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[1] We analyze the Venusian geoid and topography to determine the relative importance
of isostatic, elastic and dynamic compensation mechanisms over different degree ranges.
The geoid power spectrum plotted on a log-log scale shows a significant change in its
slope at about degree 40, suggesting a transition from a predominantly dynamic
compensation mechanism at lower degrees to an isostatic and/or elastic mechanism at
higher degrees. We focus on the dynamic compensation in the lower-degree interval. We
assume that (1) the flow is whole mantle in style, (2) the long-wavelength geoid and
topography are of purely dynamic origin, and (3) the density structure of Venus’ mantle
can be approximated by a model in which the mass anomaly distribution does not
vary with depth. Solving the inverse problem for viscosity within the framework of
internal loading theory, we determine the families of viscosity models that are
consistent with the observed geoid and topography between degrees 2 and 40. We
find that a good fit to the data can be obtained not only for an isoviscous mantle
without a pronounced lithosphere, as suggested in some previous studies, but also for
models with a high-viscosity lithosphere and a gradual increase in viscosity with depth in
the mantle. The overall viscosity increase across the mantle found for the latter group of
models is only partially resolved, but profiles with a �100-km-thick lithosphere and a
viscosity increasing with depth by a factor of 10–80, hence similar to viscosity profiles
expected in the Earth’s mantle, are among the best fitting models.
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1. Introduction

[2] Two potentially important sources of information
about the internal structure and dynamics of planetary
bodies are the geoid and topography. A number of efforts
have been made to explain the relationship between these
data sets for Venus, either using the concept of isostasy
[e.g., Bowin, 1983; Smrekar and Phillips, 1991; Kucinskas
and Turcotte, 1994; Arkani-Hamed, 1996], elasticity [e.g.,
Sandwell and Schubert, 1992; Johnson and Sandwell, 1994;
Barnett et al., 2002], or within the framework of internal
loading theory [e.g., Kiefer et al., 1986; Herrick and
Phillips, 1992; Simons et al., 1994] and thermal-convection
modeling [e.g., Kiefer and Hager, 1991a, 1992; Moresi and
Parsons, 1995; Ratcliff et al., 1995; Solomatov and Moresi,
1996; Kiefer and Kellogg, 1998; Dubuffet et al., 2000].
Such studies have been carried out both regionally [Herrick
et al., 1989; Smrekar and Phillips, 1991; Grimm and

Phillips, 1991, 1992; Phillips, 1994; Moore and Schubert,
1995] and globally [Kiefer et al., 1986; Simons et al., 1994;
McKenzie, 1994; Smrekar, 1994; Arkani-Hamed, 1996;
Simons et al., 1997], with the aim of determining which
topographic features are maintained by forces within the
lithosphere, and which require dynamic support from the
deeper mantle. Some of the above studies have also pro-
vided estimates of the average thickness of the thermal
boundary layer on Venus, with values ranging between a
few tens of kilometers up to 300 km.
[3] In the present paper, we analyze the relationship

between the geoid and topography on Venus over a global
scale, examining the relative importance of three end-
member compensation mechanisms: Airy isostasy, elasticity
and mantle flow driven by internal loads. As demonstrated
in previous studies [e.g., Simons et al., 1997], there is a high
correlation between the geoid and topography of Venus,
with a large admittance at low degrees that decays rapidly
with increasing degree. Such behavior cannot be explained
by a simple Airy model with a single depth of compensation
[Kiefer et al., 1986; Arkani-Hamed, 1996; Simons et al.,
1997]. Elastic flexure is potentially important on a regional
scale [e.g., Barnett et al., 2002], but its role at long wave-
lengths is probably limited. In the present paper, we first
reexamine the applicability of the Airy isostatic and elastic
mechanisms on a global scale, and compare our results with
previously published studies. Our focus will then turn to the
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importance of dynamic mantle processes for lower-degree
observations. This will allow us to place some constraints
on the mantle viscosity structure of Venus, one of the
planet’s least-known characteristics.
[4] Our work is motivated by similar efforts that have

been carried out for the Earth [e.g., Hager and Clayton,
1989; Ricard et al., 1993; Forte et al., 1994; King, 1995a;
Čadek and Fleitout, 1999]. It has been shown that the
Earth’s geoid at low degrees is dynamic in origin [Ricard
et al., 1984; Richards and Hager, 1984]. Our understanding
of the relationship between the long-wavelength nonhydro-
static geoid and the dynamic processes in the mantle has
been facilitated by seismic tomographic imaging that pro-
vides important information about the internal structure of
the Earth [e.g., van der Hilst et al. 1997; Bijwaard et al.,
1998; Montelli et al., 2004]. The analysis of the observed
geoid in conjunction with seismic tomographic information
allows constraints to be placed on the viscosity variations in
the Earth’s mantle, and the style of mantle convection in
general [e.g., Ricard et al., 1993; Le Stunff and Ricard,
1997; Čadek and Fleitout, 2003]. The mantle flow also
deforms the surface of the Earth and thus contributes to its
long-wavelength surface topography. However, the inter-
pretation of the observed topography is difficult since most
of it is related to the isostatic compensation of continental
lithosphere (for further discussion of the dynamic topogra-
phy on the Earth, see e.g., Colin and Fleitout [1990], Gurnis
[1990], Forte et al. [1993b], Le Stunff and Ricard [1995],
Čadek and Fleitout [1999, 2003], and Panasyuk and Hager
[2000]).
[5] Unfortunately, there is no seismological information

about the internal structure of Venus. To overcome the lack
of such data, we must adopt several simplifications. First,
we will assume that the observed long-wavelength geoid
and topography are of a purely dynamic origin at low
degrees. In other words, we will assume that the long-
wavelength geoid on Venus has a similar nature to the Earth.
In contrast to the Earth, however, we will also assume that
the long-wavelength surface topography is maintained dy-
namically. This assumption is motivated by the high values
of admittance at low degrees and justified by the presumed
absence of plate tectonics, and the probable lack of Earth-
like continents on Venus. Second, we assume that the lateral
distribution of mass anomalies in Venus’ mantle does not
change with depth. In other words, we will use a density
model averaged between the surface and the core-mantle
boundary. This is clearly an oversimplification, but we
should remember that the order of this simplification is
similar to that for the case of Airy isostasy where all density
anomalies within the lithosphere are approximated by a
surface mass located at a single depth. Moreover, if plumes
play an important role in the mantle dynamics of Venus, as
has been suggested by some authors [e.g., Phillips et al.,
1991; Bindschadler et al., 1992; Kiefer and Hager, 1992;
Phillips and Hansen, 1998; Vezolainen et al., 2004], then
the effect this assumption has on our final results may not be
too significant.
[6] In contrast to previous works [e.g. Kiefer et al., 1986],

we will also test models with a stiff lithosphere, and in
addition will examine the effect of two prominent topo-
graphic features, Ishtar Terra and Aphrodite Terra, on the
solution of the inverse problem. On the basis of these

analyses, we will (1) determine whether a dynamic model
can explain the observed geoid and topography at lower
degrees and (2) infer a family of viscosity profiles that are
compatible with the long-wavelength geoid and topography
on Venus.
[7] We proceed as follows. In section 2, we compare and

contrast the geoid and topography fields of Venus with
those of the Earth. Then in section 3, we reexamine the
applicability of simple Airy isostatic and elasticity models
to explain the relationship between the geoid and topogra-
phy. In section 4, we present a dynamic model of the long-
wavelength geoid and topography of Venus, and attempt to
infer feasible mantle viscosity profiles. The plausibility of
the dynamic model and the inferred viscosity profiles is
discussed in section 5 where we also give a summary of our
findings. The formulas required for the spectral analysis and
an assessment of the consequence of our assumption of
depth-independent density anomalies are provided in the
appendices.

2. Geoid and Topography of Venus

[8] The input data of this study are spherical harmonic
models of the Venusian geoid and topography, namely the
geoid model MGNP180U [Konopliv et al., 1999] and the
topography model shtjv360.a02 [Rappaport et al., 1999]
(available at http://pds-geosciences.wustl.edu). These mod-
els were originally provided up to spherical harmonic
degree 180 (geoid) and 360 (topography). In the present
study, we will only employ them up to degree 90 because of
potentially large uncertainties in determining the geoid
coefficients at higher degrees (see Figure 6 in Konopliv et
al. [1999]). Over this spectral interval (‘ = 2–90), the new
models do not differ significantly from earlier models of the
Venusian topography and geoid [Konopliv and Sjogren,
1994; Rappaport and Plaut, 1994], whose properties, in-
cluding their relationship to Venus’ surface tectonics, have
been extensively discussed in the literature [e.g. Simons et
al., 1997].
[9] The power spectra of the geoid of Venus and the Earth

are compared in Figure 1 (for the definition of the spectra,
see Appendix A). The decay of the power of the Venusian
geoid with increasing degree is similar to that observed for
the Earth (Figure 1a). However, in contrast to the Earth, the
Venusian geoid shows a smaller amplitude at degree 2 and
higher amplitudes in the intermediate-degree range (‘ =
8–30). To a first approximation, the power spectrum, S‘,
decays with degree ‘ in a power law manner,

S‘ � ‘b; ð1Þ

where b = �3.03 over the degree range 2–90. However, a
more detailed analysis shows that the decay is not uniform,
but can be divided into three intervals (Figure 1b) with
logarithmic slopes of �1.81 (‘ = 2–9), �3.80 (10–40) and
�1.82 (41–90). The change in the slope around degree 10
remains significant even if the anomalous degree 2 is
excluded from the analysis, resulting in the slopes for the
first two intervals being now �2.48 for ‘ = 3–11 and �3.89
for ‘ = 12–40. The changes in the slope may be an
indication that different mechanisms are responsible for the
generation of the geoid at different wavelengths. For the
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case of the Earth (Figure 1c), the slope of the spectrum
changes at around degrees 10 and 30 [Čı́žková et al., 1996].
It has been shown that the Earth’s geoid at the lowermost
degrees is predominantly generated by flows in the deep
mantle [Ricard et al., 1984; Richards and Hager, 1984].
Lithospheric contributions dominate the geoid signal above

degree 30, while for ‘ between 10 and 30, both dynamic and
lithospheric contributions may be important [LeStunff and

Ricard, 1995; Kido and Čadek, 1997]. The question
therefore arises as to whether the changes in slope found
in the Venusian geoid spectrum can be interpreted in a
similar manner. It is tempting to speculate that the Venusian
geoid is of a purely dynamic origin at low degrees and of a
predominantly lithospheric origin above degree �40. One
must, however, keep in mind that the slope of the spectrum
may be influenced by the damping applied during the
construction of the spherical harmonic model. The shape of
the power spectrum and other spectral characteristics (see
Figure 2, discussed below) indeed indicate that the
regularization and data uncertainties may have influenced
the spherical harmonic coefficients at degrees higher than
�90. It is not fully clear, however, how much the lower-
degree coefficients are affected.
[10] The topography of Venus is significantly smaller

than that of the Earth. As illustrated in Figure 2a, the total
power of topography is approximately 3 times smaller on
Venus than on the Earth. Since the geoid anomalies on both
planets are comparable in magnitude, the admittance ratio
(equation (A9)) is significantly higher for Venus than for the
Earth (Figure 2b). Note that the slope of the admittance
curve changes sharply at degrees 40 and 90. While the
change around degree 90 may be an artifact associated with
the construction of the spherical harmonic models, the
change of slope at degree 40 probably reflects a transition
between two different mechanisms generating the gravity
field of Venus. The topography on Venus is well correlated
with the geoid (Figure 2c) up to degree �100, after which
the slope of the correlation curve changes, such that by
degree 150 it falls below the 95% confidence level. Unlike
for the Earth, the correlation is also significant at lower
degrees (‘ � 3). The low correlation between the geoid and
topography at low degrees for the Earth is usually attributed
to the continents, which contribute the most to the long-
wavelength topographic signal, but induce negligible undu-
lations in the low-degree geoid since they are very close to
isostatic equilibrium. The long-wavelength geoid is thus
mostly related to the dynamic processes driven by density
anomalies in the deep mantle [Ricard et al., 1984; Richards
and Hager, 1984]. For Venus, the significant correlation
between the geoid and topography at low degrees, together
with a relatively high admittance ratio, may indicate that a
significant portion of the long-wavelength topography has a
dynamic origin.

3. Airy Isostasy and Elastic Flexure

[11] The concept of isostasy is based on the assumption
that the lithostatic pressure at some depth, usually called the
depth of compensation, is laterally homogeneous. In other
words, at any point (#, ’) it holds thatZ aþt #;’ð Þ

a�d

r r; #; ’ð Þr2dr ¼ const:; ð2Þ

where a is the mean radius of the planet, d is the depth of
compensation, t is the topographic height at a point (#, ’)
relative to the mean radius of the planet and r is the density.
Since the density structure of Venus is poorly known,

Figure 1. (a) Comparing the geoid power spectra of Venus
and Earth. For the normalization of the spectra, see
Appendix A. The vertical dashed line marks the upper
bound of the spectral interval considered in the present
paper (‘max = 90). (b) Power spectrum of Venus’ geoid. The
decay of the spectrum can be approximated by three linear
segments of different slopes b (equation (1)). (c) The same
as Figure 1b but for the Earth’s nonhydrostatic geoid.
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equation (2) is usually written in the simplified form
corresponding to the standard Airy isostatic model
[Lambeck, 1988]. For any degree ‘ > 0, equation (2) can
be rewritten in the following form:

rst‘ma
2 þDrw‘m a� dADCð Þ2¼ 0; ð3Þ

where rs is the density of surface rocks, t‘m is the spherical
harmonic coefficient of the surface topography, w‘m is the
spherical harmonic coefficient of the topography of a
density interface located at a depth dADC, also often termed
the apparent depth of compensation (ADC), and Dr is the
density contrast across this interface. The value of dADC is
usually interpreted as the crustal thickness. In equation (3),
the depth-dependent density r in the integrand of equation
(2) has been replaced by the masses rst‘m and w‘mDr,
approximating the real topographic anomalies. The geoid
anomalies h induced by such an isostatically compensated
system only depend upon the density rs and the apparent
depth of compensation dADC [Lambeck, 1988],

h‘m ¼ 4paGrs
g0 2‘þ 1ð Þ 1� a� dADC

a

� �‘
" #

t‘m; ð4Þ

where G is the gravitational constant and g0 is the mean
value of gravitational acceleration on the surface. The
simple relationship between the geoid and the depth of
compensation has been used in a number of studies that
aimed to determine whether a single value of dADC can
explain the observed geoid over the whole degree range
available [Kiefer et al., 1986; Arkani-Hamed, 1996; Simons
et al., 1997]. We will repeat this inversion for the most
recent models of Venus’ geoid and topography now
available. We assume that rs = 2900 kg m�3, and determine
the value of dADC that best predicts the observed geoid for
each degree. The inverse problem is formulated as a degree-
by-degree minimization of the misfit

M iso
‘ dADCð Þ ¼

X‘

m¼�‘

jhobs‘m � h
pred
‘m dADCð Þj2; ð5Þ

where h‘m
obs and h‘m

pred are the spherical harmonic coefficients
of the observed geoid and the geoid predicted for the
apparent depth of compensation dADC, respectively. To
determine h‘m

pred, we use equation (4). This equation does not
include the viscous adjustment due to self-gravitation that
was considered by Kiefer et al. [1986]. We note, however,
that the results of this inversion do not differ significantly
from those that would be obtained if the effect of self-
gravitation were taken into account.
[12] The optimum values of ADC as a function of

degree ‘ obtained by the minimization of equation (5) are
presented in Figure 3a. These results are generally in
agreement with similar, previously published analyses
[Kiefer et al., 1986; Arkani-Hamed, 1996; Simons et al.,
1997]. We therefore conclude that the geoid and topo-
graphic data in the spectral interval under consideration
are inconsistent with a single ADC. This is most apparent
between degrees 2 and 40, where a gradual decrease in the
ADC is observed, from a value greater than 200 km at
degree 3 to less than 50 km for ‘ > 35. From degree �40,
the ADC values stabilize and more or less randomly vary
between 25 and 50 km. The geoid spectrum can therefore be
divided into two parts. The first corresponds to degrees 2–40,
where the geoid signal cannot be explained by an Airy

Figure 2. (a) Comparing the power spectra of the
topography of Venus and the equivalent-rock topography
of Earth. (b) The admittance ratios (equation (A9)) for
Venus and Earth. (c) Degree-by-degree correlation
(equation (A6)) between the geoid and topography for
Venus and Earth. The dotted line marks the 95% confidence
level (equation (A7)).
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isostasy model with a single ADC. The second part (‘ > 40)
suggests that an Airy isostatic model with dADC = 35 km is a
feasible explanation for a significant part of the geoid signal at
higher degrees.
[13] As mentioned in the introduction, a number of

studies have attempted to explain the relationship between

the geoid and topography using the concept of an elastic
lithosphere [e.g., Sandwell and Schubert, 1992; Johnson
and Sandwell, 1994]. Barnett et al. [2002] estimated the
elastic lithosphere thickness for profiles across various
locations on Venus corresponding to different geological
features, and found that a value of 25 km fits almost all
observed profiles within uncertainty for a crustal thickness
of 16 km. They also found that this result was only weakly
dependent upon crustal thickness, with elastic thickness
varying by only 5 km when crustal thickness was increased
to 25–30 km. We will now consider the effect of elasticity
on the relationship between the geoid and topography over a
global scale, using a similar spectral technique as applied to
the isostatic case. We use the formula for the deformation of
a thin spherical shell derived by Turcotte et al. [1981]. First,
we rewrite equation (3) for the Airy isostasy in the more
general form,

C‘rst‘ma
2 þDrw‘m a� dADCð Þ2¼ 0; ð6Þ

where C‘ is the degree of compensation at degree ‘ (0 	
C‘ 	 1). If the lithosphere is rigid, the deflection w due to
the surface topographic loading is zero and C = 0. In
contrast, if the lithosphere has no strength, C = 1, and
equation (6) reduces to simple Airy isostasy. For the case
where the lithosphere is elastic, we can calculate Cl using
formula (27) of Turcotte et al. [1981]. This formula takes into
account both flexural and membrane stresses and is
especially useful for bodies with a smaller radius, such as
Mars, where the role of membrane stress is larger [Turcotte et
al., 1981, 2002]. For Venus on the other hand, due to its larger
radius, membrane stresses are not so important, and we find
that C‘ is greater than 0.9 between degrees 2–40 for the
elastic lithosphere thickness of 25 km found by Barnett et al.
[2002] (Figure 3b). This means that at low degrees, the effect
of an elastic lithosphere of this thickness would not differ
much from pure Airy isostasy.
[14] Using equation (6) instead of (3) and replacing dADC

by a crustal thickness Tc, we can modify equation (4) to
obtain the formula for the geoid heights induced by surface
topography t for the case of an elastic lithosphere thickness
Te [cf. Turcotte et al., 1981]:

h‘m ¼ 4paGrs
g0 2‘þ 1ð Þ 1� C‘ Teð Þ a� Tc

a

� �‘
" #

t‘m: ð7Þ

Applying equation (7) and following a similar inverse
procedure as for isostasy, we determine the optimum
thickness of the elastic lithosphere degree by degree. We
use the same elastic parameters as Barnett et al. [2002], and
consider three different values of Tc: 15 km (close to the
16 km used by Barnett et al. [2002]), 30 km and 50 km. The
results of this inversion are shown in Figure 3c, where we
find that, as with the isostatic results, no single value of Te is
optimal between degrees ‘ = 2 and 40, with values
becoming more or less consistent for ‘ > 40. The most
consistent solution for degrees ‘ > 40 is found for Tc =
15 km, with Te ranging between 10 and 30 km, which is
close to the result of Barnett et al. [2002]. We therefore
conclude that the purely isostatic and elasticity end-member
compensation mechanisms cannot explain the observed
geoid and topography at low degrees (‘ < 40). This now

Figure 3. (a) The apparent depth of compensation dADC of
the surface topography on Venus as a function of spherical
harmonic degree ‘. (b) The degree of compensation for an
elastic lithosphere of various thicknesses. (c) The optimum
elastic lithosphere thickness as a function of spherical
harmonic degree ‘ computed for three values of crustal
thickness Tc.
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leads us to the next section where we apply a dynamic
mechanism of compensation.

4. Dynamic Model of Venus’ Geoid and
Topography

[15] In our analysis of the forces maintaining surface
topography, we have so far neglected the stresses due to
viscous flow in the mantle. We have seen, however, that
such simple models cannot account for the observed geoid
and topography at degrees lower than �40. In this section,
we propose an alternative interpretation of the low- and
intermediate-degree geoid and topography on Venus, based
on mantle flow modeling.
[16] In a viscous mantle, density heterogeneities induce

flow. The stresses arising from this flow deform all density
interfaces, most importantly the surface and the core-mantle
boundary. The gravitational signal due to mantle hetero-
geneities is therefore a superposition of the contributions
from the density anomalies themselves and from the defor-
mation of boundaries, or dynamic topographies, associated
with the induced flow [Richards and Hager, 1984; Ricard et
al., 1984]. The deformation of the density interfaces, that is
the shapes and amplitudes of the dynamic topographies,
strongly depend upon how the viscosity varies with depth.
Predicting the geoid of a dynamic planet therefore requires
knowledge of the density and viscosity structure of its
mantle. Vice versa, if the geoid is known and an a priori
density model is available, variations of viscosity with depth
can be estimated from inverse modeling [e.g., Hager and
Clayton, 1989; Ricard et al., 1993; Forte et al., 1994; King,
1995a; Čadek and Fleitout, 1999].
[17] The major problem in interpreting the Venusian data

in terms of a mantle flow model is the absence of informa-
tion about the planet’s internal density structure. To avoid
this problem, some authors have studied the relationship
between the topography and geoid of Venus in a self-
consistent manner, using numerical simulations of thermal
convection [e.g., Kiefer and Hager, 1991a, 1992; Moresi
and Parsons, 1995; Ratcliff et al., 1995; Solomatov and
Moresi, 1996; Kiefer and Kellogg, 1998; Dubuffet et al.,
2000], while others have considered simplified (depth-
independent) or synthetic (random) density distributions
[Kiefer et al., 1986; Herrick and Phillips, 1992; Simons et
al., 1994] and analyzed the geoid and topography within the
framework of internal loading theory. In this work, we will
use the latter approach and will attempt to infer a simple
model of the density and viscosity structure of Venus’
mantle that can explain the observed geoid and topography
at low and intermediate (‘ < 40) degrees. We will assume
that (1) the geoid and topography in this degree range are of
a purely dynamic origin, and (2) the distribution of the mass
anomalies does not vary with depth. We will furthermore
assume that (3) the mantle material is incompressible,
(4) obeys theNewtonian constitutive law, (5) viscosity is only
radially dependent, and (6) both the surface and the core-
mantle boundary can be treated as free-slip boundaries. As
discussed in the introduction, the assumption of depth-
independent mass anomalies is clearly an oversimplifica-
tion, although it may not be too far from reality. As has been
shown for the Earth, the most significant upwellings and

downwellings, namely plumes and slabs, penetrate the man-
tle more or less vertically [e.g.,Grand, 1994; Bijwaard et al.,
1998; Montelli et al., 2004], suggesting that our depth-
independent density model may be a reasonable first approx-
imation. Moreover, if plumes play an important role in the
mantle dynamics of Venus, as suggested by some authors
[e.g., Phillips et al., 1991; Bindschadler et al., 1992; Kiefer
and Hager, 1992; Phillips and Hansen, 1998; Vezolainen et
al., 2004], the effect such an assumption has on our final
results may not be too significant. A test of the validity of this
assumption employing tomographic information about the
Earth’s mantle is given in Appendix B.
[18] We formulate the inverse problem as a minimization

of the misfit function Mdyn, defined as

Mdyn h; dmð Þ ¼
X40
‘¼2

M
dyn
‘ h; dmð Þ; ð8Þ

where

M
dyn
‘ h; dmð Þ ¼

X‘

m¼�‘

jhobs‘m � h
pred
‘m h; dmð Þj2

h

þl‘jtobs‘m � t
pred
‘m h; dmð Þj2

i
: ð9Þ

In equation (9), h‘m
pred and t‘m

pred denote the spherical harmonic
coefficients of the geoid and topography predicted for a
viscosity structure h and mass anomalies dm. The weighting
factor l‘ is chosen such that both terms on the right-hand
side of equation (9) are equally important and is expressed
as

l‘ ¼
X‘

m¼�‘

jhobs‘m j2=
X‘

m¼�‘

jtobs‘m j2: ð10Þ

In other words, we search for a density and viscosity
structure that satisfies the assumptions described above and
predicts the geoid and topography that are as close as
possible to the observed ones in the sense of the norm given
by equations (8)–(10). The summation in equation (8) is
considered up to degree 40. This value is chosen to be
roughly in agreement with the results presented in sections 2
and 3 (see Figures 1b, 2b and 3a). We note that the exact
value of the cutoff degree is not important, since the same
results are essentially obtained for any cutoff degree close
to 40.
[19] Since the power of the geoid decays with increasing

degree, the minimization of Mdyn will mainly take into
account the behavior of the geoid and topography at lower
degrees. To examine the impact of higher-degree terms on the
inversion solution, we will also use a misfit function in which
the geoid is replaced by the free-air gravity [Forte et al.,
1994]. This function can easily be derived from equation (8)
by multiplying M‘

dyn by a factor (g0/a)
2(‘ � 1)2,

Mdyn
gr h; dmð Þ ¼ g0=að Þ2

X40
‘¼2

‘� 1ð Þ2 Mdyn
‘ h; dmð Þ: ð11Þ
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Although the predicted geoid and topography are nonlinear
functions of h, their dependence on dm is linear, which
implies that they can be expressed in terms of response
functions [e.g., Ricard et al., 1984; Hager and Clayton,
1989]. Since dm does not depend on radius and h = h(r), we
can write

h
pred
‘m ¼ dm‘mH‘ h rð Þð Þ ð12Þ

t
pred
‘m ¼ dm‘mT ‘ h rð Þð Þ; ð13Þ

where the response functions H‘ and T ‘ only depend on h,
and can be determined by solving the Stokes equation
together with the Poisson equation degree by degree for
fixed dm‘0 = 1 and an appropriate viscosity profile. For
details of the internal loading theory, the reader is referred to
the extensive literature [e.g., Ricard et al., 1984; Hager and
Clayton, 1989; King, 1995b].
[20] The sensitivity of the geoid and topography predic-

tions to the defined viscosity profile is illustrated in Figure 4,
whereH‘, T ‘ and the ratio H‘/T ‘ are plotted as functions of
degree ‘ for four different viscosity profiles. Note that the
sensitivity of the response functions to viscosity structure
decreases with increasing degree. This means that the
geoid and topographic data in the transitional degree range
(‘ greater than �30), which may partly be of a nondynamic
origin, play only a minor role in searching for the viscosity
profile that minimizes Mdyn andMgr

dyn. At the same time, one
can see that our dynamic model cannot properly explain the
admittance observed in this degree range (compare
Figures 2b and 4c). While the observed admittance at the
transitional degrees is about 5 m km�1, our dynamic models
converge to a value of H‘/T ‘, which is approximately twice
as large.
[21] Using equations (9), (12) and (13), equation (8) can

be rewritten in the form

Mdyn h; dmð Þ ¼
X40
‘¼2

X‘

m¼�‘

jhobs‘m � dm‘mH‘ hð Þj2
h

þl‘jtobs‘m � dm‘mT ‘ hð Þj2
i
: ð14Þ

If the viscosity profile, h, is fixed, we can easily find the
mass anomaly coefficients that yield the minimum misfits
Mdyn. By solving the equation @Mdyn/@(dm‘m) = 0, we
obtain

dm‘m ¼ H‘h
obs
‘m þ l‘T ‘t

obs
‘m

H2
‘ þ l‘T 2

‘

: ð15Þ

Substituting equation (15) into (14) results in Mdyn being a
function of only viscosity,

Mdyn hð Þ ¼
X40
‘¼2

l‘

H2
‘ þ l‘T 2

‘

X‘

m¼�‘

jhobs‘m T ‘ hð Þ � tobs‘m H‘ hð Þj2; ð16Þ

Figure 4. (a) The geoid response functionH‘ (equation (12))
as a function of degree ‘ for different viscosity profiles.
(b) The same as Figure 4a but for the topography re-
sponse function T ‘ (equation (13)). (c) The ratio of the
geoid and topography response functions as a function of
degree ‘. The viscosity models tested are an isoviscous
model and three models with hUM = 0.01hlith and hLM =
30 hUM (UM, upper mantle; LM, lower mantle) differing in
the thickness of the lithosphere and the depth of the upper/
lower mantle boundary (for the values of these parameters
in kilometers, see the legend in Figure 4a).
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and analogously for the free-air gravity:

Mdyn
gr hð Þ ¼ g0=að Þ2

X40
‘¼2

l � 1ð Þ2l‘

H2
‘ þ l‘T 2

‘

�
X‘

m¼�‘

jhobs‘m T ‘ hð Þ � tobs‘m H‘ hð Þj2: ð17Þ

Although Mdyn and Mgr
dyn depend on viscosity in a nonlinear

way, finding their minimum is straightforward, especially if
the number of parameters characterizing the viscosity model
is relatively small. In this study, the viscosity structure is
parameterized in terms of n layers of constant viscosity.
Since the geoid and topography are only sensitive to relative
changes of viscosity [Hager and Clayton, 1989], the total
number of parameters characterizing the viscosity model is
2n � 2, where n � 1 parameters describe the relative
viscosity and the same number of parameters is needed to
specify the positions of interfaces between the layers. To
find the minimum of Mdyn(h) and Mgr

dyn(h), we have applied
the technique of a systematic exploration of the model space
for n 	 4 and a Monte-Carlo method for n � 5. These
global techniques have allowed us to map the whole model
space and to estimate the sensitivity of the solution to
individual parameters.
[22] The misfit functions, Mdyn and Mgr

dyn, obtained for a
two-layer model, are presented in Figure 5 as a function of
the viscosity contrast and the depth of the interface between
the layers. The misfit is expressed in m2 for the geoid and in
mgal2 for the free-air gravity. To obtain an estimate of the
mean accuracy of the geoid or free-air gravity predictions,
we can replace the misfit M by an average value

ffiffiffiffiffiffiffiffiffiffiffiffi
M=8p

p
(note that, according to equations (8)–(10), the gravitational
signal represents only one half of the misfit). For example, a
misfit of 2500 m2 means that the average difference
between the observed and predicted geoids is 10 m. In
spite of some differences, both the geoid and gravity data
prefer models with a weak decrease in viscosity with depth
(hLM/hUM � 0.3). However, such a viscosity profile would

be unrealistic, since the effect of increasing pressure with
depth should cause an increase, not a decrease, in viscosity.
The other possible interpretation of this result is that the
more viscous top layer corresponds in reality to a very thick
thermal boundary layer [e.g., Parmentier and Hess, 1992;
Turcotte, 1995; Moresi and Solomatov, 1998; Vezolainen et
al., 2004]. We note that the results shown in Figure 5 are in
agreement with the first inferences of viscosity from the
Venusian geoid [Kiefer et al., 1986] that suggested only
small changes in viscosity with depth in the mantle of
Venus.
[23] The main drawback of the two-layer model is the

absence of a lithosphere, a highly viscous thermal boundary
layer common to convecting systems with a temperature-
dependent viscosity. As the next step, we investigate vis-
cosity models with a highly viscous upper layer and another
two layers that correspond approximately to the upper and
lower mantles. The relative viscosity, hlith, of the first layer
is fixed at a value of 1. The upper and lower mantle
viscosities, hUM and hLM, respectively, are assumed to be
smaller than hlith. The values of hUM and hLM are set to vary
by 5 orders of magnitude, i.e., from 10�5 to 1, and both
increasing (hUM 	 hLM) and decreasing (hUM > hLM)
viscosity-with-depth options are considered. The base of
the lithosphere is expected to be located within a depth
interval of 20–500 km, while the depth of the interface
between layers 2 and 3 is varied from 500 to 2500 km
depth. The results of the inversion, again obtained by a
systematic exploration of the model parameter space, are
illustrated for three selected lithosphere thicknesses in
Figures 6 and 7.
[24] Figure 6 shows the misfit functions Mdyn and Mgr

dyn

obtained for hUM = 0.01hlith as a function of the depth of
interface between the upper and lower mantle and the
viscosity contrast hLM/hUM. Since no minimum is found
for hLM/hUM < 1, only results from models with increasing
viscosity with depth are presented. The top, middle and
bottom panels correspond to lithosphere thicknesses of 100,
200 and 300 km, respectively. Figure 7 is the same as

Figure 5. (left) The misfit function Mdyn (equation (16)), obtained for a two-layer model of Venus. The
misfit (in m2) is shown as a function of the depth of the interface and the viscosity contrast between the
layers. (right) The same, but for the misfit function Mgr

dyn (equation (17)) in mgals2.
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Figure 6, but for hUM = 0.001hlith. Although the minimum
values of Mdyn and Mgr

dyn in Figures 6 and 7 do not differ
much from those shown in Figure 5, the best predictions of
the geoid and topography are obtained for viscosity profiles
that are significantly different from those inferred using a
two-layer model. That is, the optimum three-layer viscosity
models show increasing viscosity with depth, not decreas-
ing. The minimum misfit values correspond to viscosity

increases ranging from 10 to 40, with the larger values
obtained for models with a thicker lithosphere. It is obvious
from Figures 6 and 7 that the inversion solution is non-
unique, and that some of the model parameters, namely
lithosphere thickness and the depth of the interface between
the upper and lower mantle, are not well resolved.
[25] Typical families of the best fitting viscosity profiles

obtained for models with four and five layers are shown in

Figure 6. The misfit functions (left) Mdyn and (right) Mgr
dyn computed for a three-layer model of Venus’

mantle assuming that hUM = 0.01hlith. The misfits are presented as functions of the viscosity contrast hLM/
hUM between the upper and lower mantle and the position of the upper/lower mantle interface. Three
different lithosphere thicknesses are considered: (top) 100 km, (middle) 200 km and (bottom) 300 km.
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Figure 8. The presented models are those whose misfit does
not exceed the absolute minimum by more than 1% (Mdyn <
2270 m2 and Mgr

dyn < 1040 mgal2). Again, we assume that
the lithosphere viscosity is higher than for the rest of the
mantle. The viscosity of the lithosphere is fixed at a value of
1, while the relative viscosities in the underlying layers are
varied between 10�3 and 1. The resulting best fitting models
show certain common features, the most significant of
which is a gradual increase in viscosity with depth which
is comparable in magnitude to that expected in the Earth’s
mantle [e.g., Ricard et al., 1993; Peltier and Jiang, 1996;
Kaufmann and Lambeck, 2000; Čadek and Fleitout, 2003;

Karato, 2003; Mitrovica and Forte, 2004]. Again, the
thickness of the lithosphere is not well resolved and any
value between 20 and 200 km is feasible. A narrow (100 km
thick) low-viscosity channel beneath the lithosphere is
found only for some five-layer models when considering
the free-air gravity misfit function. While the data can be
equally well fitted without such a feature, it is still interest-
ing to see that such models are feasible, although they are
rejected in most studies [e.g., Smrekar and Phillips, 1991;
Nimmo and McKenzie, 1998]. It should be mentioned,
however, that the low-viscosity channel obtained here for
Venus is less pronounced than the asthenosphere beneath

Figure 7. The same as in Figure 6, but for hUM = 0.001hlith.
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oceanic plates on the Earth [e.g., Dumoulin et al., 1999;
Čadek and Fleitout, 2003].
[26] For the case of models with five layers and more, a

good fit to the data was also obtained for viscosity profiles
strongly oscillating with depth. These profiles are usually
characterized by two viscosity minima, one beneath the
lithosphere and the other in the mid-mantle. Similar oscil-
lating profiles have been obtained for the Earth’s mantle
when carrying out inversions using higher numbers of
layers [King, 1995b; Čadek et al., 1997]. Since they are
likely to be an artifact of overparameterization, we have
excluded them from this discussion. We note, however, that
the concept of a low-viscosity zone above or below the
upper/lower mantle interface cannot, in general, be rejected
[e.g., Forte et al., 1993a; Kido and Čadek, 1997].
[27] The absolute minimum of the misfit attained by the

viscosity models that incorporate a pronounced lithosphere
and increasing viscosity with depth (Figures 6–8; see also
the discussion above) are only slightly smaller than the
misfit values obtained for the best fitting two-layer model
(Figure 5) that exhibits a weak decrease in viscosity with
depth. The question therefore arises as to whether such a
small difference in the misfit is sufficient for the two-layer
viscosity models to be excluded from further discussion of
Venus’ mantle structure. To answer this question, we have
investigated general three- and four-layer models with no a
priori constraint imposed on hlith. Solving the inverse
problem for these cases, we indeed find two prominent
families of best fitting models. The first family corresponds
to the models discussed above, where the viscosity profiles
are characterized by a lithosphere of relatively high viscos-

ity, underlaid by a mantle that exhibits an increase in
viscosity with depth. The other family includes models with
an indistinct lithosphere and usually only small changes in
viscosity with depth. The minimum values of the misfit
obtained for the two families of the models are almost
identical, with both groups of models equally probable.
From a formal statistical point of view, the latter family of
models thus cannot be excluded. Nevertheless, the authors
of this paper prefer the models with a pronounced litho-
sphere, since a high-viscosity thermal boundary layer is a
common feature of all models of thermal convection that
include a realistic rheology.
[28] The quality of the dynamic predictions of the geoid

and topography for spherical harmonic degrees 2–40 is
illustrated in Figure 9. For the geoid, the differences
between the observed and predicted values locally exceed
35 m, but are usually less than 10 m. A good agreement
between the observed and predicted geoid is obtained for
the highland rises (e.g., Atla Regio and Beta Regio), while
relatively large differences are found for Ishtar Terra and
western Aphrodite Terra. To estimate the effect the latter
regions have on the resultant viscosity profiles, we have
repeated the inversion for viscosity described above but
using geoid and topography data where the signal associated
with the above mentioned terrae is filtered out. The viscos-
ity profiles found for the new data set (not shown here) are
similar to those described above. The best fitting three-layer
model shows an increase in viscosity by a factor of �10,
while inferred models with four and five layers show a
gradual increase in viscosity with depth similar to that
illustrated in Figure 8.

Figure 8. Viscosity profiles obtained from the inversion of gravitational and topography data for (top)
four-layer and (bottom) five-layer models of Venus. The results shown on the left are based on the misfit
function Mdyn, while the profiles on the right are based on the misfit function Mgr

dyn.
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[29] The distribution of mass anomalies (Figure 10),
obtained as a by-product of our inversion for viscosity,
shows negative density anomalies beneath all surface struc-
tures with a pronounced positive topography [cf. Herrick
and Phillips, 1992]. The existence of such plume-like
upwellings beneath the equatorial highlands was proposed
by Morgan and Phillips [1983] and is generally accepted
today [e.g., Vezolainen et al., 2004], although the opposite
view, relating Alpha, Ovda and Thetis Regio with mantle
downwelling, has also been presented [Bindschadler et al.,
1992].
[30] Our density model also gives a negative density

anomaly beneath the Ishtar Terra region. Scenarios of the
tectonic evolution of this region, based on the observed
gravity and topography fields, include regional compres-
sion, local mantle downwelling as well as local mantle
upwelling [Roberts and Head, 1990; Bindschadler and
Parmentier, 1990; Grimm and Phillips, 1991]. The structure
of Ishtar Terra is obviously very complex, and shows
similarities to continental structures on Earth, and so it
could hardly be explained by a single evolutionary mech-
anism [Kiefer and Hager, 1991b; Kaula et al., 1997;
Schubert et al., 2001]. Figure 11 presents the predicted
and observed geoid of this region, divided into the contri-
butions from ‘ = 2–40, and 41–90. As discussed above, in
this region our dynamically predicted geoid differs the most
from the observations (Figures 11a and 11b). In contrast, an

isostatic model with Tc = 35 km gives a very good fit to the
data for spherical harmonic degrees 41–90 (Figures 11c
and 11d). The quality of the isostatic predictions for Ishtar
Terra stands out in contrast with the same predictions for

Figure 9. (top) Observed geoid and topography truncated at harmonic degree 40. (middle) Geoid and
topography predicted for the same degree range from an optimum five-layer dynamic model of Venus.
(bottom) The difference between the observed and the predicted quantities. The projection is a Mollweide
centered at the 60�E meridian.

Figure 10. Density anomalies at a depth of 100 km
obtained from the inversion of the geoid and topography
data. Since we assume that the mass anomaly dm does not
change with depth, the amplitude of the density anomaly
increases with decreasing radius as r�2. The projection is a
Mollweide centered at the 60�E meridian.
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regions such as Atla and Beta Regio. This is shown by
Figure 12, where we again compare observations and
predictions of the geoid arising from ‘ = 2–40 and 41–
90. We note that the dynamic predictions at degrees 2–40
work very well in this region, while the signal at degrees
41–90 is strongly underestimated relative to the observa-
tions if an isostatic model is used.
[31] Besides the models described in this section, we also

tested dynamic models that mimic a stagnant-lid regime of
mantle convection on Venus, as suggested by some authors
[e.g., Moore and Schubert, 1997]. We have assumed that
hlith/hUM ! 1 and we have omitted the mass heterogene-
ities inside the lithosphere. The results obtained for this
model do not differ much from those illustrated in
Figures 6–8, and hence we can conclude that considering
a stiff lithosphere without mass anomalies has only a minor
effect on the inversion solution.

5. Discussion and Conclusions

[32] In previous works, the large admittance ratios on
Venus have mostly been interpreted as a consequence of the
dynamic support of topographic structures and relatively
constant viscosity [Kiefer et al., 1986; Smrekar and Phillips,
1991; Simons et al., 1994]. However, this interpretation
does not appear to be unique. From a study of two highland
regions, Atla Regio and Beta Regio, Kiefer and Hager
[1991a] showed that cylindrical axisymmetric convection
plume models may fit the observed data not only for a
constant viscosity and a Rayleigh number of �106, but also
for a significantly higher Rayleigh number (107) and a
viscosity contrast of 10 between the upper and lower

mantle. The latter view has been supported by numerical
simulations of thermal convection in a 3d Cartesian geom-
etry [Dubuffet et al., 2000] that suggests that the tectonic
pattern on Venus is better predicted for models with a
stepwise increase in viscosity by a factor of 10 or 100
between the upper and lower mantle, rather than for
isoviscous models. In the present study, we find that both
classes of viscosity profiles explain well the geoid and
topography between degrees 2 and 40. While an isoviscous
mantle is the only acceptable solution of the inverse
problem for the case of a two-layer parameterization, an
increase in viscosity with depth is obtained for models with
three or more layers. The four- and five-layer models
usually prefer a viscosity increase across the mantle which
is similar to or somewhat smaller than that expected for the
Earth. These models are consistent with the concept of
strongly pressure-dependent creep and, as shown by
Dubuffet et al. [2000], they are also acceptable from the
viewpoint of thermal convection modeling.
[33] The results obtained in this paper for the spherical

harmonic models of Venus’ geoid and topography truncated
at degree 90 are summarized as follows.
[34] 1. The slope of the geoid log-log spectrum signifi-

cantly changes around degree 10 and 40 (Figure 1). These
changes can also be recognized by the degree dependence
of the admittance ratio (Figure 2). The change in the geoid-
spectrum behavior at degree 40 may suggest a change in the
mechanism responsible for maintaining the surface topog-
raphy. This view is supported by a degree-by-degree anal-
ysis of the apparent depth of compensation and elastic
lithosphere thickness (Figure 3).

Figure 11. Distribution of the observed and predicted geoid anomalies in the Ishtar Terra region. (top)
The observed geoid for the degree range (left) ‘ = 2–40 and (right) 41–90. (bottom) The (left) dynamic
and (right) isostatic predictions for the same degree ranges. The dynamic prediction has been obtained for
an optimum five-layer viscosity profile of Venus’ mantle while an apparent depth of compensation of
35 km has been considered in the case of the isostatic compensation model. The isoline interval is 25 m
for the long-wavelength maps and 2 m for the short-wavelength maps. The projection is orthographic
with the projection center at the North Pole.
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[35] 2. The geoid and topography spectra between
degrees 2 and 40 can be well explained by whole mantle
flow models. A good fit to data is obtained not only for the
isoviscous model without a pronounced lithosphere, as
suggested, for example, by Kiefer et al. [1986], but also
for models including a highly viscous and relatively thin
(�100-km thick) lithosphere and a significant increase of
viscosity with depth across the mantle. While the best fitting
three-layer model shows only a weak (by a factor of �10)
increase in viscosity, an increase of viscosity similar to that
expected in the Earth mantle is obtained for the best-fitting
four- and five-layer models (see Figure 8). The existence of
a thin low-viscosity channel mechanically decoupling the
lithosphere from the rest of the mantle cannot be excluded
on the basis of our modeling. However, a narrow (less than
200 km thick) low-viscosity zone beneath the lithosphere is
found only for some of the best fitting five-layer models
when analyzing the free-air gravity (see Figure 8, bottom
right).
[36] 3. The dynamic models predict well the long-wave-

length (‘ 	 40) geoid and topography in regions of highland
rises, such as Atla Regio and Beta Regio (Figure 12). A
somewhat worse prediction is obtained for highland
plateaus, such as Ishtar Terra, where the isostatic component
may be significant (Figure 11).
[37] 4. The removal from the geoid and topographic data

of the signal from two major topographic features, Ishtar
Terra and Aphrodite Terra, was found to have little effect on
the inferred viscosities. The inversion is also rather robust
with respect to physical conditions expected close to the
upper surface. We find that models with a stiff lithosphere
without mass anomalies give a similar viscosity increase
across the mantle as the models with a lithosphere of finite
viscosity including mass anomalies.
[38] Finally, we again mention that the inferred vis-

cosity models presented in this paper may be influenced

by the assumptions adopted in solving the inverse
problem. The most important of these is the assumption
of the pattern of mass anomalies remaining constant with
depth. Such a condition is suggested by the numerical
modeling of the geoid and topography due to mantle
plumes on Venus [e.g., Kiefer and Hager, 1991a;
Vezolainen et al., 2004], and tomographic studies on
Earth that have indicated the predominantly vertical
penetration of plumes and slabs through the Earth’s
mantle [Bijwaard et al., 1998; Montelli et al., 2004].
Therefore this assumption is believed to be not very
significant, a statement supported by the test results
presented in Appendix B.

Appendix A

[39] In the present paper, we use a complex spherical
harmonic basis {Y‘m(#, ’)} normalized so that

Z 2p

0

Z p

0

Y‘1m1
Y‘2m2
* sin#d#d’ ¼ d‘1‘2dm1m2

; ðA1Þ

where # is the co-latitude, f is the longitude and the asterisk
denotes complex conjugation. Any sufficiently smooth
function f defined on a sphere may then be expressed in
terms of the following spherical harmonic expansion

f #; ’ð Þ ¼
X1
‘¼0

X‘

m¼�‘

f‘mY‘m #;’ð Þ; ðA2Þ

where

f‘m ¼
Z 2p

0

Z p

0

f #; ’ð ÞY‘m* #; ’ð Þ sin#d#d’ ðA3Þ

Figure 12. The same as in Figure 11 but for an equatorial projection. Letters A and B denote the
locations of Atla Regio and Beta Regio, respectively.
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(for more details, see, e.g., Jones [1985] or Varshalovich et
al. [1989]). The power S‘ of the function f at degree ‘ is
defined in terms of the L2-norm of the function at a given
wavelength,

S‘ fð Þ ¼ jf‘j2L2 ¼
Z 2p

0

Z p

0

f‘f *‘ sin#d#d’ ¼
X‘

m¼�‘

f‘mf‘m;* ðA4Þ

where

f‘ #; ’ð Þ ¼
X‘

m¼�‘

f‘mY‘m #; ’ð Þ: ðA5Þ

Let h‘m and t‘m be the complex spherical harmonic
coefficients of the geoid, h, and topography, t, respectively.
The correlation between functions h and t at degree ‘ can be
evaluated as a scalar product of the normalized functions f‘
and g‘,

c‘ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S‘ hð ÞS‘ tð Þ
p Z 2p

0

Z p

0

h‘t*‘ sin#d#d’

¼

X‘

m¼�‘
h‘mt‘m*ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX‘

m¼�‘
h‘mh‘m*

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX‘

m¼�‘
t‘mt‘m*

q ; ðA6Þ

where we used equation (A4) to express the powers S‘(h)
and S‘(t) of functions h and t at degree ‘. The statistical
meaning of the correlation depends on the number of free
parameters, i.e., the number of spherical harmonic coeffi-
cients at a given degree, and is usually expressed in terms of
a confidence level. The confidence level G‘(q) at degree ‘
corresponding to a correlation coefficient of value q can be
evaluated using the following recurrent formula [Eckhardt,
1984; E. W. Weisstein, Correlation coefficient-bivariate nor-
mal distribution, MathWorld—A Wolfram Web Resource,
http://mathworld.wolfram.com/CorrelationCoefficient-
BivariateNormalDistribution.html, 2006]:

G1 qð Þ ¼ q

G‘ qð Þ ¼ G‘�1 qð Þ þ q 1� q2ð Þ‘�1
Y‘�1

i¼1

2i� 1ð Þ=2i: ðA7Þ

The relationship between the geoid and topography is often
characterized by the admittance A‘ [Kiefer et al., 1986;
Simons et al., 1997; Schubert et al., 2001].

h‘m ¼ A‘t‘m þ u‘m; ðA8Þ

where

A‘ ¼
P‘

m¼�‘ h‘mt‘m*P‘
m¼�‘ t‘mt‘m*

¼ c‘

ffiffiffiffiffiffiffiffiffiffiffi
S‘ hð Þ
S‘ tð Þ

s
ðA9Þ

and u‘m is the part of the geoid that is not correlated with
topography.

Appendix B

[40] An assumption made in our dynamic modeling is
that the mass anomaly pattern does not vary with depth.
This condition, together with the assumption of a dynamic
origin of the geoid and topography at low degrees, plays a
crucial role in our inversion for viscosity. Using tomo-
graphic information available for the Earth, we will now
test whether the application of this simplified density
structure can still lead to realistic viscosity profiles. Our
procedure consists of the following three steps.
[41] First, we use the S-wave seismic tomographic model

of the mantle ‘‘smean’’ [Becker and Boschi, 2002] and
translate it into a global 3d density model. We assume that
the seismic velocity anomalies reflect temperature variations
in the mantle and we compute the relative density anomalies
dr/r in the mantle using a simple linear relationship,

dr
r

¼ C
dV
V

; ðB1Þ

where C is the seismic velocity-to-density scaling factor (C =
@lnr/@lnV) and dV/V is the relative S-wave seismic velocity
anomaly. We choose C = 0.2 for most of the mantle [cf.
Karato, 1993], except for the top 300 km where C is set to
zero. Neglecting the density anomaly in the uppermost
mantle is justified by the fact that most of the seismic
anomalies in this part of the mantle are associated with
petrological rather than thermal variations. The lateral
resolution of the density model is given by the cut-off degree
of the ‘‘smean’’ model, which is 31, thus not too different
from the degree range considered in our analysis presented in
section 4.
[42] In the second step, we use this density model to

generate synthetic dynamic geoid and topography data for
low and intermediate degrees (2 	 ‘ 	 31). We consider the
case of a three-layer viscosity model with a stiff lithosphere
(hlith/hUM = 1010) and a viscosity increase of a factor of 50
at a depth of 650 km. Such a viscosity model is a reasonable
first-order approximation of the Earth’s mantle-viscosity
structure [Ricard et al., 1993] which ensures that our
predictions of the geoid are not far from the observations.
[43] For the third step, we use the synthetic data gener-

ated in the previous step as input for the inversion described
in section 4. We emphasize that no seismic tomographic
information is used in this step and the lack of information
about the mantle is only compensated by the assumption of
mass anomalies being constant with depth as described in
section 4. The inversion is then solved by minimizing the
misfitMdyn (equation (16)), andMgr

dyn (equation (17)), which
is a function of three free parameters: the thickness of the
lithosphere, dlith, the depth of interface between the upper
and lower mantle, dint, and the viscosity increase at this
interface, hLM/hUM. For simplicity, we assume that the
lithosphere is perfectly stiff and we omit density anomalies
inside it.
[44] Comparing the values of the model parameters

obtained from the inversion (i.e., those that minimize Mdyn

and Mgr
dyn) with those used to generate the synthetic data
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provides information about the behavior of the inversion
process and, especially, the plausibility of our assumption of
depth-independent mass anomalies. This comparison is
shown in Figure B1 where we depict the minimum values
of Mdyn and Mgr

dyn as functions of the free parameters. The
functions M1,M2 andM3 plotted in Figure B1 are defined as
follows:

M1 hLM=hUMð Þ ¼ min
dlith;dint

Mdyn dlith; dint; hLM=hUMð Þ; ðB2Þ

M2 dintð Þ ¼ min
hLM=hUM;dlith

Mdyn dlith; dint; hLM=hUMð Þ; ðB3Þ

M3 dlithð Þ ¼ min
hLM=hUM;dint

Mdyn dlith; dint; hLM=hUMð Þ; ðB4Þ

and analogously for the free-air gravity misfit functions
Mgr,1, Mgr,2 and Mgr,3. The values used to generate the
synthetic data are marked by the vertical lines.
[45] An inspection of Figure B1 indicates that the inverse

procedure used in section 4, along with the assumption of
depth-independent mass anomalies, can give reasonable
estimates of the parameters describing the Earth’s viscosity
structure. We see that the minima of the functions depicted
in Figure B1 are very close to the correct values. However,
the resolution of the inversion is limited. We can reject all

Figure B1. The misfit functions for the (left) geoid (M1, M2 and M3) and (right) free-air gravity
(Mgr,1, Mgr,2 and Mgr,3) defined by equations (B2), (B3) and (B4) (Appendix B). The minima of these
curves indicate the values of model parameters inferred from synthetic data under the assumption of
depth-independent mass anomalies. The vertical lines indicate the values used to generate the synthetic
data.
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viscosity profiles where hLM/hUM < 10, but any increase of
viscosity at 650 km greater than �30 is acceptable. The
depth of the interface between the upper and lower mantle is
rather well resolved if free-air gravity is used, but the
minimum is rather flat for the case of the geoid misfit
function. The thickness of the lithosphere is poorly resolved
from both geoid and free-air gravity data, although in both
cases the positions of the minima of M3 and Mgr,3 do not
differ from the correct value by more than 25 km.
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