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TheAim.

effective evaluation of viscoelastic responses

of anbitrarily stratified Earth models to surface loading

Physical Model

Maxwell viscoelastic pre-stressed saif-gravitating sphere,

compressible or incompressible

density go (r), elastic moduli u(r), A(r), K (r), viscosity n(r)

[Field Partial Differential Equations (PDES) |

equation with Maxwell o

) [V-75+f:| = T-[{(T*Kv-ul)]

Poisson equation

V- (Vi1 +4xGgpu) = 0

with u the displacement,

—_—>

Peltier, 1974

Normal Mode Approach

(after spherical harmonic decomposition + L aplace transform)

BOUNDARY VALUE PROBLEM IN r
parametrized by the Laplace variable s

3ryn(r,s) = An(r,s)yn(r,s)
where y (r, s) isa6-vector of spherical harmonic coefficients
of u, 1 and ~ inthe Laplace domain,
Anp(r,s) isa6x6 matrix,
nisthe spherical harmonic degree
TRADITIONAL SOLUTION

evaluation of asurface secular determinant  det M., (s),

andlytically (matrix propagators) or by numerical integration,

numerical solution (root-finding) of the secular equation

detMy(s) =0,

Discretization in Radius

‘multidomain Chebyshev staggered grids (see Figures)

high-order pseudospectral schemes for approximation
of y(t,r) and 9,y (t, r) [Fornberg, 1996]

ey

aytr) = ¥ Vv

y(t.r:) =

Stiff Integrators

Rosenbrock and pl

al., 1996]

taking into account the block diagonal structure of 2 and Q desirable
(see next panel)

‘marching in time linear with non-stiff integrators, exponentially
increasing with stiff integrators (see Figures)

‘ Block Diagonal Matrices P and Q.

For O,y =f(y), siffintegrators require evaluation of

(I-he)™?
For PO,Y = QY itisenoughto evaluate
(P nQ) "
where both P and Q take the form of ablock diagonal matrix

CMB conditions |5 oy,
eqnswithinlayer 1 {gex, 1)xan, 0
interfece conditionsbetween 1@ 2 o, + v

eanswithinlayer 2 [o(n, 1o
vy interface conditions between 2 and 3

h~ AL

ho~ A,

OiNar 1) x| CmSwithin layer A1

Highlights of the Method of Lines .

the Earth

tosurfaceloading in the form of the partial differential equation with

respect to time and radius,

by the matrix eigenvalue analyss (the EV/MOL approach),

of L densely and
models,

overcomes diffcuities with restricted time stepping of theinitial value
‘approach based on Rothe's method,

repaysby
advanced numerical procedures,

‘means of the multidomain Chebyshev decomposition.
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1 theincremental gravitational potential,

T theincremental Cauchy stress tensor,

361w | surface conditions

where M isatotal number of layers (domains) and

assuming non-degenerate real (and negative) rootsin the
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Laplace domain, exponential relaxation in time is obtained oo

E_ AV -ul + u(Vu+ vVu’),

-
f = Ve aiVgo V(eou Vo)
3

=/

-

Initial Value Approach by the
Method of Rothe (IV/MOR)

SEMI-DISCRETIZATION IN ¢
by Euler's scheme
i1 i

P ~ T
o T

o ryn(t,r) ™

I

INITIAL-BOUNDARY VALUE PROBLEM IN

v yir)
il — g

0yt () = Auyit () = ai(r)

with an explicit expression for qf, (r) a the time t*

J/

s

Eigenvalue Approach by the
Method of Lines (EV/MOL)

(equivalent to the IV/MOL approach)
GENERALIZED MATRIX EIGENVALUE PROBLEM

sPyY, = Q,Yn

STANDARD MATRIX EIGENVALUE PROBLEM

B.Y, = sY,

where P, Q,, B, = P;'Q,, are constant (6N')?-matrices,
eigenvalues (s, ;i = 1,..., N'} are approximations of inverse
relaxation (or growth) times
and eigenvectors { Y., ;} correspond to modal amplitudes

~

J/

s

‘ System of PDEsin Timet and Radiusr

(after spherical harmonic decomposition)

3 [0rynlter) = Anya(t.n)] = € [Dadryn(tr) + Buyatr)]

where

¥ (t,7) isa-vector of spherical harmoric coefficients
of u, T and g1,

A (r), Do(r), En(r) are 6x6 matrices constant in t,

n isthe spherical harmonic degree

Initial Value Approach by the
Method of Lines (IV/MOL)

SEMI-DISCRETIZATION IN 7

4

INITIAL VALUE PROBLEM IN ¢

PrdYalt) = Q,Yn(t)
alinear system of ordinary differential equations
where

Y. (t) isabN-vector of y(t,7;),j =1,...,N
P, Q, aeconstant (6N)2-matrices
N isanumber of grid points
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MODELS AND RESULTS

N isanumber of grid pointswithin the -th ayer.
AfatLy block diagona
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Homageneous Incompressible Sphere

1a) Plot of radial profiles of spherical harmonic coefficients for spherical

degreen = 2 of u, 1 and  from the elastic start (green) upto a
10° yr (blue) with (red)

in 100-yr intervals. Discretized n r s 1 domain (layer) with

20 Chebyshev grid points. Computed within 18 time steps, totel CPU

time less then 1 sec per spherical degree (Pentium 1 GH2).

The same (U2, V), but up to onse of unsable discretization mode:
after 107 yr. CPU time < 1 sec.

EVIMOL

modal
(red). CPU time < 3 secfor 20 grid layers.

Homogeneous Compressible Sphere:

2) ig. 1b), but for

up toonly
5.10% yr. Revealesthe fast onset of an unstable Rayleigh-Taylor mode
(growth time ~ 16 kyr)

5-layer Incompressible Earth Model

3a) A model of abenchmark series by Kaufmann et al. (unpublished) called

earth-1-a core, LM, UM and alithosphere). 4 domains.

b) Timeevolution of surface load Love numbers up to 10° yr. CPU time
for computing for degr
grid points amountsto 20s.

PREM Model with the Asthenosphere.

4 A densdly stratified PREM-based model with = 102 Pasin LM,
10%! Pas, the 100-km asthenosphere with 10 Pas and the 120-km
With theCPU
requires 10 sec for computing relaxation for first 10° yr.

Fig.1bc,2ab

Fig.3abc
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