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Focal-mechanism determination of weak events recorded in sparse networks is challenging. First-motion
polarities are often available at relatively distant stations, and waveforms only at a few near stations can
be modeled. A two-step approach of how to combine such data has been suggested recently (Cyclic
 and Zahradník, 2014). It starts with
Scanning of the Polarity Solutions, or CSPS method; Fojtíkova
creating a suite of ﬁrst-motion polarity solutions, which is often highly non-unique. The next step
consists of repeating full waveform inversion for all polarity solutions. Even few stations may efﬁciently
reduce the non-uniqueness of the polarity solutions. Centroid depth, time, scalar moment and uncertainty estimate of the well-ﬁtting double-couple solutions are obtained. The CSPS method has been
extended in this paper by adding a new feature, i.e. repeated inversions using multiple ﬁrst-motion
polarity sets. The polarity sets are created by projecting the stations on focal sphere in several available velocity models, thus accounting for the takeoff angle uncertainty. The multiple polarity sets provide
assessment of the CSPS solution stability. These ideas are demonstrated on a comprehensive analysis of a
rare event in central Brazil. It is the Mw ~4 mainshock of the Mara Rosa 2010 earthquake sequence
(Barros et al., 2015, Carvalho et al., 2015). We employ polarities at 11 stations (distances < 730 km) and
invert full waveforms at two stations (CAN3 and BDFB at distances ~120 and 240 km), for 0.1e0.2 and
0.05e0.125 Hz, respectively. Six polarity sets reﬂect the takeoff angle uncertainty. The obtained CSPS
results are very stable across all the polarity sets (in terms of depth, Mw, and strike/dip/rake angles). It is
found that the Mara Rosa mainshock mechanism deviated from the composite solution of the whole
sequence by 38 . The paper also includes a test simulating situations at which just a single waveform is
used, and how it negatively affects the solution stability.
© 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Earthquakes in intraplate regions are rare, and many of them are
relatively weak (below thresholds of global agencies). Therefore,
their focal-mechanism determination is challenging. The mechanisms are necessary for studying stress ﬁeld, as well as for
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calculating ground-motion scenarios for possible stronger events in
the same region, whose occurrence is even less frequent. A typical
example demonstrating these needs is the huge territory of Brazil.
To focus our introductory discussion, let us consider an earthquake Mw~4 for which P-wave unambiguous ﬁrst-motion polarities at about ~10 stations with a relatively good azimuthal coverage
can be acquired. Is this enough for obtaining a reliable focal
mechanism? The answer is obviously ‘not’ (e.g. Hofstetter, 2014,
giving also a good literature survey). We are facing at least two
problems: (i) Even if the hypocenter is precisely located, projection
of the polarities on focal sphere needs takeoff angles which are
dependent on velocity model, and, for a given region, we may have
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several models. (ii) The polarity solution, inevitably allowing for
some polarity error(-s), is non-unique; many combinations of the
strike/dip/rake angles agree with a given polarity distribution.
Therefore, waveform inversion is welcome. However, if an
earthquake is relatively weak and stations are relatively distant, we
face signiﬁcant problems in ﬁtting observed records by synthetics.
As a rule, records cannot be ﬁtted well at distances greater than a
few (~10) wavelengths, which is equivalent to some high-frequency
limit of the inversion. For example at distances ~20 or 200 km, only
frequencies below 1 or 0.1 Hz, respectively, can be inverted.
Availability of usable signals at low frequencies is another problem,
because they might be either hidden by natural noise, or corrupted
by instrument. As such, we may dispose with very few stations with
waveforms enabling successful modeling, in limiting case even just
with a single three-component waveform. However, full waveform
inversion for the centroid moment tensor with just few stations is
an ill posed problem.
The ﬁrst-motion polarities and waveforms should be jointly
used. For example, Chiang and Dreger (2014) documented efﬁciency of the combined study of low-frequency full waveforms and
high frequency P-wave polarities for the source-type discrimination in cases of sparse station coverage and very shallow sources,
e.g. man-made explosions. Similarly, Boyd et al. (2013) identiﬁed a
natural non-double-couple event. Polarities supported the interpretation of regional records of the 2013 North Korean nuclear
explosion by Vavry
cuk and Kim (2014). Along the same line, study
of a historical Amorgos 1956 event, M~7, Aegean Sea, proﬁted from
combination of few analog waveforms with many ﬁrst-motion
polarities (Brüstle et al., 2014). Polarities are also needed for

resolving the 180 ambiguity of rake in waveform inversions at
narrow frequency bands (Zahradník et al., 2008). Obviously, polarities are even more important if inverting amplitude spectra
instead waveforms (Cesca et al., 2006; Zahradník et al., 2001).
The mechanisms obtained from waveforms should be checked
for consistency with polarities. However, a still open question is
how to combine the two data types in the inversion. A two-step
approach has been suggested recently as Cyclic Scanning of the
 and Zahradník (2014).
Polarity Solutions (CSPS method); Fojtíkova
In the ﬁrst step a suite of ﬁrst-motion polarity solutions is calculated. The second step consists of repeating full waveform inversion
for all polarity solutions from the ﬁrst step, seeking subset of the
polarity solutions providing a good waveform match. Even few
stations may efﬁciently reduce non-uniqueness of the polarity
suite. Centroid depth and time, and scalar moment are also calculated. In this paper we extend the CSPS method by adding a new
feature, i.e. repeated applications using multiple ﬁrst-motion polarity sets. The polarity sets are created by projecting stations on
focal sphere in several available velocity models (as in Hardebeck
and Shearer, 2002, or Hofstetter, 2014), thus accounting for the
takeoff angle uncertainty, and enabling assessment of the CSPS
solution stability. In this sense we try to determine focal mechanism by compromising the polarity and waveform constraints.
These ideas are developed in relation with an important event.
The mainshock of the Mara Rosa earthquake sequence, which took
place in Central Brazil from October 2010 to June 2011, has been
chosen. The Mw ~4 mainshock occurred on October 8, 2010. The
aftershock activity was analyzed with an 8-station local temporary
network. Precise aftershock locations and the waveform correlation

~o Francisco
Fig. 1. Regional geological setting and seismicity of the Tocantins Province and surrounding provinces (Phanerozoic sedimentary Parnaiba and Parana basins, Archean Sa
and Amazonas cratons). Blue triangles denote stations at which only polarities were used. Red triangles denote stations used for waveform inversion and polarities. The yellow star
denotes the Mara Rosa mainshock. Red circles denote earthquakes of magnitude greater than 3 for the period 1970e2011. Brown lines identify Transbrasiliano Lineament, a series of
SWeNE trending faults. Geological data are from CPRM (Brazilian Geological Survey, 2004). Inset: geological provinces of Brazil. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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of the aftershocks and mainshock at regional stations enabled the
mainshock to be located as a Ground Truth 5 event (GT5), i.e. with
uncertainty less than 5 km.
2. Geotectonic setting
As detailed in Barros et al. (2015) and Carvalho et al. (2015), the
Mara Rosa earthquake occurred in the Goi
as Tocantins seismic
zone, see Fig. 1. Seismicity of this zone is weak with most lowmagnitude (<3.5) events distributed roughly parallel along the
large-scale Transbrasiliano Lineament (TBL). The NEeSW (~225 )
trending TBL is characterized by high gravity anomalies along the
~o et al., 1986; Fernandes
folding track Tocantins Araguaia (Assumpça
et al., 1991). The lineament, denominated Brasilia belt, is characterized by folds and thrusts and is a result of the collision and
convergence of three continental plates: the Amazon craton (West),
~o Francisco craton (East) and Paranapanema craton (SouthWest),
Sa
presently covered by the Parana basin. The Transbrasiliano Lineament is composed of a set of geological features formed in the
Neoproterozoic during the formation of the eastern part of the
super continent Gondwana (Fuck, 1994 and Fuck et al., 1994).
The regional stress ﬁeld in central Brazil is basically NWeSE
maximum compression, as indicated by in situ measurements of
Caproni & Armelin (1990) and theoretical studies (Coblentz &
Richardson, 1996). The local stress ﬁeld related to the Mara Rosa
sequence has been calculated by Carvalho et al. (2015) based on 11
aftershocks. The principal stress axes s1, s2 (the maximum and
intermediate compression) are nearly horizontal, while the s3 axis
(minimum compression) is nearly vertical, corresponding to the
dominant reverse faulting regime; see table 4 of Carvalho et al.
(2015). Two optimally oriented faults (OOFs) were also calculated
in the mentioned paper. It appeared that Mara Rosa sequence
corresponds just to one of the two OOFs, the low-angle fault dipping at 22 and striking at 254 . This OOF deviates by ~30 with
respect to the main trend of the Transbrasiliano Lineament.
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for deviatoric moment tensor by the least-squares method under
assumption of a point source. The inverted moment tensor is
parametrized by strike/dip/rake angles, scalar moment Mo (or
moment magnitude Mw) and the double-couple percentage (DC).
Resolvability of the moment tensor is expressed in terms of condition number (CN). The centroid position and time is grid searched
beneath epicenter and around origin time, respectively. The
waveform ﬁt is quantiﬁed with variance reduction (VR) or correlation (corr), which are related simply by VR ¼ corr2. The inversion
is also made in a ﬁxed-mechanism mode, which means that we
prescribe the strike/dip/rake angles of a given focal mechanism (DC
100%), and determine only the centroid position, time, and
moment. We use code ISOLA (Sokos and Zahradník, 2008, 2013).

3. Methods
A brief description of the methods used in the paper is given
here. They include the ﬁrst-motion focal mechanism determination, waveform inversion for the centroid moment tensor calculation, and their combination.
First-motion solutions e Stations with very clear (unambiguous) P-wave ﬁrst motion polarity and direction consistent with the
station azimuth, checked by inspecting all three components, are
used. To project the polarities on focal sphere, several velocity
models have been employed in order to understand their effect
upon the takeoff angles (for details, see Section 4). For each set of
the takeoff angles all possible fault-plane solutions, allowing zero
or one polarity misﬁt, have been calculated by FOCMEC code
(Snoke, 2003). The solutions have been searched with P- and T-axis
angular increments of 6 . Any other similar code can be used as
well, e.g. FPFIT (Reasenberg and Oppenheimer, 1985), or HASH
(Hardebeck and Shearer, 2002).
Let us comment that, besides polarities, the P- and S-wave
amplitude ratios can be also used. The ratio taken from the corresponding wave groups, e.g. Pg and Sg, serves as an additional
constraint, helping to reduce non-uniqueness of the polarity solution. Use of the amplitude ratio has not been tested in this paper.
Our additional constraint is provided by full waveforms, discussed
below.
Centroid-moment-tensor (CMT) solution e Green's functions
are calculated by the discrete wavenumber and matrix methods
(Kennett and Kerry, 1979; Bouchon, 1981; Coutant 1989) in 1D
models with constant-velocity layers. Full waveforms are inverted

Fig. 2. Velocity models and their effect upon the polarity projection on focal sphere.
(a) The velocity models NewBR, Barros, Soares and Soares_grad. The latter model has
been used just as a P-velocity model for the polarity projection. (b) Focal sphere with
polarities at stations S1eS11 (for numbering, see Table 1). Each station is shown 6times, according to sets 1e6 of Table 1; some sets coincide. Plotted for comparison
is the reference focal mechanism (shaded).
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Methodical details can be found elsewhere (Zahradník et al., 2008;
 et al., 2013; Zahradník and Sokos, 2014; Quintero et al.,
Krí
zova
2014). In particular, for choice of suitable frequency range and for
previous application to Mara Rosa aftershocks, see Carvalho et al.
(2015).
Combining polarities and waveform inversion (CSPS method)
e To efﬁciently retrieve the focal mechanism when only few
waveforms can be modeled, but many ﬁrst-motion polarities can be
used, we proceed as follows. The method starts with a suite of the
ﬁrst-motion polarity solutions (FOCMEC output). For each of them
we run ISOLA in the ﬁxed-mechanism mode and sort the solutions
according the waveform ﬁt. The acceptable solutions are deﬁned,
for example, as those with VR > 0.8 VRopt, where VRopt is the bestﬁtting solution. The choice of the threshold (here taken as 0.8) is
arbitrary, but must be same when comparing several results with
each other. The CSPS method (Fojtíkov
a and Zahradník, 2014) is
currently implemented in ISOLA GUI. Let us note that P-wave polarities and full waveforms represent complementary physical
processes and, in general, different velocity models may be
appropriate for these two data sets. This aspect will be discussed in
the applications.
Kagan angle e To quantify deviation between arbitrary two
double-couple focal mechanisms, the Kagan angle, or simply Kangle (Kagan, 1991) has been used. Physically similar mechanisms
have K-angle less than ~10 e20 (e.g., Fig. 6 of Zahradník and
dio, 2012, Fig. 3 of Sokos and Zahradník, 2013).
Custo
Code availability e All codes used in this paper are available as a
part of ISOLA package at the following link: http://geo.mff.cuni.cz/
~jz/isola_2015/. The link includes also Fortran codes to calculate
takeoff angles in non-standard situations, e.g. in models with
constant velocity gradients (anggrad), or codes providing takeoff
angles and travel times of all phases arriving at a station (ang), not
only the ﬁrst-arriving phase in the standard location-like codes.
The latter might be useful when using polarities of several phases at
a station.
4. Data
Location e Hypocenter position after Barros et al. (2015) is
adopted: longitude (W) ¼ 49.1602 , latitude (S) ¼ 13.7713 , depth
1.3 km, origin time 20:16:54.79 UTC. Later, during waveform inversions, we allow the centroid depth to vary from 1.3 to 4.3 km,

and centroid time ±3 s with respect to the origin time. A preliminary waveform inversion in the cited paper estimated the
moment magnitude to be Mw 4.2.
Velocity models e Three crustal models with constant-velocity
layers are used in this study (Fig. 2a). They include (i) the ‘NewBR’
model (Assumpç~
ao et al., 2010), (ii) model ‘Barros’ (Carvalho et al.,
2015), and (iii) model ‘Soares’ (based on Fig. 6 of Soares et al., 2006).
For polarity projection on focal sphere an ad-hoc model ‘Soares_grad’ with constant velocity gradients is also used.
Polarities e The ﬁrst-motion polarities at eleven stations of
Fig. 1 were selected (Table 1), spanning the epicentral distance
range from 81 to 729 km; the largest azimuthal gap is 98 . The
polarities can be projected on focal sphere with several velocity
models and, as such, the polarity constraint itself contains an uncertainty. We consider six polarity sets 1e6. The source depth of
1.3 km is assumed (except one case explicitly mentioned below).
Set 1 is based on velocity model NewBR. This set is an example
of a ‘discontinuous’ behavior of the takeoff angles: angles 91 due to
direct waves are present at the nearest 4 stations, a ‘jump’ at RET4
station with angle 64 is due to head wave from the 20-km
discontinuity, and the 45 angle at the 6 most distant stations is
due to Moho head wave.
Set 2 corresponds to model Barros. This is an example of a
‘singularity’ of angle 91 occurring only at the nearest station. The
65 angles appear due to the 12-km discontinuity.
Sets 3 and 4 were derived for model Soares which contains a 2km discontinuity hence the effect of the source depth (1.3 and
2.3 km in Set 3 and 4, respectively) is quite important for the ﬁrst
three stations.
Set 5 is an analogy of model Soares in which the constantvelocity layers were substituted by layers with a linear velocity
increase (the constant-gradient layers, model Soares_grad), and the
only velocity discontinuity is Moho. As such, due to missing internal discontinuities in the crust, the takeoff angles for the ﬁrst four
stations smoothly decrease with increasing epicentral distance.
Set 6 also makes use of model Soares_grad, but it considers only
polarities at stations 5e11. The ﬁrst four stations are discarded to
reﬂect the fact, mentioned above, that their angles are strongly
dependent on the assumed velocity model. The takeoff angles at
remaining stations are much less uncertain. This set represents the
weakest polarity constraint.
The considered polarity sets are displayed in Fig. 2b. The ﬁgure

Fig. 3. Focal mechanisms obtained by single-station (BDFB) waveform inversion, without pre-constraining the solution by polarities. Three velocity models are used: (a) model
NewBR, (b) model Barros, (b) model Soares. The problem is ill posed, the results are physically meaningless.
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Table 1
First-motion polarities and six sets of takeoff angles for various velocity models.
Station no.

S1
S2
S3
S4
S5
S6
S7
S8
S9
S10
S11

Station code

RET9
RET8
CAN3
SSV2
RET4
RET3
RET2
BDFB
SFA1
JAN7
MAN1

Polarity

Azimuth ( )

Distance (km)

D
D
U
U
D
D
U
D
U
D
U

81
107
121
144
183
210
233
241
490
542
729

Takeoff angle set ( )

311
325
51
45
15
358
350
149
161
105
259

1

2

91
91
91
91
64
45
45
45
45
45
45

91
65
65
65
46
46
46
46
46
46
46

(20)a
(42)
(42)
(42)
(42)
(42)
(42)

3
72
72
72
65
47
47
47
47
47
47
47

(12)
(12)
(12)
(38)
(38)
(38)
(38)
(38)
(38)
(38)

(2)
(2)
(2)
(12)
(35)
(35)
(35)
(35)
(35)
(35)
(35)

4

5

6

91
91
91
72
50
50
50
50
50
50
50

75
72
71
69
47
47
47
47
47
47
47

None
None
None
None
47 (35)
47 (35)
47 (35)
47 (35)
47 (35)
47 (35)
47 (35)

(12)
(35)
(35)
(35)
(35)
(35)
(35)
(35)

(35)
(35)
(35)
(35)
(35)
(35)
(35)

a
The bracketed numbers after takeoff angles show the depth of discontinuity where the corresponding head wave is generated. The angles without any bracket are those of
direct waves.

Table 2
Waveform inversions unconstrained by polarities for a single station BDFB (SI-1) and for two stations CAN3 and BDFB (SI-2).
Model

Centroid depth (km)

SI-1 (station BDFB)
NewBR
2.3
Barros
1.3
Soares
1.3
Station and Model

a

c

Mw

Strike ( )

Dip ( )

Rake ( )

DC (%)

VR

CN

K-anglec ( )

Stations with polarity misﬁt

3.0b
0.3
0.3

4.6
4.7
4.6

293
353
286

79
39
65

91
53
158

41
9
78

0.94
0.89
0.94

14
30
21

76
102
90

BDFB,JAN7, RET2,SSV2, CAN3
RET2
RET3,RET4, SFA1

Centroid depth (km)

SI-2 (stations CAN3 and BDFB)
NewBR
1.3
Barros
1.3
Soares
1.3
b

Centroid timea (s)

Centroid timea (s)

Mw

Strike ( )

Dip ( )

Rake ( )

DC (%)

VR

CN

K-anglec( )

Stations with polarity misﬁt

3.0b
0.60
0.66

4.6
4.4
4.4

225
233
219

83
57
40

87
91
70

98
48
56

0.78
0.81
0.87

5
5
5

36
17
11

BDFB,JAN7, RET2,MAN1
RET2,JAN7, BDFB
RET3,RET4, SFA1

Centroid time is expressed with respect to origin time.
At the limit of the temporal grid.
Angular deviation from the reference solution.

shows that the effect of the velocity model is most signiﬁcant up to
station 5 (RET4, epicentral distance of 183 km). At greater distances,
where the ﬁrst arrivals are due to Moho head waves, the takeoff
angle variation across models is small. It is however to be
mentioned that the considered variation of the takeoff angles is the
simplest possible; for example, 3D heterogeneities may yield also
variations of the station azimuths.
The reference focal-mechanism e For comparison of the

individual solutions discussed in this paper, the composite ﬁrstmotion solution derived from the Mara Rosa aftershock sequence,
including polarities from the mainshock, is adopted (Barros et al.,
2015). It is characterized by the strike/dip/rake angles equal to
216 /49 /74 , see Fig. 2b. Note that the reference focal mechanism
disagrees with some polarities of the mainshock, namely at stations
RET3, RET4, JAN7, and SFA1, independently of the velocity model
used to project polarities on focal sphere.

Fig. 4. Focal mechanisms obtained by two-station (CAN3 and BDFB) waveform inversion, without pre-constraining the solution by polarities. Three velocity models are used: (a)
model NewBR, (b) model Barros, (c) model Soares. The problem is well posed, the results are physically more reasonable than in Fig. 3.
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Waveforms e The nearest stations that recorded the mainshock
with enough quality for the waveform inversion (without saturation) are CAN3, SSV2 and BDFB; see in Fig. 1. The ﬁrst two stations
were equipped with 1-s short period sensor, while the latter was a
100-s broad-band instrument. Since CAN3 and SSV2 have almost
same azimuths, the SSV2 waveform is not inverted, but the waveform ﬁt at this station is checked. BDFB is a (100 m deep) borehole
station. Based on particle motion and the known epicenter position,
the recorded horizontal components (BH1 and BH2) were converted into NS-EW system by rotating 90 anticlockwise. The records are free of long-period disturbances (Zahradník and

r et al., 2015).
Plesinger, 2010; Vacka
The frequency range for waveform inversion has been selected
as (0.1, 0.2) Hz for CAN3 and (0.05, 0.125) Hz for BDFB, respectively.
This choice reﬂects their different epicentral distances (121 and
241 km), and it satisﬁes the empirical rule that waveform modeling
with common velocity models is typically possible only up to distances of a few (less than ~10) MSW, where MSW is the minimumshear wavelength (Fojtíkov
a and Zahradník, 2014). With Vs~3 km/s,
and the maximum frequencies of 0.2 and 0.125 Hz, the CAN3 and
BDFB stations are situated at distances of 8 and 10 MSW, respectively. Waveforms at larger distances (or higher frequencies) can be

Fig. 5. A typical waveform match for the two-station inversion (CAN3 and BDFB, model Barros). The observed and synthetic displacements are shown by black and red lines,
respectively. Station SSV2 is not inverted, it is plotted just for checking purposes. (a) Free inversion (VR 0.81), (b) modeling with ﬁxed strike/dip/rake angles corresponding to the
reference solution (VR 0.66). Panels (c) and (d) demonstrate the waveform correlation as a function of trial source depth for the free and ﬁxed mechanism, respectively. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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sometimes modeled with ad-hoc models speciﬁcally derived for
selected source-station paths, and we shall return to this possibility
in the discussion Section 7. Frequencies lower than 0.1 and 0.05 Hz
cannot be used due to noise. Naturally, the narrow usable range of
CAN3 and SSV2, close to the natural noise spectral peak, and the
fact that this range is below the instrument corner frequency,
represent important data drawbacks, rather emphasizing the role
of the BDFB station.
5. Waveform inversion without prior polarity constraint
Waveform inversion using ISOLA software without a priori
constraining the moment tensor solutions by polarities has been
applied (hereafter abbreviated as Standard ISOLA, or SI). Three
velocity models are used to calculate Green's functions (NewBR,
Barros, and Soares, see Section 4). We run two waveform inversions
with each velocity model: (i) SI-1 using only BDFB station, (ii) SI-2
jointly inverting CAN3 and BDFB. The deviatoric centroid moment
tensor is calculated, providing centroid depth and time, strike/dip/
rake angles, and scalar moment. The results, presented in Table 2,
are as follows.
SI-1 Just a single station (BDFB) has been inverted in this test.
Therefore, the variance reduction is obviously high, ranging in the
individual velocity models from VR 0.89 to 0.94. Physical meaning
of such a good waveform ﬁt is however very limited (thus not
graphically shown) because the inversion is ill posed. It is documented by large condition number (CN) values, ranging from 14 to
30, and also by a very large variation of the focal mechanism across
the velocity models in Fig. 3.
The posterior polarity check (using the corresponding sets 1e3)
reveals severe polarity errors. Note also, that all the solutions are far
from the reference solution (K-angle 76 e102 ). The DC-percentage
varies from 9 to 78%. The moment magnitude is too high 4.6e4.7.
The results clearly show that with this single station the standard

329

polarity-unconstrained CMT inversion is not possible.
SI-2 Two stations (CAN3 and BDFB) are inverted jointly in
deviatoric mode for all CMT parameters in this test. As documented
in the second part of Table 2 (SI-2) and in Fig. 4, the results are more
reasonable than in the single-station test SI-1. The inversion stability is reﬂected by the relatively small CN (¼5). At the same time,
VR is quite high, 0.78e0.87. The preferred centroid depth in the
considered models is 1.3 km. The fault plane solutions are selfsimilar, but far from being identical. Two models are close to the
reference solution (K-angle 11 and 17 ), but their DC-percentage
(48 and 56%) is low. At least three polarities are misﬁt by any of
the solutions. Model NewBR produces the least appropriate results
(the centroid time too far from origin time, four polarity disagreements). A typical waveform ﬁt, for model Barros, is shown in
Fig. 5a. Very good match and a high signal-to-noise ratio at BDFB
station can be seen. The CAN3 record is also ﬁtted, but is evidently
noisier. At the non-inverted station SSV2 the observed and synthetic data are of the same amplitude order.
As a whole, the results show that with these two stations the
standard polarity-unconstrained CMT inversion is physically
meaningful. Nevertheless, although the waveform ﬁt is very good
(VR is high), the solutions are not fully trustful because they contain
several polarity misﬁts and their DC% is relatively low (Fig. 5c).
These effects are due to limited accuracy of the velocity models and
presence of noise. It implies that the focal-mechanism determination needs an additional constraint.
Finally, it is also useful to demonstrate the two-station (CAN3
and BDFB) modeling with the strike/dip/rake angles kept ﬁxed at
the reference focal-mechanism solution (DC ¼ 100%). This kind of
modeling includes just optimization of the waveform match as
regards the centroid depth, time and moment. Compared to the
free inversion, the focal mechanism produces a worse waveform
match, see Fig. 5a,b; indeed, using velocity model Barros, variance
reduction decreases from 0.81 to 0.66. As already mentioned in

Fig. 6. First-motion focal mechanism solutions for six polarity sets of Table 1, reﬂecting effects of the velocity model. One polarity error is allowed. The non-uniqueness of the focal
mechanism is remarkable.
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Section 4, the reference solution fails in satisfying four polarities.
Therefore, applying a polarity constraint in the next section, even
lower VR can be expected.
Another notable (and rather general) feature is the considerably
stronger variation of the waveform correlation with the trial source
depth when the focal mechanism is kept ﬁxed; cf. Fig. 5c,d. The
explanation is simple: ﬁxing the mechanism removes its tradeoff
with the source depth. This is useful for resolving the centroid
depth when the used mechanism is estimated well. High correlations at the depth of 1.3 and 2.3 km represent a strong posterior
validation of the hypocenter location.
6. Waveform inversion with a prior polarity constraint
Six sets of takeoff angles (Table 1) have been employed to
calculate ﬁrst-motion focal mechanisms. The sets reﬂect the impact
of the uncertain velocity model upon polarity projection on focal
sphere. The FOCMEC code has been used allowing zero or
maximum one polarity error. The following numbers of the solutions have been obtained in the six sets: 5/138, 0/62, 0/76, 0/105, 0/
91, 28/636, while allowing for 0/1 error, respectively. The polarity
solutions allowing for one error are shown in Fig. 6. We have found:
(i) Although the polarities are relatively well azimuthally distributed, the focal-mechanism non-uniqueness in each set is large. (ii)
Set 6 (with four polarities discarded) is an extreme example of an
almost unconstrained solution. (iii) Effect of the velocity model,
seen in the variation between sets 1e6, is signiﬁcant.
Following the idea of CSPS method (Section 3), all polarity

solutions of each set are repeatedly used, and their ﬁxed strike/dip/
rake angles are employed in waveform inversion. In this way we try
to ﬁnd out subsets of the polarity solutions with a good waveform
ﬁt. Seismograms at CAN3 and BDFB stations are modeled in the
same frequency ranges as in the preceding section. Their joint
inversion for velocity model Barros is presented (using model
Soares the results are very similar). The inversion provides the
optimum centroid depth, centroid time and scalar moment (or
Mw). As before, station SSV2 is not inverted but its waveform ﬁt is
checked. The CSPS results for the six polarity sets e representing
the main result of this paper e are shown in Fig. 7.
The ﬁgure shows all acceptable solutions deﬁned by VR > 0.8
VRopt. Table 3 gives the best ﬁtting solutions (VRopt), and these are
identical for some of the sets. The results are quite interesting: In
spite of signiﬁcant differences between polarity solutions of sets
1e6 (in Fig. 6), the waveform inversion strongly prefers very similar
focal mechanisms (strike 248e259 , dip 47e59 , and rake
115e129 ). Their deviation from the reference solution (K-angle
31e45) is larger than in Section 5. All best-ﬁtting solutions prefer
the shallowest source depth (1.3 km). The same source-depth
preference holds for all acceptable solutions. Such a good depth
resolution is due to ﬁxing of the mechanisms, as already mentioned
in connection with Fig. 5c,d. The Mw of the best-ﬁtting solutions is
conﬁned to a narrow range of 4.3e4.4, as well as VRopt 0.59e0.63.
The waveform ﬁt is very similar to that shown in Fig. 5b.
The amazing similarity between the CSPS solutions for all six
polarity sets, including the almost unconstrained set 6, has a simple
interpretation: the two-station waveform constraint is quite strong

Fig. 7. Focal mechanisms obtained by two-station (CAN3 and BDFB) waveform inversion, pre-constrained by the ﬁrst-motion polarity sets 1 to 6, in which one polarity error is
allowed. All CSPS solutions with VR > 0.8 VRopt are shown by nodal lines, while the VRopt solution is shaded. Note the similarity of the solutions across the polarity sets. Crosses (x)
in set 6 denote the stations whose polarities were discarded.
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Table 3
Waveform inversion at two stations (CAN3 and BDFB) in model Barros, constrained by 11 polarities. Six sets of takeoff angles of Table 1 are used. The preferred solution is
shown in bold.
Takeoff angle set
1
2, 3, 5
4
6
a
b

Centroid depth (km)
1.3
1.3
1.3
1.3

Centroid timea(s)
0.84
0.96
1.02
0.84

Mw
4.3
4.3
4.3
4.4

Strike ( )
254
256
259
248

Dip ( )
47
54
59
50

Rake ( )
126
129
127
115

VRopt
0.59
0.60
0.62
0.63

K-angleb ( )
38
43
45
31

Stations with polarity misﬁt
RET2 (at nodal line)
RET2
RET2
RET2

Centroid time is expressed with respect to origin time.
Angular deviation from the reference solution.

(being related to the relatively low CN~5, documented in Section 5).
Fig. 7 as a whole can be considered as a ﬁnal result of the Mara Rosa
focal-mechanism determination, including the uncertainties.
All best-ﬁtting solutions of sets 1e6 are characterized by polarity misﬁt at same station (RET2), but the station is close to nodal
line. In particular, for set 1, station RET2 is just at the nodal line of
the best ﬁtting solution (strike/dip/rake ¼ 254 /47 /126 ). Therefore, if Fig. 7 has to be substituted by a concise representation, just
this solution is useful. Indeed, it can be considered as the preferred
mechanism, since it optimally balances the waveform and polarity
constraints. Its deviation from the reference solution is characterized by K-angle 38 . Note that the obtained waveform ﬁt is still
acceptable (VR 0.59), although lower than in Section 5 where the
waveforms were inverted without any polarity constraint. It is a
price we pay for the improvement of the polarity ﬁt and for strong
decrease of the solution non-uniqueness compared to Fig. 6.
7. Discussion
We have compared our calculations with the reference solution.
It is necessary to better explain how to understand the 38 departure of the preferred mechanism (strike/dip/rake 254 /47 /
126 ) from the reference (216 /49 /74 ). Recall that the reference
solution was previously obtained as a composite solution of the
Mara Rosa sequence, comprising the mainshock and aftershocks.
The existence of a composite solution (i.e. the fact that some solution could be found) indicates that the events have had similar
mechanisms, although not identical. The deviation of the individual
aftershock mechanisms from the reference solution (K-angle
19 e61 ) has already been demonstrated by Carvalho et al. (2015)
in their Fig. 7b. Therefore, the mainshock may also deviate from the
composite solution. Indeed, we found that 4 mainshock polarities
disagree with the reference solution. On the other hand we cannot
expect that the mainshock is completely different from the composite solution (e.g. being normal instead of reverse). In this light,
the obtained 38 difference is reasonable, and represents a physically interesting result. It implies that the mainshock can be characterized as oblique faulting, rather than pure thrust. Note that the
greater value of the rake angle compared to the reference value has
been already detected also for aftershocks by Carvalho et al. (2015).
The preferred mechanism can be also compared to the mechanism obtained by Barros et al. (2015) from a preliminary waveform
inversion: 228 /44 /70 . The solution did not combine waveforms
with polarities. The K-angle deviation of this solution with respect
to our preferred solution is 42 .
On several occasions we have mentioned that our knowledge of
the velocity structure of the studied region is limited. As such, adhoc velocity models derived for speciﬁc source-station paths may
facilitate the moment tensor inversion, as shown, for example, by
~o (2015). We have
Herrmann et al. (2011), or Dias and Assumpça
tested a velocity model provided with permission by F. Dias (PhD
thesis under preparation). It has been derived from Rayleigh and
Love wave dispersion (period range 5e45 and 10e25 s, respectively) along the path between epicenter and BDFB station. The

model is not much different compared to the other tested models,
e.g. model Barros, mainly except the topmost 3-km thick layer of a
somewhat lower velocity (Vp ¼ 5.61). This model is still under
development and that is why we comment on it only in discussion.
The model provided the following results: (i) the single-station
BDFB inversion of the SI type, i.e. without priority constraint, was
characterized by the largest VR value (0.96) among all tested
models, but the double-couple percentage was as low as 20%.
Nevertheless; that single-station mechanism (262 /55 /129 ) was
the closest to the preferred mechanism of this paper. (ii) When
using this ad-hoc velocity model for both source-station paths,
CAN3 and BDFB, and doing CSPS, the acceptable and best-ﬁtting
solutions were quite analogous to Fig. 7, which can be considered
as an independent support of our solution. However, VRopt is lower
with the ad-hoc model (0.53), because this model is not suitable for
CAN3. It indicates that if ad-hoc models would be derived for all
source-station paths, they could further improve the CMT resolvability (using the station-dependent velocity models supported in
ISOLA code).
As a part of general comments we should recall advantage of
broadband stations. Thanks to them we can make waveform
inversion at relatively distant stations. In the Mara Rosa earthquake
this was the favorable case of BDFB station (~240 km), modeled at
(0.05e0.125) Hz. Much less favorable was the short-period CAN3
station (0.1e0.2 Hz), although situated closer to the source.
The reader interested in similar applications elsewhere might
want to see how the CSPS approach would work if applied to single
station (-s). It is a legitimate concern because users might dispose
with many polarities, but just with a single station at the epicentral
distance enabling waveform modeling. Therefore we simulate such
a case by three times repeating tests like those of Fig. 7 (in velocity
model Barros), this time using each station individually: CAN3,
SSV2 and BDFB, see Figs. S1eS3 in the Electronic Supplement,
respectively. The ﬁrst and important observation is that when
keeping the former threshold VR > 0.8 VRopt, the number of
acceptable solution is much greater than in the two-station CSPS
approach, thus making plots quite unclear. Therefore, the present
single-station tests are performed with VR > 0.95 VRopt, and, for
reader's comfort, the former two-station (CAN3 and BDFB) inversion of Fig. 7 is repeated in Fig. S4 also with the 0.95 threshold.
The single-station CSPS tests yield the following results: (i) In
contrast to Fig. 7, the best-ﬁtting CSPS solutions (shaded) are no
more same for all six polarity sets e see, e.g., CAN3 with set 6, or
SSV2 with sets 1 and 2. (ii) The acceptable solutions are no more
clustered around the best-ﬁtting solutions; some nodal lines are
quite far from the shaded sectors. It is most clearly seen in the
weakly constrained set 6. (iii) We can even say that CSPS method
for set 6 lost the resolution. (iv) Although inverting a single
waveform, the waveform ﬁt is good only at station BDFB.
(VRopt ~ 0.8), while at CAN3 and SSV2 we get only ~0.5 and 0.6,
respectively. (v) The BDFB inversion is the most stable one because
it is a broadband station, and we were able to employ relatively low
frequencies.
These examples are a good illustration of the situations possibly
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encountered when user (studying some other event) can use just a
single station. The examples emphasize the role of multiple polarity
sets, introduced and frequently used in this paper. Indeed, instability of the CSPS solution across the polarity sets (seen both for CAN3
and SSV2 in Figs. S1 and S2) can be used by user as an indicator that
the single-station CSPS inversion may be inappropriate. Generally
speaking, single-station waveform inversions are always dangerous
(even when combined with polarities) and the cases when they
provide good focal mechanisms are always to be understood as
‘very favorable’.
A more advanced user of the method may be also interested in
the internal performance of the CSPS method. How efﬁciently the
waveforms eliminate non-uniqueness of the polarity solution? It is
illustrated in Fig. S5 related to the CSPS solution at CAN3 and BDFB
stations, using the polarity set 1. Shown in this ﬁgure is the variance
reduction for all nodal lines belonging to set 1 of Fig. 6. Most of the
solutions produce a very poor waveform ﬁt (low VR, blue color in
Fig. S5). Only few solutions have large VR, and that is why the CSPS
application to set 1 in Fig. 7 resulted in the very compact solution
family. The large-VR solutions clearly resolve Mw ~4.3, and strongly
prefer the ﬁrst trial source depth of 1.3 km.
8. Conclusion
A comprehensive analysis of the focal mechanism of the Mara
Rosa mainshock has been made. Solutions based on ﬁrst-motion
polarities, waveform inversion, and combined polarity-waveform
data were obtained. Now we summarize and compare these solutions with each other and also with the reference solution, previously calculated as composite solution of the mainshock and
aftershocks.
Determining the mainshock mechanism by the single-station
waveform inversion (standard ISOLA, SI-1, Table 2 and Fig. 3)
yields an unstable solution. Two stations (SI-2, Fig. 4) provide a
more reasonable solution if using velocity models Barros and
Soares. The mechanisms are close to the reference solution (Kangle
angle 17 and 11, respectively), and the waveform ﬁt is very good
(VR~0.8). However, the DC percentage is low (<60%), and three
(unambiguous) polarities are in error.
Determining the mainshock mechanism by ﬁrst-motion polarities only (Fig. 6), leads to a highly non-unique solution. Moreover,
the solution is uncertain thanks to possible variation of the takeoff
angles due to limited knowledge of the velocity model used to
project stations on the focal sphere (six polarity sets have been
discussed, Table 1). We recall that effects of the velocity model
upon takeoff angles are most signiﬁcant at epicentral distances
smaller than those where the Moho head wave is in the ﬁrst arrival
(in case of Mara Rosa at distances < 200 km).
Pre-constraining focal mechanisms by ﬁrst-motion polarities
and then doing two-station waveform inversion in model Barros
(CSPS method, Table 3) we obtain very similar solutions for all six
polarity sets (Fig. 7). In this sense, considering multiple polarity sets
has proven to be useful innovation, serving as a stability indicator.
Self-similarity of the solutions, all of which have presumably
DC ¼ 100%, includes their centroid depth (1.3 km), the strike/dip/
rake angles, Mw (4.3e4.4), and the same single polarity misﬁt
(station RET2, close to nodal line). Obviously, the joint polaritywaveform inversion CSPS yields a worse waveform match (VR
~0.6) than in the SI method. If the mainshock needs to be characterized by a single solution we prefer the mechanism with strike/
dip/rake ¼ 254 /47 /126 , having station RAT2 just at nodal line.
This solution deviates from the reference (composite) solution
(216 /49 /74 ) in terms of K-angle by 38 . Such a deviation is not
negligible, and represents an important improvement compared to
the characterization of the mainshock by the composite solution.

We believe that for the Mara Rosa mainshock, the CSPS approach
based on inverting waveforms at two stations is the most appropriate one, because the result successfully compromises ﬁrstmotion polarities with limited number of waveforms.
Geologically, despite typical difﬁculties of associating very
shallow earthquakes in stable continent interior with tectonic
structures, it is to emphasize that the Mara Rosa mainshock has the
same strike (254 ) as one of the two OOFs, calculated from aftershocks in Carvalho et al. (2015). This strike indicates a global relation of the Mara Rosa mainshock to the Transbrasiliano Lineament,
although, at closer look, there is a small deviation ~30 between the
OOF and TBL trends.
To illustrate problems possibly encountered by users of the
method elsewhere, when just a single station is available for the
waveform inversion by CSPS approach, such a case has been
imitated using the Mara Rosa data. To this goal the three stations
CAN3, SSV2, and BDFB, were used individually (Figs. S1eS3 of
Appendix A). It has been shown that the inversion is considerably
less well constrained, and the CSPS results vary with used polarity
sets. Such a variation may serve as an important indicator that the
single-station CSPS inversion is problematic. It again emphasized
the role of considering several polarity sets, suggested in the present paper.
The present paper can be understood as an example of a critical
analysis how to balance various constraints and assumptions
(waveforms, polarities) when limited data are available. The main
innovation has been the extension of the CSPS method by repeatedly using multiple ﬁrst-motion polarity sets, reﬂecting the takeoff
angle uncertainty in the available velocity models. The idea goes
back to Hardebeck and Shearer (2002), but in this paper it has been
linked, for the ﬁrst time, with the waveform inversion (through
CSPS). Although focused on a single event, we tried to emphasize
general methodical features to facilitate broad applications of the
CSPS method in various focal-mechanism studies of sparsely
recorded events.
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