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Elastic finite-difference method for irregular grids

Ivo Opršal∗ and Jiřı́ Zahradnı́k∗

ABSTRACT

Finite-difference (FD) modeling of complicated struc-
tures requires simple algorithms. This paper presents a
new elastic FD method for spatially irregular grids that is
simple and, at the same time, saves considerable memory
and computing time. Features like faults, low-velocity
layers, cavities, and/or nonplanar surfaces are treated on
a fine grid, while the remaining parts of the model are,
with equal accuracy, represented on a coarse grid. No in-
terpolation is needed between the fine and coarse parts
due to the rectangular grid cells. Relatively abrupt tran-
sitions between the small and large grid steps produce
no numerical artifacts in the present method. Planar or
nonplanar free surfaces, including underground cavities,
are treated in a way similar to internal grid points but
with consideration of the zero-valued elastic parameters
and density outside the free surface (vacuum formalism).
A theoretical proof that vacuum formalism fullfills the
free-surface conditions is given. Numerical validation is
performed through comparison with independent meth-
ods, comparing FD with explicitly prescribed boundary
conditions and finite elements. Memory and computing
time needed in the studied models was only about 10 to
40% of that employing regular square grids of equal ac-
curacy. A practical example of a synthetic seismic sec-
tion, showing clear signatures of a coal seam and cav-
ity, is presented. The method can be extended to three
dimensions.

INTRODUCTION

The finite difference (FD) method is a useful tool for seismic
wave propagation modeling. Two approaches can be used at
material discontinuities: (1) The equations of motion are com-
bined with the traction-continuity conditions, or (2) only the
equations of motion are solved, while the material parameters
are treated as discontinuous functions. The latter is sometimes
called the “heterogeneous approach.” It dates back more than
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30 years to Tikhonov and Samarskii (1961), Boore (1972), and
Kelly et al. (1976), but recently it was theoretically justified
(Zahradnı́k and Priolo, 1995). The methods work with mate-
rial parameters geometrically averaged (defined later) along
the grid legs between any two neighboring grid points. The ge-
ometric averaging is essential for correct representation of the
true position of the interface passing between the grid points
(Figure 2 of Zahradnı́k, 1995) and for keeping the interface
free of a staircase deformation. Similar conclusions have been
drawn by Nielsen (1994) and Graves (1996).

The “vacuum formalism” of Zahradnı́k et al. (1993) approx-
imates the free surface by the same formulas as the internal
grid points while considering a part of its neighborhood as a
vacuum. The surface points require the full-form FD method,
whereas either the full-form or a simpler short-form method
can be used at the internal grid points (Zahradnı́k, 1995). Vac-
uum formalism is appealing for its simplicity compared to other
FD methods employed for topography problems (e.g., Jastram
and Tessmer, 1994; Hestholm and Ruud, 1994; Tessmer et al.,
1992; Jih et al., 1988; Falk et al., 1995; Robertson, 1996). If,
however, vacuum formalism is applied at the nonplanar free
surface, the free surface gets a staircase form. This unfavorable
property contrasts with the better behavior of methods with
geometric averages at internal discontinuities, whose form is
correctly followed between the grid lines without the staircase
distortion. The free surface gets a staircase form because the
geometric average along any leg whose part (whatever small
part) is in vacuum becomes automatically zero valued. For 3-D
methods with vacuum formalism, see Graves (1997), Ohminato
and Chouet (1997), and Pitarka and Irikura (1996).

A compromise keeping the simplicity of vacuum formalism
but improving its performance at nonplanar free surfaces is the
employment of a spatially irregular grid. This allows the grid
refinement at prominent topography features, and relatively
coarse gridding (more quantitatively described below) at flat
topography parts.

Although topography was our main motivation for the irreg-
ular grids, irregular gridding is highly advantageous also inside
the medium, for at least two reasons: (1) When low-velocity re-
gions occupy relatively small parts of the model, grid refined in
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those regions can be used. Oversampling of large high-velocity
areas, typical for fine regular grids, is avoided in that way. (2)
Grid refinements in vicinities of material discontinuities partly
compensate for the fact that the heterogeneous approach has a
lower approximation order there (e.g., the second order inside
a block transforms to the first order at a discontinuity or free
surface).

Therefore, the objective of this paper is to develop a new
FD method for spatially irregular grids and to apply it to both
nonplanar topography and internal discontinuities. We start
from the PS-2 method for regular grids (Zahradnı́k, 1995), and
study a simple case of so-called “rectangular irregular grids,”
which avoid any interpolation between the coarse and fine parts
(Figure 1a).

For similar (rectangular) grids and the SH-waves case, see
Moczo (1989). For more general irregular grids and SH-waves,
see Moczo et al. (1996). This method, however, may have sta-
bility problems for the P-SV case (grids h × h neighboring
with 2h× 2h; Moczo et al., 1997). For staggered irregular grids
and P-SV waves, see Jastram and Tessmer (1994) and Falk
et al. (1996). None of the cited authors reported testing of a
more abrupt change of the grid step than 1:3. For grids with
locally varying time steps, see Falk et al. (1995). For deform-
ing the rectangular grid into a curved grid with the topmost

a) c)

b) d)

FIG. 1. The stencil for the FD approximations. (a) Denotation of the gridpoints and the gridsteps for an FD cell. (b) The vertical
and horizontal parameters for the short-form approximation to ∂(a∂ f/∂z)/∂x, ∂(a∂ f/∂x)/∂z, and also for the approximation to
∂(a∂ f/∂z)/∂z and ∂(a∂ f/∂x)/∂x. (c) The vertical parameters for the full-form approximation to ∂(a∂ f/∂x)/∂z. (d) The horizontal
parameters for the full-form approximation to ∂(a∂ f/∂z)/∂x.

grid line right on the curved surface, see Tessmer et al. (1992)
and Hestholm and Ruud (1994). A promising combination of
FD and finite elements for treating complex models has been
suggested recently by Moczo et al. (1997).

DERIVATION OF IRREGULAR-GRID METHOD

Seismic waves in a 2-D perfectly elastic, isotropic, heteroge-
neous medium separate into P-SV and SH types. The P-SV
waves are described by the equations of motion,
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where u andw denote the horizontal and vertical displacement
components, respectively. The parameters λ and µ are Lamé’s
elastic coefficients; ρ is the density.

Hereafter, we derive an FD approximation to two typical
terms of equations (1) and (2): ∂(a∂ f/∂x)/∂zand ∂(a∂ f/∂z)/∂z,
called mixed and nonmixed derivatives, respectively. Here a
is elastic parameter, and f either vertical or horizontal dis-
placement component. The mixed and nonmixed derivatives
are obtained in way analogous to that used in Zahradnı́k
(1995).

The mixed derivative is approximated in short and full forms.
The short form is suitable for computation in all the grid points
lying inside the medium, including also grid points at interfaces.
Using the short form method at the free surface leads an extra
body force, artificially created at the surface points, that violates
the stress-free condition [equation (13) of Zahradnı́k (1995)].
To satisfy the stress-free conditions, the full form must be used.
It may be applied also at all internal points, but it employs more
arithmetic operations than the short form.

To derive the mixed derivative approximation in short form,
we take
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Here as represents the effective material parameter along the
grid leg denoted as S in Figure 1b. That is why equation (5) is
more sophisticated than a simple central difference. Accord-
ing to equation (5), the effective parameter as is defined as a
geometric average of the actual parameter a along the corre-
sponding gridleg; e.g.,

as = DZ(0)

/∫ (0,1)
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. (6)

In a special case of an interface coinciding with the grid leg,
the effective parameter as is taken as an arithmetic average
from the two neighboring media (Boore, 1972). Assuming
further f1,1/2 and f−1,1/2 to be arithmetic averages of the neigh-
boring values, then
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Treating g0,−1/2 likewise leads to the short form approximation
of the mixed derivative:
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Parameters an and as are effective parameters, as shown in
Figure 1b. Using an analogous procedure with parameters ae

and aw , we obtain the approximation for ∂(a∂ f/∂z)/∂x.
The mixed derivative in full form is derived similarly, but

the initial approximation to ∂g/∂z is slightly different (see Fig-
ures 1c, 1d):
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The complete stencil, made of four parts constructed similarly,
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Parameters ase, asw , ane, and anw are effective parameters be-
longing to the particular legs of the finite difference stencil (see
Figure 1c). The derivative ∂(a∂ f/∂z)/∂x is quite analogous with
parameters aes, aws, aen, and awn.

For the nonmixed derivatives ∂(a∂ f/∂z)/∂z and ∂(a∂ f/
∂x)/∂x, there is no need to distinguish the full and short forms.
The only approximation is similar to the mixed derivative short
form:
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with parameters an and as, shown in Figure 1b.
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Let us insert the space derivatives into equations (1) and (2),
and denote their left sides as Lu and Lw , respectively. Then,
after applying a standard time differentiation (with a time step
1t), we get the final second-order method:

U M+1
0,0 = (1t)2

ρ0,0
L M

u (u, w)+ 2U M
0,0 −U M−1

0,0 , (13)

WM+1
0,0 = (1t)2

ρ0,0
L M
w (u, w)+ 2WM

0,0 −WM−1
0,0 . (14)

For a complete description of Lu and Lw , see the Appendix.
Special treatment (to satisfy the traction-free condition) has to
be given to ρ. Let ρ̃ be the density below the surface. Then,
for the grid points at the planar (horizontal or vertical) parts
of the surface, ρ0,0= ρ̃/2, whereas for the outer and inner cor-
ners (see Figure 2a), ρ0,0 = 1

4 ρ̃ and ρ0,0 = 3
4 ρ̃, respectively.

The legs coinciding with the free surface must have their ef-
fective parameters halved with respect to values inside. These
rules follow from the requirement that the FD method auto-
matically approximates the free-surface condition, as detailed
below. The FD method has been derived for the 2-D case, but
its generalization to three dimensions is straightforward.

CONSISTENCY WITH FREE SURFACE CONDITIONS

We investigate the boundary behaviour of our method for
typical surface configurations by inserting 2-D Taylor’s expan-
sion of the u and w components into the FD equations (13)
and (14). In this case, for simplicity, we assume a regular grid
with grid steps1x=1z= h, and a homogeneous medium with
λ and µ being the elastic parameters. The free-surface speci-
fications are in Figure 2a. As regards the flat horizontal and
vertical parts, when aligned to grid lines, the Taylor’s expan-
sion of the method is then equivalent to the first order (O(h))
approximation to the standard free surface condition (see, e.g.,
Zahradnı́k et al., 1993). A different situation appears at the
corners (i.e., the elements of the staircase free surface). After
a simple formal procedure with equations (13) and (14), we
get the following equations for the outer corner grid point in
Figure 2a:

−(λ+ 2µ)Ux + µUz− λWz+ µWx

= 0+ O(h)+ O((1t)2), (15)

−µWx + (λ+ 2µ)Wz− µUz+ λUx

= 0+ O(h)+ O((1t)2). (16)

The same approximations (15) and (16) hold also for the inner
corner (Figure 2a). When compared to the general form of the
stress-free condition [equation (9) of Zahradnı́k et al., 1993],
equations (15) and (16) say that our heterogeneous approach
applied to the corner is equal to the linear combination of
the free-surface conditions for the horizontal and vertical free
surface, with an equal weight. In other words, equations (15)
and (16) are equivalent to the condition at a flat free surface
inclined by 45◦.

STABILITY AND ACCURACY

For the second-order explicit method on a regular square
grid, there is a theoretically derived stability condition relat-
ing the spatial gridstep h and the timestep 1t (Virieux, 1986):
1t ≤ h/

√
2αmax , where αmax is the highest P-wave velocity in

FIG. 2. (a) A schematic free-surface model with corners: H=
horizontal part, V= vertical part, O=outer corner, I= inner
corner. (b) and (c) Situations causing instability when comput-
ing in grid points denoted by stars. The dashed line represents a
prescribed surface, the effective parameters are distinguished
as zero valued (white ovals) and nonzero (gray ovals). The dot-
ted line represents the free-surface modification necessary to
stabilize the PSi-2 method: the method is stabilized by avoid-
ing combinations of the zero and nonzero parameters within a
grid cell.
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the medium. For our heterogeneous formulation on an irregu-
lar grid, applied to nonplanar surfaces and internal discontinu-
ities, we use a stability condition1t ≤ hmin/cαmax , where hmin

denotes the minimal gridstep appearing in the irregular grid,
1t is the time step (constant for the entire computation), and
c = 1.6, empirically found in our numerical experiments.

To keep numerical dispersion at a reasonably low level
(Alford et al., 1974), we determine the largest possible grid
steps 1̃xmax =1̃zmax = h̃ in every particular region of the
model by

h̃ = β̃

10 f ∗max

, (17)

where f ∗max is the frequency at which the time function spec-
trum falls below 1% of its maximum value and β̃ is the S-wave
velocity in the area.

Although satisfying the mentioned conditions, a significant
instability, which cannot be stabilized by refining the grid step
or time step, sometimes emerges in practical applications. How-
ever, such situations can be stabilized by weak artificial distor-
tions of the surface shape. To explain this, let us recall that
the effective parameters get zero values if the original free
surface line intersects the grid leg between two neighboring
grid points. At the same time, it may happen that the other
legs of the same grid cell have nonzero effective parameters.
Such combinations of the zero and nonzero parameters yield
instabilities. Two examples are shown in Figures 2b and 2c. To
stabilize the solution, we have to adjust the effective parame-
ters along gray legs to zero. This is equivalent to shifting the
surface into the dotted line position. To avoid these problems,
the computer code should automatically check all grid points
in the vicinity of the free surface, and perturb the model sur-
face according to a simple rule: no mixing of zero and nonzero
effective parameters within a grid cell. Finally, before the FD
computation, the entire surface is artificially aligned to vertical
and/or horizontal grid lines, which produces a stable staircase
approximation to the originally prescribed surface form.

EXAMPLE 1: TWO QUARTER SPACES

A two quarter-space model (see Figure 3a and Table 1) is
first investigated on a regular grid: 1x=1z= 4.0 m. Tapers
of 40 points (Cerjan et al., 1985), and Stacey’s (1988) bound-
ary conditions are applied along the bottom and the right
edges. Symmetry in w[w(−x, z) = w(x, z)] and antisymme-
try in u[u(−x, z) = −u(x, z)] are applied along the left edge
along the line [(0, 0), (0, 960)]. The line source placed near the
surface (Figure 3a) is realized by a vertical body force whose
time history is

f (t) = −exp(b) fmax [ fmax (t − t0) cos c+π sin c], (18)

where b = − 1
2 f 2

max (t− t0)2, c = π fmax (t− t0), with t0 = 0.136 s
and the maximum frequency fmax = 22 Hz. Our results are
compared with the spectral-element method (SPEM) of Priolo
et al. (1994) in Figures 3b, 3c, and 3d and in Table 3.

Next, as shown in Table 2, the same two quarter-space model
has an irregular grid (see Figure 4a). It is realized in the follow-
ing way: the first 10 grid steps between horizontal lines `= 1,
and `= 11 are of 1z = 0.8 m. Then, between grid lines `= 11
and `= Lmax , the grid steps are of 1z= 4.0 m. Similarly for

the vertical lines (Figure 4a), the grid steps are1x= 4.0 m be-
tween grid lines k= 1 and k= 252, then 1x= 0.8 m between
grid lines k= 252 and k= 267, and finally 1x= 4.0 m between
grid lines k= 267 and k= Kmax . The interface is lying exactly
in the middle between vertical lines k= 259 and k= 260.

The results calculated by PSi-2 are compared with the SPEM
method in Figures 4b–d. The agreement is better than in the
case of the regular grid. The most significant improvement is
marked by arrows. Table 3 shows the comparison of the true
maxima values nR. Compared to a model with fine regular grid
(not presented here), we save up to 90% of computing time
and about 95% of memory in this model with an irregular grid,
whereas the solutions with a fine regular grid and with an ir-
regular grid do not differ within the thickness of the line.

Table 1. Parameters of numerical example 1 for the model
with a regular grid.

Parameter∗ Value

αI 2000
βI 1155
ρI 1000
αI I 3000
βI I 1732
ρI I 2000
f ∗max 22
1t 0.0005
1x 4.0
1z 4.0
Nt 4000
K 512
L 242

∗αI , βI = P-, S-wave velocities (m/s) in block I ; ρI = density
(kg/m3) in block I ; αII , βII = analogs for block II; f ∗max = the
frequency (Hz) at which the absolute value of the spec-
trum is 1% of the maximum spectral value; 1t = time step
(s); 1x,1z = grid steps (m); Nt = number of time steps;
K , L = number of vertical and horizontal lines in the model.

Table 2. Parameters of numerical example 1 for the model
with an irregular grid.

Parameter∗ Value

αI 2000
βI 1155
ρI 1000
αI I 3000
βI I 1732
ρI I 2000
f ∗max 22
1t 0.0001

1xmin 0.8
1zmin 0.8
1xmax 4.0
1zmax 4.0

Nt 4000
K 512
L 350

∗αI , βI = P-, S-wave velocities (m/s) in block I ; ρI = density
(kg/m3) in block I ; αII , βII = analogs for block II; f ∗max = the
frequency (Hz) at which the absolute value of the spectrum
is 1% of the maximum spectral value; 1t = time step (s);
1xmin ,1zmin ,1xmin ,1zmin = the minimum and the maxi-
mum grid steps (m) appearing in the model; Nt = number of
time steps; K , L = number of vertical and horizontal lines in
the model.
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Another important result from these experiments (and
equally well from the other experiments we have done) is that
the PSi-2 methods allows an abrupt change in the grid step
size without numerical artifacts. The abrupt change means that
two neighboring grid steps may differ by a factor of 20 without
any significant change in the solution. At the same time, the
coarser part of the grid must be still fine enough with respect

a) c)

b) d)

FIG. 3. Two quarter-spaces on a regular grid. (a) The model (coordinates in meters): S= source, R= receivers. For details see Table 1.
(b–d) Seismograms (vertical component) at receivers R1, R2, and R3, calculated by the PSi-2 method on a regular grid. For
comparison, the spectral-element method (SPEM) solution of Priolo et al. (1994) is also presented (thin line). Signal at R3 is
shorter to avoid the reflections from the model edges. The difference between the SPEM and PSi-2 solutions is shown by the dotted
line.

Table 3. Relative true maxima values for example 1 models with regular and irregular grids.

Method n∗R1u nR2u nR2u nR1w nR2w nR2w

PSi-2 regular grid 0.385 0.174 0.0565 1.00 0.373 0.0676
PSi-2 irregular grid 0.337 0.170 0.0620 1.00 0.373 0.0662
SPEM 0.380 0.171 0.0612 1.00 0.373 0.0592
∗nR1u is the true maximum values for u component in receiver R1, and analogously for the other receivers and component w.

to the shortest wavelength (e.g., a standard 10 grid points per
wavelength).

EXAMPLE 2: STEPLIKE SURFACE OF
HOMOGENEOUS HALF-SPACE

In this model, we investigate the down-step surface of a ho-
mogeneous half-space with an explosive line source, S. The
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receivers R1, R2, and R3 are placed as shown in Figure 5a. First,
the grid of the model is regular, with grid step 1x = 1z =
1.0 m. The time function for the explosive source is a finite-
duration approximation to Dirac’s δ-function (Aboudi, 1971),
with duration T = 0.003 s. There are no artificial reflections in
the model because the arrival time of possible reflections from
the boundaries is greater than that of the time window. The
parameters of the model are in Table 4.

The results were compared with Hong and Bond (1986)
in Figure 5b. Their method in contrast to our heterogeneous
scheme is a homogeneous FD scheme, i.e, the formulas for in-
ternal grid points differ from those for the free surface. More-
over, for the corner grid points special formulas are used (see
Table 1 in their paper).

Our model was exactly the same as that of Hong and Bond
(hereafter called “original data”), including the employed grid
steps. Therefore, the numerical dispersion due to the coarse
grid (Alford et al., 1974) appears in both results. As seen in

a) c)

b) d)

FIG. 4. Two quarter-spaces on an irregular grid. (a) Denser gridding along the horizontal free surface and vertical interface (dashed
line). (b–d) Seismograms (vertical component) at receivers R1, R2, and R3, compared to the SPEM solution of Priolo et al. (1994).
Signal at R3 is shorter to avoid the reflections from the model edges. The difference between the SPEM and PSi-2 solutions is
shown by the dotted line. The significant improvements compared to Figures 3b–d are indicated by arrows.

Figure 5b and Table 5, a close agreement of our solution with
that of Hong and Bond exists.

Second, we also computed this model on an irregular grid,
where the coarse part (with enough dispersion) was the same

Table 4. Parameters of numerical example 2, with variables
as in Table 3.

Parameter∗ Value

αI 5000
βI 5000/

√
3

ρI 1000
f ∗max 1000
1t 0.0001
1x 1.0
1z 1.0
Nt 350
K 320
L 100
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as before, but the grid was refined just within 4 grid steps along
the free surface (Figure 5c-2). It was refined abruptly with a
ratio 1/4 between two neighboring grid steps. Third, we com-
puted the same model on a regular fine grid (Figure 5c-3) with
grid step 4 times smaller than in the Hong and Bond model.
Finally, we computed the model on another irregular grid, now

Table 5. True maxima values for example 2, a regular coarse
grid.

Method n∗R1u nR2u nR2u nR1w nR2w nR2w

PSi-2 1.00 0.49 0.42 0.53 0.16 0.13
Original data∗∗ 1.00 0.46 0.41 0.47 0.14 0.13
∗nR1u is the true maximum values for u component in receiver
R1, and analogously for the other receivers and componentw.
∗∗Hong and Bond (1986).

FIG. 5. Steplike surface of homogeneous half-space. (a) The
model (coordinates in meters). (b) Seismograms for vertical
component at receivers R1, R2, and R3 (full line) computed
on a regular grid as shown in (c1), compared to the origi-
nal Hong and Bond (1986) solution (dashed line). (c) Irreg-
ular-grid details and the way of its refinement along a part of
the steplike surface: 1—original Hong and Bond (1986) mesh-
ing used in panel (b), 2—abrupt change in the grid step after
refinement of grid 1, 3—well-meshed regular grid, 4—smooth
change after refinement of grid 3. (d) Comparison of the solu-
tions: dashed line= 2, dotted line= 3, and full line= 4. Notice
the scale change when going from (a) and (b) to (c) and (d).

with coarse grid step 4 times smaller than in the Hong and
Bond model, furthermore refined 3 times along the free sur-
face. This time, the grid step change was smooth, as detailed
in Figure 5c-4. But the abrupt change, not presented, also gave
results with negligible differences. These results (Figure 5d)
show that if the coarser part of the grid does not fulfill the con-
dition for low dispersion, then refinement along the surface
yields numerical artifacts (dashed line), e.g., spurious oscilla-
tions between 0.010 and 0.020 s. When the regular grid fulfills
the condition, we obtain a better, nondispersive solution (solid
line), which can be further improved by a smooth or abrupt
refinement of the grid along the free surface and interfaces.

EXAMPLE 3: UNDERGROUND CAVITY AND COAL SEAM

An important practical problem in coal exploration is to de-
tect heterogeneities in the coal overburden, such as boulders
or cavities. We model a seismic section containing a single hor-
izontal seam and cavity (Figure 6). The wavefield is excited by
a line array of vertical forces along the free surface. A transient
response due to Gabor’s wavelet with a predominant frequency
of 75 Hz is shown in Figure 7. The modeling is sufficiently ac-
curate (10 grid points per wavelength in coal) up to 75 Hz. A
significant irregularity of the employed grid, allowing correct

FIG. 6. Underground cavity and coal seam. (a) The model pa-
rameters (edge coordinates expressed in meters). (b) The re-
finement of the grid in vertical grid steps around the under-
ground cavity. The true cavity (dashed circle) transforms into
a staircase (thick line) shape.
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FIG. 7. Underground cavity and coal seam. (a) Horizontal and
(b) vertical components of displacement. (c) Vertical compo-
nent with the 1-D solution (without the cavity) subtracted. Re-
ceivers are located on the top flat free surface.

representation of the structural details, is used; at the same
time, there is coarser grid in a major part of the model. As
a result, both the seam and cavity have been clearly imaged
with 60% computing time saved compared to the same model
computed on a regular grid of the same accuracy (i.e., with neg-
ligible difference between the synthetics). These models were
also computed without the cavity to obtain 1-D solutions that
were subtracted from the complete solutions (Figures 7a, c).
The same method also has been successfully used for elastic
modeling of cavities filled with water.

CONCLUSION

The PSi-2 method represents a generalization of the regular-
grid PS-2 method into irregular (rectangular) grids. The PSi-2
method on an irregular grid can provide results of the same
accuracy as the PS-2 method on a fine regular grid, but with a
considerably saving in memory and computer time. The PSi-2
method allows, without spurious numerical effects, changes of
the grid step size between the dense and coarse parts of the
grid (e.g., 1 : 20) that are more abrupt than the changes so far
reported in the literature. Such abrupt changes of the grid step
size are possible provided the coarse parts are guided at least
by a standard 10 grid points per wavelength. The method allows
the nonplanar topography treatment by vacuum formalism. Al-
though vacuum formalism approximates the free surface by a
staircase boundary (in contrast to keeping the true form of the

internal boundaries), accuracy can be improved by grid refine-
ment close to the nonplanar parts of the surface. In general, the
FD program package based on heterogeneous methods with
geometrically averaged material parameters, vacuum formal-
ism, and irregular grids provides an efficient tool for a wide class
of 2-D structures. At the same time, the employed methods are
rather simple, so as to allow very easy data input, and do not
need any program modifications when passing from one model
to the other.
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APPENDIX

COMPLETE FORMULAS OF PSi-2 METHOD

Let us denote Lu(u, w), and Lw(u, w) the FD approxima-
tion to the left-hand side of equations (1) and (2), respectively.
Then, the short forms are

Lu(u, w) = 2
1

DX(−1)+ DX(0)

(
(λe+ 2µe)

u1,0 − u0,0

DX(0)

− (λw + 2µw)
u0,0 − u−1,0

DX(−1)

)
+ 2

1
DZ(−1)+ DZ(0)

×
(
µs

u0,1 − u0,0

DZ(0)
− µn

u0,0 − u0,−1

DZ(−1)

)

+ 1
DZ(−1)+ DZ(0)

1
DX(−1)+ DX(0)

× [λe(w0,1 + w1,1 − w0,−1 − w1,−1)

− λw(w−1,1 + w0,1 − w−1,−1 − w0,−1)]

+ 1
DZ(−1)+ DZ(0)

1
DX(−1)+ DX(0)

× [µs(w1,0 + w1,1 − w−1,0 − w−1,1)

−µn(w1,−1 + w1,0 − w−1,−1 − w−1,0)], (A-1)

and

Lw(u, w) = 2
1

DX(−1)+ DX(0)

(
µe
w1,0 − w0,0

DX(0)

−µww0,0 − w−1,0

DX(−1)

)
+ 2

1
DZ(−1)+ DZ(0)

×
(

(λs + 2µs)
w0,1 − w0,0

DZ(0)
− (λn + 2µn)

w0,0 − w0,−1

DZ(−1)

)

+ 1
DZ(−1)+ DZ(0)

1
DX(−1)+ DX(0)

× [µe(u0,1 + u1,1 − u0,−1 − u1,−1)

−µw(u−1,1 + u0,1 − u−1,−1 − u0,−1)]

+ 1
DZ(−1)+ DZ(0)

1
DX(−1)+ DX(0)

× [λs(u1,0 + u1,1 − u−1,0 − u−1,1)

− λn(u1,−1 + u1,0 − u−1,−1 − u−1,0)]. (A-2)

The full forms are

Lu(u, w) = 2
1

DX(−1)+ DX(0)

×
(

(λe+ 2µe)
u1,0 − u0,0

DX(0)
− (λw + 2µw)

u0,0 − u−1,0

DX(−1)

)

+ 2
1

DZ(−1)+ DZ(0)

(
µs

u0,1 − u0,0

DZ(0)
−µn

u0,0 − u0,−1

DZ(−1)

)

+
1
2

DX(−1)+ DX(0)

[
λes

1
DZ(0)

(w0,1 + w1,1

−w0,0 − w1,0)+ λen
1

DZ(−1)
(w0,0 + w1,0

−w0,−1 − w1,−1)− λws
1

DZ(0)
(w−1,1 + w0,1

−w−1,0 − w0,0)− λwn
1

DZ(−1)
(w−1,0 + w0,0

−w−1,−1 − w0,−1)
]
+

1
2

DZ(−1)+ DZ(0)

×
[
µse

1
DX(0)

(w1,0 + w1,1 − w0,0 − w0,1)

+µsw
1

DX(−1)
(w0,0 + w0,1 − w−1,0 − w−1,1)

−µne
1

DX(0)
(w1,−1 + w1,0 − w0,−1 − w0,0)

−µnw
1

DX(−1)
(w0,−1 + w0,0 − w−1,−1 − w−1,0)

]
,

(A-3)



250 Opr šal and Zahradn´ ık

and

Lw(u, w) = 2
1

DX(−1)+ DX(0)

(
µe
w1,0 − w0,0

DX(0)

−µww0,0 − w−1,0

DX(−1)

)
+ 2

1
DZ(−1)+ DZ(0)

×
(

(λs + 2µs)
w0,1 − w0,0

DZ(0)
− (λn + 2µn)

w0,0 − w0,−1

DZ(−1)

)

+
1
2

DX(−1)+ DX(0)

[
µes

1
DZ(0)

(u0,1+u1,1−u0,0−u1,0)

+µen
1

DZ(−1)
(u0,0 + u1,0 − u0,−1 − u1,−1)

−µws
1

DZ(0)
(u−1,1 + u0,1 − u−1,0 − u0,0)

−µwn
1

DZ(−1)
(u−1,0 + u0,0 − u−1,−1 − u0,−1)

]

+
1
2

DZ(−1)+ DZ(0)

[
λse

1
DX(0)

(u1,0+u1,1 − u0,0 − u0,1)

+ λsw
1

DX(−1)
(u0,0 + u0,1 − u−1,0 − u−1,1)

− λne
1

DX(0)
(u1,−1 + u1,0 − u0,−1 − u0,0)

− λnw
1

DX(−1)
(u0,−1 + u0,0 − u−1,−1 − u−1,0)

]
. (A-4)


