj j ¼ 0 which corresponds to a
state of complete homogenization.

The concept of mixing is associated with the idea
of homogenization where the concentration variance
decreases with time. Since the average mixing rate is
proportional to the diffusion D, [187], we note, how-
ever, that a nondiffusive flow does not homogenize at
all. A diffusive flow just stirs the heterogeneities. In
other terms, if the initial concentration is either C¼ 1
or C¼ 0, a perfect homogenization is achieved after a
time t if the concentration is everywhere C¼ �C, the
average concentration. When there is no diffusion,
the initial heterogeneity is stirred and stretched, but
the local concentrations remain, for all time, either
C¼ 1 or C¼ 0, but never an intermediate value (see
Figure 5).

In the case of the Earth’s mantle, the solid-
state diffusion coefficients are all very low
(D¼ 10�19 m2 s�1 for uranium, D¼ 10�13 m2 s�1 for
helium (see Table 2)) and many studies have totally
neglected chemical diffusion. We see, at face value,
that these models are not really homogenizing, only
stirrring the heterogeneities. Without diffusion a che-
mical heterogeneity (e.g., a piece of subducted
oceanic crust) will forever remain the same petrolo-
gical heterogeneity, only its shape will change.

Since the mixing rate is related to the composi-
tional gradient [187], we should discuss the evolution
of this gradient. We multiply [180] by the operator
2�C ? � to obtain

D �Cj j2

Dt
¼ – 2�C ? _† ? �C

þ 2D � ? r2C�C
� 	

– r2C
� 	2

h i
½188�
which can be integrated as

d

dt

Z
�

�Cj j2 dV

¼ – 2

Z
�

�C ? _† ? �C dV – 2D

Z
�

r2C
� 	2

dV ½189�

The rate of gradient production is related to the flow
properties through the strain rate tensor _† and to the
diffusion. The diffusion term is negative and
decreases the sharpness of compositional gradients.

The term related to the flow properties through
the strain tensor (first term on the right-hand side of
[189]), could in principle be either positive or nega-
tive. However as time evolves, this term must
become positive. The strain rate tensor has locally
three principal axes and three principal strain rates,
the sum of them being zero since the flow is incom-
pressible. The stretched heterogeneities become
elongated along the direction of the maximum
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principal strain rate and th e conc entration gradi ents
reorient them selves along the minimum , and nega-

tive, principal strain rate. The term und er the first
integral on the right -hand side of [189] is thus of

order of j _
min | |�C | 2 ( _
 min is the local, neg ative
eigenval ue of the stra in rate tens or). Stirr ing is thus

the source of producti on of concentr ation gradi ent.
We can now under stand the interpl ay between

advection and diffusion. Even when the diffu sion
coefficient D is van ishingl y sma ll in [189], the stirring

of the flow by conv ection will enhance the concen-
tration gradi ents unti l the ave rage diffusion term,

proportiona l to the concentr ation gradients , will
become large enough (see [187] ) for a rap id decr ease

of the conc entration variance. We illustrate this
behavior in the next two sections by choo sing a

simple expr ession for the strain rate and compu ting
the evolutio n of concentrat ion through time.
7.02.5.1.6 Laminar and t ur bulent stirring

The efficiency of mixing, mostly controlled by
stirring, is therefore related to the ability of the flow

to rapidly reduce the thickness of heterogeneities
(Olson et al., 1984). In this section we set aside diffusion

and discuss the stirring properties of a flow (see also

Chapter 7.10). Let us consider a vertical piece of

heterogeneity of width 2d0, height 2L (L << d0) in a
si mp le sh ear f lo w vx ¼ _
 z. Its top and bottom ends are

at (0, L0), (0, �L0) and they will be advected to ( _
 tL0,
L0), (� _
tL0, � L0) after a time t. As the heterogeneity

length increases as 2L0(1 þ _
 
2t2), mass conservation

implies that its half-width d(t) decreases  as

d tð Þ ¼ d0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ _
  2 t 2
p ½ 190�

Such flows, in which heterog eneities are stretche d at
rate � 1/ t , are called flows with laminar stirrin g.
They are not very effici ent in enhan cing the dif fusion
because they do not increas e the concentr ation gra-
dients, ty pically of ord er 1/ d (t ), fast enou gh.

On the contrary, in a pure shear flow, vz ¼
dz=d t ¼ z _
 , th e l ength of th e h eterogene ity would

increase as L ¼ L0 exp( _
 t) a nd its width would s hrink a s

d tð Þ ¼ d0 exp – _
tð Þ ½191�

Such a flow is said to induce turbule nt stirrin g. This
is unfortunat e terminolog y becaus e turbule nt stirring
can occur in a cree ping flow with Re ¼ 0. Mantle
convection is not turbule nt bu t it gener ates turbule nt
stirring.
Chaoti c mixing flows have gl obally turbule nt stir-
ring pr operties and the qualitati ve idea tha t highly
time-dep ende nt convect ion with high Raylei gh
numb er mixe s more efficientl y than low Raylei gh
numb er conv ection is often true (Schm alzl et al. ,
1996 ). Howe ver, stead y 3-D flows can also ind uce
turbule nt mixi ng. This surprising phen omenon
called Lagra ngian cha os is well illustrate d for som e
theoret ical flows ( Dombr e et al. , 1986) and for variou s
simple flows (Otti no, 1989 ; Tous saint et al., 2000). For
exampl e, in a stead y flow under an oce anic ridge
offset by a transf orm fault, the mixing is turbulent
(Ferra chat and Ric ard, 1998 ).
7.02.5.1.7 D iffusion in Lagrangian

coordinates

In Section 7.0 2.5.1.5 we disc ussed the mixi ng proper -
ties from an Eulerian viewpoint . We can also
under stand the interpla y be tween diffusi on and
stretchi ng (stirrin g) by adoptin g a Lagra ngian view-
point ( Kellogg and T urcotte, 1987 ; Rica rd an d
Coltic e, 2004 ), tha t is, by solving the advect ion–dif-
fusio n equation s in a coordi nate frame that follows
the defo rmation.

Let us consider a strip of thickness 2l0 with an
initial concentration C0 embedded in a infinite matrix
of concentration C1. In the absence of motion, the
solution of the advection– diffusi on equation [180]
can be expressed using the error function and the
time-dependent concentration C(x, t) is given by

C x; tð Þ –C1
C0 –C1

¼ 1

2
erf

l0 – x

2
ffiffiffiffiffi
Dt
p

� �
þ erf

l0 þ x

2
ffiffiffiffiffi
Dt
p

� �� �
½192�

where x is a coordinate perpendicular to the strip and
is zero at its center.

The concentration at the center of the strip (x¼ 0)
is

C 0; tð Þ –C1
C0 –C1

¼ erf
l0

2
ffiffiffiffiffi
Dt
p

� �
½193�

and the concentration decreases by a factor of about 2
in the diffusive time

t0 �
l2
0

D
½194�

(erf(1/2) is not far from 1/2). The time needed to
homogenize a 7-km thick piece of oceanic crust
introduced into a motionless mantle is extremely
long (see Table 2); even the relatively mobile helium
would be frozen in place since the Earth formed as it
would only have migrated around 50 cm.
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Howe ver, this idea of a
ffiffi
t
p

diffusion is faulty since
the flow stirs the heterog eneity and increas es com-
positional gradi ents (see [189 ]) which in turn

accelerates the mixing proce ss (e.g., [187] ).

Assuming that the pr oblem remains 2-D enou gh so

that diffu sion only occurs perpen dicular to the
deformin g heterog eneity, let l (t ) be its thickness .

The velocity perpen dicular to the strip would loca lly

be at first order

vx ¼
x

l tð Þ
d

d t 
l tð Þ ½195�

(each side of the strip at x ¼	l(t ) moves at 	 dl (t )/d t ).
We can choose as a new space variab le ex ¼ xl 0=l

ðt Þ in such a way that the Lagr angian coordi nate

inside the strip, ex , will vary between the fixed values

�l0 and l0 . T he dif fusion equat ion becomes

qC

q t

� �
~x

¼ D
l0

l tð Þ

� �2 q 2 C

q ~x 2 
½ 196�

where the par tial time derivative is now compu ted
at constant ex . We see tha t the adv ection diffu sion
equation ha s been turned into a pure diffu sive equa-
tion where the dif fusivity D has been replaced by
D(l0 /l (t )) 2. This equivalent diffusiv ity is larger than
D and increas es with time as l(t ) decr eases.

T o solve analyti cally equation [196] , it is
appropriate to rescale the time variabl e by defini nget ¼ F (t) with

F tð Þ ¼
Z t

0

l0=l uð Þð Þ2 d u ½ 197�

and the resulting advec tion–dif fusion equat ion in
Lagrangian coordina tes becomes the simpl e dif fusion
equation with constant diffu sivity. Its solution is
given by [192 ] where t and x are re placed by et andex . For exa mple, the concentra tion at th e center of the
deformab le strip varie s like

C 0; tð Þ – C1
C0 – C1

¼ erf
l0

2
ffiffiffiffiffiffiffiffiffiffiffiffi
DF tð Þ

p !
½ 198�

and the con centration diminish es in amplitud e by a
factor of 2 after a time l that satisfies

F tð Þ � l 20
D 

½ 199�

To perform a numerica l applica tion let us con sider
that the flow is eithe r a simple shear [190] , or a pure
shear deforma tion, [191] . Com puti ng F(t ) fro m eqn
[197] is straight forward and, assum ing _
t >> 1, we get
from [199] , the homogeni zation time s

tL �
31=3 l 

2= 3
0

_
2= 3 D 1= 3 
½ 200 �

and

tT �
1

2 _
 
log

2l 20 _


D 
½ 201 �

respec tively. For the same oceanic crust of ini tial
thicknes s 7 km, we get homogeni zation times of
about 1.49 bill ion yea rs for He and 1.92 bill ion
years for U if we us e the pure shear mech anism and
assum e rathe r arbitra rily that _
¼ 5 � 10 �16 s �1 (this
corres ponds to a typical plate velocity of 7 cm yr� 1

over a plate lengt h of 5000 km). Although He and U
have diffusion coefficients six ord ers of magnitu de
apart, th eir re sidence time s in a piece of subd ucted
oceanic cru st may be compar able.

The use of tracers to simu late the evolutio n of
chem ical pro perties in the mantle is our best metho d
since solid-s tate diffusio n is too slow to be effici ently
account ed for in a numerical simu lations (e.g., van
Keken et al., 2002 ; Tackley and Xie, 2002 ). However,
by us ing tracers , we do not necess arily take into
account that som e of them may repr esent points
that hav e been stret ched so much tha t their initial
concentr ation ano malies have compl etely diffuse d
into the backgrou nd. In other words, even if diffusio n
seems negli gible, it will er ase all heterogene ities after
a finite time that is mos tly con trolled by the stirrin g
proper ties of the flow.
7.02. 5.2 Fluid Dynam ics of Two Phase
Flow s

Up to now, in Secti on 7.02.5 .1, all compon ents wer e
mixe d in a single phas e. Howe ver, ano ther imp ortant
geophys ical applica tion occurs when the mu lticom-
ponen ts belong to different phases . T his case can be
illustrate d with the dynam ics of pa rtial melt in a
deform able compact ing matr ix. Part ial melts are
obviou sly present und er ridges and hot spots, but
they may also be present in the middle and deep
mantl e (Williams and Gar nero, 1996 ; Bercov ici and
Karato, 2003) and they were certainly more frequent
when the Earth was younger. We discuss the situa-
tion where two phases, fluid and matrix, can interact.
In con trast to Secti on 7.02.5.1 , where the propor tion
and velocity of each component in solution was
defined everywhere at a microscopic level, in a
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partial melt aggregate, the local velocity at a micro-
scopic level is either the velocity of a matrix grain,evm, or the interstitial velocity of the melt, evf.

We assume that the two phases are individually
homogeneous, incompressible, and with densities �f

and �m. They have Newtonian rheologies with visc-
osities �f and �m. They are isotropically mixed and
connected. Their volume fractions are � (the poros-
ity) and 1��. The rate of magma melting or freezing
is �� (in kg m�3 s�1). Although the two phases have
very different physical properties, we will require the
equations to be material invariant until we need to
use numerical values. This means that swapping f and
m, � and 1��, and �� and ��� must leave the
equations unchanged. This rule is both a physical
requirement and a strong guidance in establishing
the general equations (Bercovici et al., 2001a).

We make the hypothesis that there is a meso-
scopic size of volume �V which includes enough
grains and interstitial fluid that averaged and contin-
uous quantities can be defined. Classical fluid
dynamics also has its implicit averaging volume �V

that must contain enough atoms that quantum effects
are negligible, but what is needed here is a much
larger volume. This averaging approach remains
meaningful because the geophysical macroscopic
phenomenon that we want to understand (say, melt-
ing under ridges) has characteristic sizes large
compared to those of the averaging volume (say, a
few cm3) (Bear, 1988).

To do the averaging, we define at microscopic
level a function  that takes the value 1 in the inter-
stitial fluid and the value 0 in the matrix grain.
Mathematically, this function is rather a distribution
and it has a very convolved topology. From it, we can
define first the porosity (volume fraction of fluid) �,
then, the fluid and matrix-averaged velocities, vf and
vm (Bercovici et al., 2001a) by

� ¼ 1

�V

Z
�V

 dV ½202�

�vf ¼
1

�V

Z
�V

evf dV ;

1 –�ð Þvm ¼
1

�V

Z
�V

1 – ð Þevm dV ½203�

7.02.5.2.1 Mass conservation for matrix

and fluid

Having defined the average quantities, the derivation
of the two mass conservation equations is fairly
standard (McKenzie, 1984; Bercovici et al., 2001a).
They are
q�
qt
þ � ? �vf½ � ¼ ��

�f
½204�

–
q�
qt
þ � ? 1 –�ð Þvm½ � ¼ –

��

�m
½205�

We get the same equations as in [146] except that we
refer to �, 1��, and �� instead of �1, �2, and �1.
When averaged, the mass conservation equations of
two separated phases takes the same form as the mass
conservation equations of two components in a
solution.

We define an average and a difference quantity for
any general variable q, by

�q ¼ �qf þ 1 –�ð Þqm; �q ¼ qm – qf ½206�

The velocity �v is volume averaged and is
different from the barycentric velocity [148],

vb ¼ ��f vf þ ð1 –�
� 	

�mvmÞ=��. By combining the

fluid and matrix mass conservation equations, we
get the total mass conservation equation

q��

qt
þ � ? ��vbð Þ ¼ 0 ½207�

(as before [149]), and the time rate of change in
volume during melting

� ? �v ¼ ��
��

�f�m
½208�
7.02.5.2.2 Momentum conservation
of matrix and fluid

Total momentum conservation, that is, the balance of
the forces applied to the mixture, is

� ? �t – � �P þ ��g ¼ 0 ½209�

We have considered that the only force is due to
gravity, although surface tension between the two
phases could also be introduced (Bercovici et al.,
2001a). In this equation, �P, �t , and �� are the average
pressure, stress, and density. The equation is not
surprising and looks identical to its counterpart for
a multicomponent solution [156]. However, the aver-

age pressure and stresses, �P¼�Pfþ (1��) Pm and
�t ¼�t f þ 1 –�ð Þtm, are now the sum of two sepa-

rate contributions, from two separate phases having
most likely very different rheologies and different
pressures. Hypothesizing that the two phases may
feel the same pressure does not rest on any physical
justification and certainly cannot hold if surface ten-
sion is present. We will show later that their pressure
difference controls the rate of porosity change.
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We split the total momentum equation into two
equations, one for the fluid and one for the matrix

–� �Pf½ � þ ��f g þ � ? �t f½ � þ hf ¼ 0 ½210�

–� 1 –�ð ÞPm½ � þ 1 –�ð Þ�mg

þ � ? 1 –�ð Þtm½ � þ hm ¼ 0 ½211�

where hf and hm satisfy hfþ hm¼ 0 and represent the
interaction forces acting on the fluid and on the matrix,
across the interfaces separating the two phases. Because
of the complexities of the interfaces, these two inter-
action forces must be parametrized in some way.

The simplest contribution to the interfacial forces
that preserves Galilean invariance is a Darcy-like
term c�v¼ c(vm� vf) (Drew and Segel, 1971;
McKenzie, 1984) (Darcy, 1803–58). The interaction
coefficient c is related to permeability which is itself a
function of porosity (Bear, 1988). A symmetrical form
compatible with the usual Darcy term is (see
Bercovici et al., 2001a)

c ¼ �f�m

k0 �f 1 –�ð Þn – 2þ �m�n – 2

 � ½212�

where the permeability of the form k0�
n was used

(usually n� 2�3). Assuming n¼ 2 and �m >> �f, the
interaction coefficient becomes a constant, c¼ �f/k0.

In the absence of gravity and when the pressures
are uniform and equal, no motion should occur even
in the presence of nonuniform porosity. In this
situation where �v¼ t f¼ tm¼ 0 and where P is
uniform, P¼ Pf¼ Pm, the force balances are
�P��þ hf¼�P� (1��)þ hm¼ 0. Therefore, the
interface forces hf and hm must also include P�� and
P�(1��) when the two pressures are equal. This led
Bercovici and Ricard (2003) to write the interaction
terms

hf ¼ c�v þ Pf �� þ !�P��

hm ¼ – c�v þ Pm� 1 –�ð Þ þ 1 –!ð Þ�P��
½213�

with 0
!
 1. These expressions verify hfþ hm¼ 0,
are Galilean and material invariant, and allow equili-
brium of a mixture with nonuniform porosity but
uniform and equal pressures (see also Mckenzie (1984)).

At microscopic level, the matrix–melt interfaces
are not sharp discontinuities but correspond to layers
(called ‘selvedge’ layers) of disorganized atom distri-
butions. The coefficient 0 <!< 1 controls the
partitioning of the pressure jump (and potentially of
the surface tension) between the two phases
(Bercovici and Ricard, 2003) and represents the frac-
tion of the volume-averaged surface force exerted on
the fluid phase. The exact value of ! is related to the
microscopic behavior of the two phases (molecular
bond strengths and thickness of the interfacial selvage
layers) and measures the extent to which the micro-
scopic interface layer is embedded in one phase more
than the other. The only general physical constraints
that we have are that ! must be zero when the fluid
phase disappears (when �¼ 0) and when the fluid
phase becomes unable to sustain stresses (when
�f¼ 0). A symmetrical form like

! ¼ ��f

��f þ 1 –�ð Þ�m
½214�

satisfies these conditions.
To summarize, general expressions for the equa-

tions of fluid and matrix momentum conservation are
(Bercovici and Ricard, 2003)

–� �Pf –�f g½ � þ � ? �t f½ � þ c�v þ !�P��¼ 0 ½215�

– 1 –�ð Þ �Pm – �mg½ � þ � ? 1 –�ð Þtm½ � – c�v

þ 1 –!ð Þ�P�� ¼ 0 ½216�

The relationship between stress and velocities does
not include an explicit bulk viscosity term (Bercovici
et al., 2001a), and for each phase j the deviatoric stress
is simply

t j ¼ �j �vj þ �vj


 �t
–

2

3
� ? vj I

� �
½217�

where j stands for f or m. There is no difference in
constitutive relations for the isolated component and
the component in the mixture.

7.02.5.2.3 Energy conservation for

two-phase flows

In the case where surface energy and entropy exist on
interfaces the conservation of energy deserves more
care (Sramek et al., 2007). Otherwise the global con-
servation is straightforward and can be expressed by
the following equation where the left-hand side
represents the temporal change of internal energy
content in a fixed control volume and the right-
hand side represents the different contributions to
this change, namely internal heat sources, loss of
energy due to diffusion, advection of energy, and
rate of work of both surface and body forces:

q
qt

��f U f þ 1 –�ð Þ�mU m½ �

¼ �� �H –� ? q –� ? ��f U f vf þ 1 –�ð Þ�mU mvm½ �
þ � ? –�Pf vf – 1 –�ð ÞPmvm þ �vf ? t f½
þ 1 –�ð Þvm ? tm� þ �vf ? �f g

þ 1 –�ð Þvm ? �mg ½218�
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The last equation is manipul ated in the standa rd way
using the mass and mom entum equation s. Becau se
the two phas es are incom pressible, their internal
energies are simpl y d U f ¼ C f dT and d U m ¼ C m d T .
After som e algebra we get

��f Cf
Df T

Dt
þ 1 –�ð Þ�m Cm

Dm T

Dt

¼ –� ? q – �P
D!�

Dt
þ �H �� þ � þ �� �H ½ 219�

where � is the rate of deforma tional work

� ¼ ��vf : t f þ 1 –�ð Þ�vm : � m þ c �vð Þ2 ½ 220�

It conta ins the dissipation te rms of each phase plu s a
term related to the fricti on between the tw o phases .
The fundam ental derivatives are def ined by

Dj

Dt
¼ q

qt
þ vj ? � ½ 221�

where vj is to be su bstitut ed with th e appro priate
velocity vf, vm , or v!  with

v! ¼ !vf þ 1 –!ð Þvm ½ 222�

In contrast to Section 7.0 2.5.1 it wo uld not make
much sen se to try to keep the eq uations in terms of
an ave rage ve locity like vb plu s some diffusio n terms .
Here the tw o com ponents may hav e very diffe rent
velocities and material deriva tives.

Sin ce ! re presents a partitioning of pressu re jump,
it is not surprisi ng to find the veloc ity v!  (include d in
D!/Dt ) in the wo rk term related to this pressu re
jump. Associa ted with this partitioni ng facto r, we
can also intro duce interf ace values, q!, that we will
use later . Any quantity � q ¼ qm � qf can also be
written as ( qm � q!) � (qf � q!). Wh en the pro perty
jump is embedded entirel y in the matr ix (!¼ 0),
there should be no jump withi n the fluid an d we
must hav e q!¼ qf. Reciproc ally, when !¼ 1, we
should ha ve q!¼ qm . This pr ompts us to define inter-
face val ues by

q! ¼ 1 –!ð Þqf þ !q m ½ 223�

Notice in the expres sions of the interf ace velocity v!,
[222], and interfac e value, q!  [223] , that ! an d 1 �!
are interchan ged.

T he right-hand side of [219] con tains two new
expressi ons in addition to the usual terms (heat pro-
duction, diffusi on and deformat ional wo rk). The first
term include s the chang es in porosity D!� /Dt time s
the difference in pr essures be tween phases , �P . The
other term contains the differe nce in the spe cific
enthal pies �H ¼ H m � H  f where the enthal py of
phase j is define d by H j ¼ U  j þ P j/�j . A simila r term
was found for compon ents reacting in a solut ion
[158] .
7.02.5.2.4 E ntr opy production and

phenomenological laws

Entrop y conse rvation is need ed to con strain the pres-
sure jump be tween phases an d the mel ting rate.
Start ing from entro py conse rvation and followin g
Srame k et al. (2007)

q
qt

��f S  f þ 1 –�ð Þ�m S  m½ � ¼ –� ? JS þ HS ½ 224 �

where JS is the total entropy flux and HS is th e
internal entro py producti on; we compare the energy
and the entr opy equation s [219] and [224] taking into
account tha t, for each incom pressibl e phas e,
d Sj ¼ C jd T / T ¼ d uj /T . After som e algebra, one gets

JS ¼ ��f S  f vf þ 1 –�ð Þ�m S  m v m þ
q

T
½ 225 �

THS ¼ –
1

T 
q ? �T –�P

D!�

Dt
þ ����

þ � þ �� �H ½ 226 �

where we have intr oduced the diffe rence in chem ical
potenti als be tween the two phases

�� ¼ �H –T�S ½227�

and �S¼ S m� S f is the change in specific entropies.
Following the standard procedure of nonequili-

brium thermodynamics, we choose q¼�k�T and
we assume that there is a linear relationship between
the two thermodynamic fluxes, D!�/Dt and ��, and
the two thermodynamic forces ��P and �� since
they have the same tensorial rank. We write

D!�=Dt

��

 !
¼

m11 m12

m21 m22

 !
–�P

��

 !
½228�

The matrix of phenomenological coefficients mij is
positive definite and symmetrical by Onsager’s theo-
rem, m12¼m21 (see Sramek et al., 2007). For a 2� 2
matrix, it is rather simple to show that the positivity
implies, m22 > 0, m11 > 0, and m11m22�m12

2 > 0 (posi-
tivity of the determinant).

The form of the phenomenological coefficients mij

can be constrained through thought experiments.
First using mass conservations [204] and [205] and
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the definitions of v!  an d �!, [222] and [223] , we can

combine equation [228] to get

�P ¼ –
m22

m11 m22 – m2
12

�
�

1 –!ð Þ 1 –�ð Þ� ? vm –!�� ? v f

þ �!

�f� m
–

m12

m22

� �
��

�
½ 229�

In the limiting case where the two phases have the
same density �f ¼ �  m ¼ �!, melting can occur with no
mo ti on , vm ¼ vf ¼ 0, [229] should therefore predict the
equality of pressure between phases, � P ¼ 0. I n th is
cas e w e m us t c hoo se m12/m22 ¼ 1/� f ¼ 1/� m. Let us
consider now a situation of homogeneous isotropic
melting where the melt has such a low viscosity that
it cannot sustain viscous stresses and cannot interact
with the solid by Darcy terms. For such an inviscid
me lt, !¼ 0, �!¼ �f, and v!¼ vm. In this case, since
the melt can escape instantaneously, the matrix should
not dilate, � ? vm ¼ 0, and thus the two pressures
sh ou ld al so b e th e s am e, � P ¼ 0. I n th is si tu at ion a l l
the terms in eqn [229] are 0 except for the term
proportional to �� . Thus, in the general case,

m12

m22
¼ �!

�f� m
½ 230�

Usin g this condition and introdu cing two positive
coefficients , �¼ m22 /(m11 m22 � m12

2 ), an d R ¼ m22, we

can recast eq ns [228] as

�P ¼ – �
D!�

Dt
–

�!

�f� m
��

� �
½ 231�

�� ¼ R �� –
�!

�f� m
�P

� �
½ 232�

T he first equation estab lishes a gen eral relation
controlli ng the pr essure dr op be tween phas es. The

coefficient � that lin ks the pressure jump between the

two phases to the por osity chang es in ex cess of the

melting rate is in fact equival ent to a bulk viscos ity as

introduc ed in Section 7.0 2.3.2 (see also Secti on

7.02.5.2.5). The physical re quirement that the tw o

phase mixtu re should have the incom pressible prop-

erties of eithe r the matrix or the fluid when �¼ 0 or

�¼ 1 imposes a porosity dependence to � with

lim�!0� �ð Þ ¼ lim�!1� �ð Þ ¼ þ1. Simple micro-

mechanical models (e.g., Nye, 1953; Bercovici et al.,

2001a) allow us to estimate the bulk viscosity as

� ¼ K0
�f þ �mð Þ
� 1 –�ð Þ ½ 233�

The dimension less constant K 0 accou nts for grain /
pore geometry and is of O (1). 
A mor e general, but more hypothe tical, interpr e-
tation of the entropy positivity could argue that som e
deform ational work, � , might affect the pr essure
drop of [231] . T his hypothe sis led to a damag e theory
devel oped in Bercov ici et al. (2001a , 2001b ), Ricard
and Bercovici (2003) , and Bercov ici and Ricard
(2003 , 2005 ). Here we assume that the system
remain s close enough to mech anical equilibriu m
that damage does not occu r.

The secon d equation [232] controls the kinetics of
the melting/freezing and by consequence defines the
equilibrium condition. In the case of mechanical
equilibrium, when there is no pressure drop between
the two phases, the melting rate cancels when there is
equality of the chemical potentials of the two single
phases. In case of mechanical disequilibrium
(�P 6¼ 0), the chemical equilibrium does not occur
when the two chemical potentials are equal. We
define a new effective chemical potential,

��i ¼ U i þ
P !

�i

– T S i ½ 234 �

where i stands for ‘f ’ or ‘m’ and write the kinetic
equation [232] , 

�� ¼ R ��� ½ 235 �

Chemi cal equilibr ium impose s the equalit y of the
effective potenti als on the interfa ce, at the pressure
P! at which the phase change effectively occurs.

Using [231] and [232], we can show that the
entropy production is indeed positive and given by

THS ¼ k
1

T
�Tj j2þ �P 2

�
þ ���ð Þ2

R þ � þ �� �H ½ 236 �

Chemi cal relaxation and bu lk compr ession are asso-
ciated with dissipa tive terms.
7.02.5.2.5 S ummary equations

For con venience we summariz e the governi ng eq ua-
tions when the matrix is much more viscous than the
fluid phase (�f  �m) as typical for melting scenarios,
which implies that t f ¼ 0, !¼ 0, �!¼ �  f, P

!¼ Pf, and
v!¼ vm .

The mas s conservat ions eq uations are [204 ] and
[205] . The equation of conservation of momentu m
for the fluid phas e is

–� �Pf þ �  f gz½ � þ c �v ¼ 0 ½ 237 �

This is Darcy’s law with c¼ �f�
2/k(�), where k is the

permeability (often varying as k0�
n with n¼ 2 or 3).

The second momentum equation could be the matrix
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momentu m [211] or a combined for ce-difference (o r
action–react ion) equation

–� 1 –�ð Þ�P½ � þ 1 –�ð Þ�� g þ � ? 1 –�ð Þtm½ �

–
c �v

�
¼ 0 ½ 238�

where the deviator ic stress in the matrix is given by

tm ¼ �  m �vm þ �vm½ �T –
2

3 
� ? v mI

� �
½ 239�

and the pressure jump between phases , [231],
becomes

�P ¼ – � 1 –�ð Þ� ? vm ½ 240�

if an equival ent bulk vi scosity is us ed, or

�P ¼ – K0� m
� ? vm

�
½ 241�

from the microm echani cal mode l, [233] , of Bercovici
et al. (2001a ).

T he acti on–reaction equat ion [238] can also be
written in a different way for exa mple by eli mination
of � v taken from the D arcy equilibriu m [237],

–�Pf þ � ? 1 –�ð Þt�m

 �

þ ��g ¼ 0 ½ 242�

where tm
� incl udes the � P term and is define d by

t�m ¼ �  m �vm þ �vm½ �T –
2

3 
� ? vm I

� �
þ � 1 –�ð Þ� ? vm I ½ 243�

This show s that if the pressu re is defined everywhe re
as the fluid pressu re, then it is equival ent to us e for
the matrix a rheology , (see [93]), with a bulk viscosity
(1 �� )�� � (McKe nzie, 1984 ). This ana logy only
holds withou t surface te nsion between phas es
(Bercovici et al., 2001a ; Ricard et al. , 2001 ).

T he rate of mel ting is con trolled by

�� ¼ R �� þ Pf
1

�m
–

1

�f

� �
– T �S

� �
½ 244�

and the energy eq uation is

�f� Cf
Df T

Dt
þ �m 1 –�ð ÞCm

Dm T

Dt
–�H ��

¼ �� �H – � ? q þ��2

R
þ K0�m

1 –�

�
� ? vmð Þ2þ� ½ 245�

where we have ass umed the relation [241] .
T hese equation s hav e be en used by many authors

with various levels of appro ximati on. The mos t
benign hav e been to replace 1 �� by 1. Most author s
have also considered the bulk viscosity � as a poros-
ity-indep endent par ameter, (e.g., McKenz ie, 1984 ;
Scott and Steven son, 1984 ; Richter and Mcken zie,
1984 ; Ribe, 1985a , 1985b ; Scott and Steven son,
1986 , 1989 ; Steven son, 1989 ; K elemen et al., 1997 ;
Choble t and Parmentier, 2001 ; Spiegelma n et al. ,
2001 ; Spieg elman and Kelemen , 20 03 ; Ka tz et al. ,
2004 ). This overe stimates the possibiliti es of matrix
compact ion at low porosity . Por osity-dep endent
parameter s have be en explicitly accou nted for in
other pa pers (e.g., Fowler , 1985 ; Conn olly and
Podla dchikov, 1998 ; Schm eling, 2000 ; Bercov ici
et al. , 20 01a ; Ricard et al. , 2001 ; Rabino wicz et al. ,
2002 ). The melting rates are sometim es arbitr arily
impose d (e.g., Turc otte and Morg an, 1992 ) or solve d
assum ing univari ant transiti on ( Fowler , 19 89 ; Sra mek
et al. , 2007 ). Surface tens ion is added in Riley et al.

(1990) and Hier- Majumder et al. (2006) . Simila r eq ua-
tions hav e also been used to desc ribe the interac tion
between iron and silicates near the CMB ( Buffett
et al. , 2000 ), the formati on of dend rites (Poirier ,
1991 ) or the compac tion of lava flow s (Massol et al. ,
2001 ).
7.02.6 Specifics of Earth’s Mantle
Convection

In this last secti on we discus s various aspects of
physics uni que to lar ge-scale mantl e convection.
We leave th e problem s of par tial melting to
Chap ters 7.0 7 and 7.0 9. We are awa re of the imp os-
sibility to be exhaustive but most of the important
points are more deeply developed in other chapters
of the treatise (see also the books by Schubert et al.

(2001) and Davies (1999)).
7.02.6.1 A mantle without Inertia

The most striking difference between mantle con-
vection and most other forms of convection is that
inertia is totally negligible. This is because the
Prandtl number is much larger than the (already
very large) Rayleigh number. This implies that the
mantle velocity flow satisfies

� ? ��vð Þ ¼ 0

–�P þ � ? t þ ��g þ ���g ¼ 0

�2 ¼ 4�G��

�g ¼ –� 

½246�

in agreement with [128]. In this set of equations we
kept the self-gravitation term as appropriate at long
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wavelength s. If the internal loads ��  are kno wns, the
flow can be comput ed independen tly of the temp era-
ture eq uation . This time-ind ependen t system has
been used by many author s to try to infer the mantl e
flow pro perties.

7.02.6.1.1 Dynamic models

The system of eqn [246] can be solved analytically for
a depth-dependent viscosity, when variables are
expressed on the basis of spherical harmonics (see
Hager and Clayton (1989) and also Chapters 7.04
and 1.23). Various possible surface observables (geoid
height or gravity free air anomalies, velocity diver-
gence, amplitude of deviatoric stress at the surface,
surface dynamic topography, CMB topography, etc.)
can be expressed on the basis of spherical harmonics
with components Olm. Through [246], they are related
to the spherical harmonics components of the internal
density variations ��lm(r) by various degree-depen-
dent Green’s functions (Green, 1793–1841)

Olm ¼
Z

GO
l rð Þ��lm rð Þ dr ½247�

(see Chapter 7.04 for analytical details). The Green’s
functions Gl

O(r) can be computed from the averaged
density and viscosity profiles.

Before seismic imaging gave us a proxy of the 3-D
density structure of the mantle, various theoretical
attempts have tried to connect models of mantle
convection to plate velocities (Hager and
O’Connell, 1979, 1981), to the Earth’s gravity field
(or to the geoid, proportional to  ), to the litho-
spheric stress regime, or to the topography
(Runcorn, 1964; Parsons and Daly, 1983; Lago and
Rabinowicz, 1984; Richards and Hager, 1984; Ricard
et al., 1984).

An internal load of negative buoyancy induces a
downwelling flow that deflects the Earth’s surface,
the CMB, and any other internal compositional
boundaries, if they exist. The amount of deflection
corresponds to the usual isostatic rule for a load close
to an interface: the weight of the induced topography
equals at first order the mass of the internal load. The
total gravity anomaly resulting from a given internal
load is affected by the mass anomalies associated with
the flow-induced boundary deflections as well as by
the load itself. Due to the deflection of the Earth’s
surface, the geoid perturbation induced by a dense
sinking anomaly is generally negative (e.g., free air
gravity has a minimum above a dense load).
However, when the mantle viscosity increases sig-
nificantly with depth, by one to two orders of
magnitude, a mass anomaly close to the viscosity
increase induces a larger CMB deformation and a
lower surface deformation. The resulting gravity
anomaly corresponds to a geoid high. The fact that
cold subduction zones correspond to a relative geoid
high suggests a factor �30 viscosity increase around
the upper–lower mantle interface (Lago and
Rabinowicz, 1984; Hager et al., 1985). Shallow
anomalies and anomalies near the CMB, being
locally compensated, do not contribute to the long-
wavelength gravity field. The lithospheric stress
field, like the geoid, is affected by mid-mantle den-
sity heterogeneities. The surface deflection induced
by a deep-seated density anomaly decreases with the
depth of this anomaly but even lower-mantle loads
should significantly affect the surface topography.

7.02.6.1.2 Mantle flow and postglacial

models
As soon as seismic tomography started to image the
mantle structures, these seismic velocity anomalies
have been used to further constrain the mantle visc-
osity. The fact that the geoid and the seismic velocity
anomalies are positively correlated around the transi-
tion zone but negatively in the deep mantle
heterogeneities suggests a viscosity larger than 10 but
not too large (less than 100), otherwise the mantle
would be everywhere positively correlated with grav-
ity (Hager et al., 1985; Hager and Clayton, 1989; King
and Hager, 1994). The same modeling approach,
assuming a proportionality between seismic velocity
anomalies and density variations, was also used to
match the observed plate divergence (Forte and
Peltier, 1987), the plate velocities (Ricard and Vigny,
1989; Ricard et al., 1991), and the lithospheric stresses
(Bai et al., 1992; Lithgow-Bertelloni and Guynn, 2004).
The initial Boussinesq models were extended to
account for compressibility (Forte and Peltier, 1991).

Joint inversions of gravity with postglacial rebound
were also performed to further constrain the mantle
viscosity profile. The viscosity increase required by
subduction was initially thought to be too large to
reconcile with postglacial rebound (Peltier, 1996).
The various approaches (time dependent for the post-
glacial models and time independent for the geoid
models) seem to have converged to a standard viscos-
ity profile with a significant increase with depth
(Mitrovica and Forte, 1997; see Chapter 3.07).
Whether this viscosity increase occurs across a dis-
continuity (at the upper–lower mantle interface, or
deeper) or as a gradual increase is probably beyond
the resolution of these approaches (Figure 6).
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Figure 6 Correlations between gravity and the synthetic tomographic Smean model (Becker and Boschi, 2002) as a
function of degree l and normalized radius (top). The seismic velocities, proxy of the density variations, are positively

correlated with gravity around the upper–lower mantle interface (warm colors) but negatively correlated, near the surface and

in the deep lower mantle (cold colors). Geoid Green functions for degree 2 (bottom left) and degree 10 (bottom right) and three
possible viscosity increases between upper and lower mantle. The geoid Green function for a uniform viscosity (dashed line)

is everywhere negative and all the anomalies around the upper–lower mantle would induce a gravity signal opposite to

that observed. A too large viscosity increase (a factor 100 for the dotted lines) cannot explain the rather good negative

correlation between lower-mantle anomalies and the geoid at long wavelength. A moderate increase (a factor 30 for the solid
line) leads to the best fit as the sign of the Green functions is everywhere that of the observed density–gravity correlations. The

different Green functions are computed for an incompressible mantle, with a lithosphere, 10 times more viscous than the

upper mantle.
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Although these dynamic models explain the
observed geoid, they require surface topography of

order 1 km, induced by mantle convection and called

dynamic topography (in contrast to the isostatic
topography related to crustal and lithospheric den-

sity variations). Its direct observation, from the
Earth’s topography corrected for isostatic crustal
contributions, is difficult and remains controversial
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(e.g., Coli n and Fle itout, 1990 ; Kido and Sen o, 1994 ;
Lestunff and Rica rd, 1995 ; Lithgow-B ertell oni and
Silver, 1998 ).

7.02.6.1.3 Time-de pe nd en t mod els

The ther mal diffusio n in the mantl e is so slow that
even ove r 100–20 0 My it can be neglecte d in some
long wa velength global mode ls. Equa tions [246] can
thus be solved by imposing the known paleo-plate
velocities at the surface and advect the mass anoma-
lies with the flow without solving explicitly the
energy equation. This forced-convection approach
has shown that the deep mantle structure is mostly
inherited from the Cenozoic and Mesozoic
plate motion (Richards and Engebretson, 1992;
Lithgow-Bertelloni and Richards, 1998). From
plate paleoslab reconstructions only, a density
models can be obtained that gives a striking fit to
the observed geoid and is in relative agreement
with long-wavelength tomography (Ricard et al.,
1993a). This approach was also used to study the
hot-spot fixity (Richards, 1991; Steinberger
and O’Connell, 1998), the sea level changes
(Lithgow-Bertelloni and Gurnis, 1997) or the polar
wander of the Earth (Spada et al., 1992a; Richards
et al., 1997).
7.02.6.2 A Mantle with Internal Heating

When the top and bottom boundary conditions are
the same (i.e., both free-slip or both no-slip), purely
basally heated convection in a Cartesian box leads to
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being pushed up by a positive buoyancy (Bercovici
et al., 2000). In the case of basal heating, any plume
leaving the top or bottom boundary layer travels
adiabatically (neglecting diffusion and shear heating).
However, in the case of internal heating, while the
rapid downwellings remain close to adiabatic, the
radioactive decay can accumulate heat during
the slow upwellings. This heating is opposite to the
adiabatic cooling and the average temperature in an
internally heated system remains more homogeneous
and with a significant subadiabatic gradient
(Parmentier et al., 1994).

The Earth’s mantle is however not in such an
extreme situation. Some heat flow is extracted
across the CMB from the molten iron outer core.
This basal heat flux drives active upwellings (hot
spots). The ratio of the internal radioactive heat to
the total heat extracted at the Earth’s surface is
called the Urey number (Urey, 1951). Geochemical
models of mantle composition (McDonough and
Sun, 1995; Rudnick and Fountain, 1995) imply
that about 50% of the surface heat flux is due to
mantle and core cooling and only 50% or even less
(Lyubetskaya and Korenaga, 2007), to radioactive
decay. Generally, geophysicists have difficulties
with these numbers as they seem to imply a too
large mantle temperature in the past (Davies, 1980;
Schubert et al., 1980). From convection modeling of
the Earth’s secular cooling, they often favor ratios
of order of 80% radioactive and 20% cooling,
although the complex properties of the lithosphere
may allow to reconcile the thermal history of the
Earth with a low radiogenic content (Korenaga,
2003; Grigne et al., 2005) (see Chapter 7.06). The
basal heat flux at the CMB represents the core
cooling component, part of the total cooling rate
of the Earth. The secular cooling and the presence
of internal sources tend to decrease the thickness
of the hot bottom layer compared to that of the
cold top layer, increase the active role of down-
wellings (the subducting slabs), and decrease the
number or the strength of the active upwellings
(the hot spots).
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Figure 8 Creep regime map for dry olivine. High

deviatoric stress or temperature favor a dislocation
mechanism. A decrease in the grain size favors diffusion. In

the upper mantle the stress and temperature conditions

tend to bring the creep regime from dislocation to diffusion

at depth (n ¼ 2.5, m ¼ 0, and E� ¼ 540 kJ mol�1 for
dislocation creep, n ¼ 0, m ¼ 2.5, and E� ¼ 300 kJ mol�1

for diffusion creep).
7.02.6.3 A Complex Rheology

We have shown that the rheological laws of crystal-
line solids may be linear or nonlinear, depending on
temperature, grain size, and stress level. Various
deformation mechanisms (grain diffusion, grain
boundary diffusion, dislocation creep, etc.) act
simultaneously. The equivalent viscosity of each

individual mechanism can be written in the form

� ¼ AI – n
2 d m exp

E� þ PV �

RT

� �
½248�

where E � and V � are the activation energy and
volume, P and T the pressure and temperature, R

the perfect gas constant, d the grain size, m the grain
size exponent, I2 the second stress invariant, and n a
stress exponent (Weertman and Weertman, 1975;
Ranalli, 1995; see Chapter 2.14). The multiplicative
factor A varies with water content, melt content and
mineralogy. In general, the composite rheology is
dominated by the mechanism leading to the lowest
viscosity.

In Figure 8, we plot as a function of temperature,
and for various possible grain sizes (0.1 mm, 1 mm,

1 cm) the stress rate at which the strain rate predicted

for the diffusion and dislocation mechanisms are the

same (see [105] and [106]). The data correspond to

dry upper mantle (Karato and Wu, 1993). Low stress

and temperature favor diffusion creep while high

stress and high temperature favor dislocation creep.

Below the lithosphere, in the upper mantle or at least

in its shallowest part, nonlinear creep is likely to

occur. As depth increases, the decrease in the average

deviatoric stress favors a diffusive regime with a
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Newtonian viscosity. The observation of rheological
parameters at lower-mantle conditions are more
difficult but the lower mantle should mostly be
in diffusive linear regime except the zones of
intense shear around subductions (McNamara et al.,
2001).

The lateral variations of viscosity due to each
separate parameter, stress exponent, temperature,
water content, or grain size can potentially be
very large. Surprisingly, attempts to deduce these
variations directly from geodynamic observations
have not been very successful. Attempts to explain
the Earth’s gravity from internal loads do not seem
to require lateral viscosity variations in the deep
mantle (Zhang and Christensen, 1993). Near the
surface, viscosity variations are present, at least
between continental and oceanic lithosphere
(Ricard et al., 1991; Cadek and Fleitout, 2003). The
gain in fitting the Earth’s gravity or postglacial
rebound data with 3-D viscosity models remains
rather moderate compared to the complexities
added to the modeling (Gasperini et al., 2004) and
most models of mantle viscosity are restricted to
radial profiles (Mitrovica and Forte, 1997). Even the
modeling of slabs, their curvatures, and their stress
patterns do not really require that they are much
stiffer than the surrounding mantle (Tao and
O’Connell, 1993).

7.02.6.3.1 Temperature dependence

of viscosity

Mantle viscosity is a strong function of tempera-
ture and the cold lithosphere seems to have a
viscosity of order 1025 Pa s (Beaumont, 1978), four
to six orders of magnitude stiffer than the astheno-
sphere. The activation energy E� is typically from
300 to 600 kJ mol�1 (Drury and FitzGerald, 1998),
the lowest values being for diffusion creep. This
implies a factor �10 in viscosity decrease for a
100 K temperature increase (using T� 1600 K).
The effect of temperature dependence of viscosity
on the planform of convection was recognized
experimentally using oils or syrups (Booker, 1976;
Richter, 1978; Nataf and Richter, 1982; Weinstein
and Christensen, 1991). In the case of a strongly
temperature-dependent viscosity, the definition of
the Rayleigh number is rather arbitrary as the
maximum, the minimum or some average viscosity
can be chosen in its definition. Another nondimen-
sional number (e.g., the ratio of viscosity variations,
�max/�min) must be known to characterize the
convection.
Not surprisingly, two extreme regimes are found.
For a viscosity ratio lower than about 100, the con-
vection pattern remains quite similar to convection
with uniform viscosity. On the other hand, if the
viscosity of the cold boundary layer (the lithosphere)
is more than 3000 times that of the underlying asthe-
nosphere, the surface becomes stagnant (Solomatov,
1995). Below this immobile lid, the flow resembles
convection below a rigid top surface (Davaille and
Jaupart, 1993). In between, when the viscosity ratios
are in the range 100–3000, the lithosphere deforms
slowly and in this sluggish regime, the convection
cells have large aspect ratios.

Convection with temperature-dependent viscos-
ity has been investigated by various authors
(Parmentier et al., 1976; Christensen, 1984b;
Tackley et al., 1993; Trompert and Hansen, 1998b;
Kameyama and Ogawa, 2000). Since the top bound-
ary layer is stiffer than the bottom boundary layer,
the top boundary layer is also thicker than the bottom
one. This impedes surface heat removal, eases the
heat flux across the bottom boundary layer, and raises
the average mantle temperature. Convection patterns
computed with T-dependent viscosity remain how-
ever quite far from Earth-like convection. The major
difference is that when the T-dependence is too
strong, the surface freezes and becomes immobile
while on the real Earth, the lithosphere is highly
viscous but broken into tectonic plates separated by
weak boundaries. Without mechanisms other than a
simple T-dependence of viscosity, the Earth would
be in a stagnant-lid regime.

Various modelers have thus tried to use T-depen-
dent rheologies but have imposed a plate-like surface
velocity. This has been very useful to understand the
initiation of subduction (Toth and Gurnis, 1998), the
interaction of slabs with the phase changes in the
transition zone (Christensen, 1996, 1997b), and
the relationship between subduction and gravity
(King and Hager, 1994). These numerical experi-
ments, mostly intended to model slabs, compare
satisfactorily with laboratory experiments (Kincaid
and Olson, 1987; Guilloufrottier et al., 1995).

To conclude this brief section on temperature
dependence of viscosity, we discuss the general con-
cept of self-regulation of planetary interiors (Tozer,
1972). If a planet were convecting too vigorously, it
would lose more heat than radioactively produced. It
would therefore cool down until the viscosity is large
enough to reduce the heat transfer. On the contrary, a
planet convecting too slowly would not extract its
radioactive energy, and would heat up until the
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viscosity is reduce d sufficie ntly ( see also Chapter
7.06). The interna l temp eratur e of plane ts is mostly
controlled to th e activ ation energy (or rathe r
enthalpy) of the viscosity (assum ing that planets
have similar amo unt of heat source s). To firs t order,
large and sm all terre strial rocky planets probably
have the sam e internal tempera tures.
7.02.6.3.2 Depth dependence of viscosity

The activatio n volum e of the viscos ity is ty pically
around 10 � 5 m3 mol � 1 . Extra polating to CMB con-
ditions, this suggests a large viscos ity increas e
throughout the mantl e. Howe ver, measurem ents of
viscosity at both high T and P conditi ons are ve ry
difficult (see Chap ter 2.12). The viscosity increase by
a factor 30–1 00 su ggested by geod ynamic s (see
Section 7.0 2.6.1 ) is pro bably a constrain as robust as
what can be deduced from min eralogic experiments .

T he effect of a depth-dep endent vi scosity on the
planform of conv ection has been studied by, for
example, Gurn is and Davies (1986) , Cs erepes
(1993) , or  Dubuffe t et al. (2000) . At least two impo r-
tant geodynam ic observ ations can be ex plained by an
increase of viscosity with depth . One is the relative
stability of hot spots. A slug gish lower mantl e where
convection is decreas ed in inten sity by a lar ger visc-
osity (and also by a smaller expans ivity and a
potentia lly large r thermal conducti vity as disc ussed
in Secti on 7.02.6.5.3 ) favo rs th e re lative hot -spot fix-
ity (Richar ds, 1991 ; Steinber ger and O ’Connel l,
1998 ). A second consequence is a depth depende nce
of the w avelengths of the thermal heterog eneities. A
viscosity increas e (togeth er with the existence of
plates and contine nts that impose their ow n w ave-
lengths; see Secti on 7.02.6.7 ) ind uces the exis tence of
large-scale thermal anomalies at depth (Bunge and
Richards, 1996). A slab crossing a factor 30–100 visc-
osity increase should thicken by a factor of order 3–5
(Gurnis and Hager, 1988). This thickening is
observed in tomographic models (van der Hilst
et al., 1997) and can be inferred from geoid modeling
(Ricard et al., 1993a).
7.02.6.3.3 Stress dependence of viscosity

Starting from Parmentier et al. (1976) the effect of a
stress-dependent viscosity has been studied by
Christensen (1984a), Malevsky and Yuen (1992),
van Keken et al. (1992), and Larsen et al. (1993),
assuming either entirely nonlinear or composite
rheologies (where deformation is accommodated by
both linear and nonlinear mechanisms). At moderate
Rayleigh number, the effect of a nonlinear rheology
is not very significant. In fact, the nonlinearity in
the rheology is somewhat opposed to the tempera-
ture dependence of the rheology. As shown
by Christensen (1984a), a T-dependent, nonlinear
rheology with an exponent n� 3 leads to convection
cells rather similar to what would be obtained with a
linear rheology and an activation energy divided by
�n. Convection with both nonlinear and T-depen-
dent rheology looks more isoviscous than convection
with only stress-dependent or only T-dependent,
rheologies.

At large Rayleigh number, however, nonlinear
convection becomes more unstable (Malevsky and
Yuen, 1992) and the combination of nonlinear rheol-
ogy, T-dependent rheology, and viscous dissipation
can accelerate the rising velocity of hot plumes by
more than an order of magnitude (Larsen and Yuen,
1997).

7.02.6.3.4 Grain size dependence

of viscosity

The viscosity law [248] can also be a function of the
grain size d with an exponent m of order 3 in the
diffusion regime (Karato et al., 1986) (when the rheol-
ogy is linear in terms of stress, it becomes nonlinear
in terms of grain size). There is a clear potential
feedback interaction between deformation, grain
size reduction by dynamic recrystallization, viscosity
reduction, and further localization ( Jaroslow et al.,
1996). Grain size reduction is offset by grain growth
(e.g., the fact that surface energy drives mass diffusion
from small grains to larger grains) which provides an
effective healing mechanism (Hillert, 1965). A grain
size-dependent viscosity has been introduced into
geodynamic models (e.g., Braun et al., 1999;
Kameyama et al., 1997). The effect is potentially
important in the mantle and even more important
in the lithosphere.
7.02.6.4 Importance of Sphericity

An obvious difference between the convection plan-
form in a planet and in an experimental tank is due to
the sphericity of the former. In the case of purely
basally heated convection, the same heat flux (in a
statistical sense) has to be transported through the
bottom boundary layer and the top boundary layer.
However as the CMB surface is about 4 times smaller
than the top surface, this implies a 4-times larger
thermal gradient through the bottom boundary
layer than across the lithosphere. A bottom boundary
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layer thicker tha n the top boundary layer reinforc es
the upwe lling hot inst abilities with respect to the
downgoin g cold instabili ties. Spher icity affect s the
average tempera ture an d the top and botto m bound-
ary layer thickness in a way total ly oppos ite to the
effects of internal sou rces (see Section 7.02.6 .2) or
T-depe ndent viscosity (see Section 7.02.6.3 ).
Although num erically more diffi cult to ha ndle, sphe-
rical con vection mode ls are more and mor e common
(Glatzmaier, 1988 ; Bercovici et al. , 1989a , 1989b ,
1992 ; Tackley et al., 1993 ; Bunge et al., 1997 ; Zho ng
et al. , 2000 ).
7.02.6.5 Oth er Depth-D ependen t
Parameter s

7.02.6.5.1 Ther mal expa nsivity v a ria ti  ons

The thermal ex pansivity varies with depth, as pre-
dicted by the EoS [7 9], from which we can easily
deduce that

� ¼ �0

�=�0ð Þn – 1 þ q þ�0 T – T0ð Þ
½ 249�

It decr eases with both te mperature an d density,
and thus with depth . The expansivity varies from
�4 � 10 � 5 K � 1 near the surface to �8 � 10 � 6 K � 1

near the CMB ( Chopelas and Boeh ler, 1992 ). This
diminishes the buoya ncy forces and slows down
the deep mantl e conv ection ( Hansen et al. , 1993 ).
Like th e increas e of viscos ity w ith depth , a depth -
depende nt thermal expans ivity broade ns the ther-
mal struct ures of the lower mantle, and su ppresses
some ho t inst abilities at the CMB. On the other
hand, hot instabilit ies gain buoy ancy as they rise in
the mantl e, which favors their relative later al sta-
tionarity. In additio n to its ave rage depth
depende nce, the tempera ture depende nce of the
expansivity also affects the buoya ncy of slabs
(Schmeling et al. , 2003 ).

7.02.6.5.2 Increase i  n average density
wit h de pt h

To take into accou nt compr essibility and the depth
depende nce of density, the Bou ssinesq approxim a-
tion has been replaced by the anelastic
approxim ation in several studies. Such investiga tions
have be en carrie d out by Glatzma ier (1988) ,
Bercovici et al. (1992) and sinc e extende d to higher
Rayleigh number s (e.g., Balach andar et al. , 1992 , 1993 ;
Zhang and Yuen , 1996 ).
One of the dif ficulties with com pressible fluid s is
that th e loc al cri terion for insta bility (see Section
7.02.4. 2.3 ) is related to the adiaba tic gradient.
Depen ding on assumption s about the cur vature of
the reference geoth erm with depth (the slop e of the
adiaba tic gradient), part of the fluid can be unsta ble
while the oth er par t is stab le. Assumi ng a uni form
adiaba tic gradi ent does not favor the prefere ntial
desta bilizatio n of eithe r the upper or the lower man-
tle. On the other hand, assuming tha t the referenc e
temp erature increases exponen tially with depth (i.e.,
taking the ord er of magnitu de eq uations [123] as re al
equalities) would lead to an easier destabilization of
the top of the mantle than of its bottom as a much
larger heat flux would be carried along the lower
mantle adiabat. In the real Earth, the adiabatic gra-
dient (in K km�1) should decrease with depth (due to
the decrease in expansivity � with depth insuffi-
ciently balanced by the density increase, see [121]).
Since less heat can be carried out along the deep
mantle adiabat, compressibility should favor the
destabilization of the deep mantle.

Compressible convection models generally pre-
dict downgoing sheets and cylindrical upwellings
reminiscent of slabs and hot spots (Zhang and Yuen,
1996). Viscous dissipation is positive (as an entropy-
related source) but maximum just below the cold
boundary layer and just above the hot boundary
layer, where rising or sinking instabilities interact
with the layered structures of the boundary layers.
On the contrary the adiabatic source heats the down-
wellings and cools the upwellings. On average, it
reaches a maximum absolute value in the mid-man-
tle. Locally, viscous dissipation and adiabatic
heatings can be larger than radiogenic heat produc-
tion although integrated over the whole mantle and
averaged over time, the adiabatic and dissipative
sources cancel out (see [59]).

7.02.6.5.3 Thermal conductivity variations

The thermal conductivity of a solid is due to two
different effects. First, a hot material produces black-
body radiation that can be absorbed by neighboring
atoms. This radiative transport of heat is probably a
minor component since the mean free path of
photons in mantle materials is very small. Second,
phonons, which are collective vibrations of atoms, are
excited and can dissipate their energies by interacting
with other phonons, with defects and grain bound-
aries. The free paths of phonons being larger, they
are the main contributors to the thermal
conductivity.
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Acco rding to Hofmeis ter (1999) , ther mal conduc-
tivity shou ld increas e with depth by a factor � 2–3.
The recent observ ations of phas e transiti ons in the
bottom of the lower mantl e should also be associated
with anot her conductiv ity increase ( Badro et al. ,
2004 ). T his is one mor e effect (with the viscos ity
increase and the thermal expans ivity decreas e) that
should decreas e the deep mantl e convectiv e vigor. It
also broa dens the ther mal anomalies , increases the
average mantle temp erature, and thins the bottom
boundary layer (Dubuffet et al., 1999).
7.02.6.6 Thermo-Chemical Convection

Except in Secti on 7.0 2.5 , a simple negative relation-
ship was assumed between density variations and
temperature variations, through the thermal expan-
sivity, ��¼����T. However, in the mantle
several sources of density anomalies are present (see
also Chapter 1.22). The density in the mantle varies
with the temperature T for a given mineralogical
composition, or phase content, symbolized by the
symbol � (e.g., for a given proportion of oxides and
perovskite in the lower mantle). The mineralogical
phase content is itself a function of the bulk elemen-
tal composition � (e.g., of the proportion of Mg, Fe,
O, etc., atoms) and evolves with pressure and tem-
perature to maintain the Gibbs energy minimum.
Therefore, the variations of density in the mantle at
a given pressure have potentially three contributions
that can be summarized as

�� ¼ q�
qT

� �
�

�T þ q�
q�

� �
T

q�
qT

� �
�

�T

þ q�
q�

� �
T

q�
q�

� �
T

�� ½250�

The first term on the right-hand side is the intrin-
sic thermal effect computed assuming a fixed
mineralogy; we have already discussed this term.
The second term is a thermochemical effect. The
density is a function of the mineralogical composi-
tion controlled at uniform pressure and elemental
composition, by the temperature variations. This
effect is responsible for a rise in the 410 km deep
interface and it deepens the 660 km interface in the
presence of cold downwellings (Irifune and
Ringwood, 1987). The last term is the intrinsic
chemical effect (related to variations of the miner-
alogy due to changes in the elemental composition
at constant temperature). The three contributions
have very similar amplitudes and none of them is
negligible (Ricard et al., 2005).

The effect of the second term has been rather well
studied (Schubert et al., 1975; Christensen and Yuen,
1984; Machetel and Weber, 1991; Peltier and
Solheim, 1992; Tackley et al., 1993; Tackley, 1995;
Christensen, 1996). Phase changes in cold downgoing
slabs occur at shallower depth in the case of exother-
mic phase changes and at greater depth for
endothermic phase changes (the ringwoodite to oxi-
des plus perovskite phase change at 660 km depth is
endothermic, all the important other phase changes
of the transition zone are exothermic). These sources
of anomalies and their signs are related to the
Clapeyron slope of the phase transitions. The exis-
tence of latent heat release during phase change (see
[161]) is a secondary and minor effect. The recent
discovery of a phase transformation in the deep lower
mantle (Murakami et al., 2004) (the postperovskite
phase) suggests that part of the complexities of the
D0 layer are related to the interaction between a
phase change and the hot boundary layer of the
mantle (Nakagawa and Tackley, 2006) (see also

Chapter 2.03).
The fact that below the normal 660 km depth

interface there is a region where slabs remain in a
low-density upper-mantle phase instead of being
transformed into the dense lower-mantle phase is
potentially a strong impediment to slab penetration.
The idea that this effect induces a layering of con-
vection at 660 km or a situation where layered
convection is punctuated by large ‘avalanche’ events
dates back to Ringwood and Irifune (1988) and was
supported by numerical simulations in the 1990s (e.g.,
Machetel and Weber, 1991; Honda et al., 1993;
Tackley, 1995). It seems however that the impor-
tance of this potential effect has been reduced in
recent simulations with more realistic Clapeyron
slopes, phase diagrams (taking into account both the
pyroxene and garnet phases), thermodynamic refer-
ence values (the phase change effect has to be
compared with thermal effects and thus an accurate
choice for the thermal expansivity is necessary), and
viscosity profiles.

The last contribution to the density anomalies
are related to variations in chemical composition
(see Chapter 7.10). There are indications of large-
scale depth and lateral variations of Fe or Si con-
tents in the mantle (Bolton and Masters, 2001;
Saltzer et al., 2004). A large well-documented ele-
mental differentiation is between the oceanic crust
(poor in Mg, rich in Al and Si) and the mantle.
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The oceanic crust in its high-pressure eclogitic
facies is �5% denser than the average mantle
density in most of the mantle except in the shal-
lowest 100 km of the lower mantle where it is
lighter (Irifune and Ringwood, 1993). In the dee-
pest mantle it is not yet totally clear whether the
eclogite remains denser, neutrally buoyant or even
slightly lighter than the average mantle (e.g.,
Ricolleau et al., 2004). Thermochemical simulations
starting with the pioneering paper of Christensen
and Hofmann (1994) show the possibility of a
partial segregation of oceanic crust during subduc-
tion, forming pyramidal piles on the CMB. These
results have been confirmed by, for example,
Tackley (2000b) and Davies (2002). These compo-
sitional pyramids may anchor the hot spots
(Jellinek and Manga, 2002; Davaille et al., 2002).
The presence of a petrologically dense component
of the source of hot spots also seems necessary to
explain their excess temperature (Farnetani, 1997).

Not only present-day subduction can generate
compositional anomalies in the mantle.
Geochemists have often argued for a deep layer
of primitive material. This layer should be intrin-
sically denser to resist entrainment by convection.
The stability of such a layer has been discussed by
various authors (Davaille, 1999; Kellogg et al., 1999;
Tackley and Xie, 2002; LeBars and Davaille, 2002;
Samuel and Farnetani, 2003). Numerical simula-
tions of thermo-chemical convection are certainly
going to replace the thermal convection models in
the next years. They will help to bridge the gap
between geochemical observations and convection
modeling (Coltice and Ricard, 1999; van Keken
et al., 2002).
7.02.6.7 A Complex Lithosphere: Plates
and Continents

The lithosphere is part of the convection cell, and
plate tectonics and mantle convection cannot be
separated. The fact that the cold lithosphere is
much more viscous and concentrates most of the
mass heterogeneities of the mantle, makes it behaving
to some extent like a membrane on top of a less
viscous fluid. This suggests some analogy between
mantle convection and what is called Marangoni
convection (Marangoni, 1840–1925). Marangoni con-
vection (Nield, 1964) is controlled by temperature-
dependent surface tension on top of thin layers of
fluids.
The Earth’s mantle is certainly not controlled by
surface tension, and Marangoni convection, strictly
speaking, has nothing to do with mantle convection.
However, the equations of thermal convection with
cooling from the top and with a highly viscous litho-
sphere can be shown to be mathematically related
(through a change of variables) to those of Marangoni
convection (Lemery et al., 2000). There are large dif-
ferences between mantle convection and surface
driven convection but this analogy has sometimes
been advocated as a ‘top-down’ view of the mantle
dynamics (Anderson, 2001). More classically, the inter-
pretation of plate cooling in terms of ridge-push force
(Turcotte and Schubert, 1982), or the analysis of tec-
tonic stresses using thin sheet approximations (England
and Mckenzie, 1982) belong to the same approach that
emphasizes the importance of the lithosphere as a stress
guide and as a major source of density anomalies.

Due to the complexities of the lithosphere proper-
ties, the boundary condition at the surface of the Earth
is far from being a uniform free-slip condition. Both
continents and tectonic plates impose their own wave-
lengths and specific boundary conditions on the
underlying convecting asthenosphere. Of course, the
position of the continents and the number and shape of
the plates are themselves consequences of mantle con-
vection. The plates obviously organize the large-scale
flow in the mantle (Hager and O’connell, 1979; Ricard
and Vigny, 1989). They impose a complex boundary
condition where the angular velocity is piecewise
constant. The continents with their reduced heat
flow ( Jaupart and Mareschal, 1999) also impose a
laterally variable heat flux boundary condition.

Convection models with continents have been
studied numerically (Gurnis and Hager, 1988;
Grigné and Labrosse, 2001, Coltice et al., 2007) and
experimentally (Guillou and Jaupart, 1995).
Continents with their thick lithosphere tend to
increase the thickness of the top boundary layer and
the temperature below them (see Figure 9). Hot
rising currents are predicted under continents and
downwellings are localized along continental edges.
The existence of a thick and stable continental root
must be due to a chemically lighter and more viscous
subcontinental lithosphere (Doin et al., 1997). The
ratio of the heat flux extracted across continents
compared to that extracted across oceans increases
with the Rayleigh number. This suggests that the
continental geotherms were not much different in
the past when the radiogenic sources were larger; it
is mostly the oceanic heat flux that was larger
(Lenardic, 1998). Simulating organized plates
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Figure 9 Convection patterns in the presence of four continents. The total aspect ratio is 7, the continents are defined by a

viscosity increase by a factor 103 over the depth 1/10. The viscosity is otherwise constant. The Rayleigh number based on the
total temperature drop (bottom panels) or on the internal radioactivity (top panels) is 107. The downwellings are localized near

the continent margins. A large difference in heat flux is predicted between oceans and continents. In the case of bottom

heating, hot spots tend to be preferentially anchored below continents where they bring an excess heat. This tends to reduce
the surface heat flux variations.
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self-consistently coupled with a convective mantle

has been a very difficult quest. The attempts to gen-

erate plates using T-dependent or simple nonlinear

rheologies have failed. Although in 2-D some suc-

cesses can be obtained in localizing deformation in

plate-like domains, (Schmeling and Jacoby, 1981;

Weinstein and Olson, 1992; Weinstein, 1996), they

are obtained with stress exponents (e.g., n� 7) that

are larger than what can be expected from laboratory

experiments (n� 2). The problems are however

worst in 3-D. Generally, these early models do not

predict the important shear motions between plates

that is observed (Christensen and Harder, 1991;

Ogawa et al., 1991).
Some authors have tried to mimic the presence of

plates by imposing plate-like surface boundary con-

ditions. These studies have been performed in 2-D

and 3-D (Ricard and Vigny, 1989; Gable et al., 1991;

King et al., 1992; Monnereau and Quéré, 2001).

Although they have confirmed the profound effect

of plates on the wavelengths of convection, on its

time dependence and on the surface heat flux, these

approaches cannot predict the evolution of surface

plate geometry. Figure 10 illustrates the organizing

effect of plates in spherical, internally heated com-

pressible convection with depth-dependent viscosity

(Bunge and Richards, 1996). To obtain a self-consis-

tent generation of surface plates, more complex

rheologies that include brittle failure, strain
softening, and damage mechanisms must be intro-

duced (e.g., Bercovici, 1993, 1995; Moresi and

Solomatov, 1998; Auth et al., 2003). The existence of

plates seems also to require the existence of a weak

sublithospheric asthenosphere (Richards et al., 2001).

In the last years, the first successes in computing 3-D

models that spontaneously organize their top bound-

ary layer into plates have been reached (Tackley,

1998, 2000c, 2000d, 2000e; Trompert and Hansen,

1998a; Stein et al., 2004). Although the topological

characteristics of the predicted plates and their time

evolution may be still far from the observed charac-

teristics of plate tectonics, and often too episodic

(stagnant-lid convection punctuated by plate-like

events), a very important breakthrough has been

made by modelers (see Figure 11).
The Earth’s plate boundaries keep the memory of

their weakness over geological times (Gurnis et al.,

2000). This implies that the rheological properties

cannot be a simple time-independent function of

stress or temperature but has a long-term memory.

The rheologies that have been used to predict plates

in convective models remain empirical and their

interpretation in terms of microscopic behavior and

damage theory remains largely to be done (Bercovici

and Ricard, 2005). Reviews on the rapid progress and

the limitations of self-coherent convection models

can be found in Bercovici et al. (2000), Tackley

(2000a), and Bercovici (2003).
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Figure 11 Convection models with self-coherent plate

generation (Stein et al., 2004). Snapshot of the temperature

field for a model calculation in a box of aspect ratio 4. The

viscosity is temperature, pressure, and stress dependent.
The flow pattern reveals cylindrical upwellings and sheet-

like downflow. Three plates have formed sketched in the

small plot.
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Figure 10 Spherical compressible internally heated convection models where the viscosity increases with depth

(simulations by Peter Bunge). In the first row, a uniform free-slip condition on top has been used. In the second row, the

present-day observed plate motion is imposed at the surface. The left column shows the temperature field in the middle of the
upper mantle, the right column in the middle of the lower mantle. The figure summarizes various points discussed in the text:

the presence of linear cold downwellings, the absence of active upwellings in the absence of basal heating, and the

enlargement of thermal structure in the more viscous lower mantle (top row). Although the modeling is not self-consistent (i.e.,
the presence of plates and the constancy of plate velocities are totally arbitrary), it is clear that the presence of plates can

change radically the convection patterns (compare top and bottom rows).
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