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Abstract

The state of adiabaticity in the mantle can be assessed by using the Bullen parameter profile derived from seismology.
We have employed the extended-Boussinesq convection models in a cartesian 2-D domain to extract the Bullen
parameter as a function of depth in both base heated and internally heated configurations and for both constant and
variable thermal conductivity. We also studied models with depth-dependent thermal expansivity. Our results show that
the values of the Bullen parameter for a Rayleigh number of 106 lie close to one, with sometimes excursions out to 0.9
and 1.1. They are sensitive to the mode of heating and the depth dependences of the thermal expansivity and changes of
thermal conductivity. We obtained a subadiabatic geotherm above the lower boundary layer in all the models with
constant thermal expansivity but a decrease of thermal expansivity with depth can result in a subadiabatic geotherm
below the upper boundary layer. Thus the profiles of the Bullen parameter have a definite potential of being useful in
constraining the physical parameters and flow structures associated with mantle convection. ß 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction

The adiabatic state in the mantle is a general
assumption commonly made in geophysics, be-
cause of the seemingly high vigor of mantle con-

vection, which has been accorded the status of
being in a highly supercritical state. Whether or
not the mantle is adiabatic is important for sev-
eral reasons: (i) for the mode of heat transport
and consequences on thermal history, (ii) geo-
chemistry and chemical strati¢cation in the man-
tle, and (iii) mineral physical state, elastic con-
stants and issues of metastability in phase
transitions. The observations of the periods of
free oscillation can provide direct constraints on
the size of departures from a state of chemical
homogeneity and adiabaticity [1]. The adiabatic
state is commonly assumed in thermodynamic cal-
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culations for the equation of state parameters [2],
such as the derivatives of the elastic parameters
[3]. Many mineral physicists have favored the idea
of an adiabatic lower mantle [2,4] and used this
concept in determining equation of state parame-
ters.

It is well known from basic seismology (e.g. [5])
that the Bullen parameter, R, yields important in-
formation concerning the condition of adiabatic-
ity in a dynamic mantle and regions in the Earth
where there may be signi¢cant deviations from the
adiabatic state, as in the DQ layer above the core^
mantle boundary (CMB) [6] and the lithospheric
boundary layer. Steinbach and Yuen [7] have
found by using passive tracers that inside plumes
and downwellings there are regions with both
subadiabatic and superadiabatic tendencies, be-
cause of the nature of time-dependent convection.
Yet there has been no work up to now on extract-
ing the pro¢les of the Bullen parameter from the
output of mantle convection models. The reason
for this is probably the prevalent usage of the
Boussinesq models in convection, where the local
adiabat is not explicitly included in the temper-
ature equation. Therefore, in order to obtain R
under more realistic circumstances, one must use
either the extended-Boussinesq (e.g. [8]) or the
anelastic £uid model (e.g. [9]) for portraying man-
tle convection. However, there is no substantial
di¡erence between the two approximations [10].
Although these extra-Boussinesq models have
been around for more than a quarter of a century
[11], they have not been employed a great deal
with few exceptions, because of the in£uences of
laboratory models of mantle convection [12],
which are inherently Boussinesq in nature because
of the extremely thin layer of the working £uid in
the laboratory apparatus.

In this paper we will employ the extended-
Boussinesq convection model to calculate the
Bullen parameter for di¡erent earth models. In
particular, we will draw attention to the e¡ects
arising from the decrease of thermal expansivity
with depth [13], the new variable thermal conduc-
tivity model [14], and internal heating, since the
amount of internal heating in the lower mantle
has also been raised recently by a new chemically
strati¢ed model [15].

2. Model description

For the purpose of illustrating the basic physics
of convection with variable thermal conductivity,
depth-dependent thermal expansivity, and internal
heating, a model consisting of a 2-D rectangular
box with an aspect ratio of four has been
adopted. The momentum and thermal equations
for extended-Boussinesq £uid with neglected iner-
tial forces (e.g. [8]) and for impermeable and free-
slip boundary conditions were solved, i.e. we are
dealing with the system:

9 Wv � 0 �1�

9 2v3Ra KTez39 p � 0 �2�

DT
D t
� 9 W�k9T�3vW9T�

R3DK T � T0

vT

� �
vz � D

Ra
�9 v� �9 v�T � : 9 v

�3�

where v = (vx, vz), T and T0 are, respectively, di-
mensionless velocity, temperature and surface
temperature, p is the dimensionless dynamical
pressure, ez is the unit vector pointing downward,
t is the dimensionless time, k is the dimensionless
thermal conductivity normalized by ks and K is
the dimensionless thermal expansivity normalized
by Ks. The symbol ` :' represents the total scalar
product of two tensors and the superscript `T'
denotes the transposition.

This dimensionless non-linear evolutionary sys-
tem of equations is controlled by the Rayleigh
number Ra = b2

scpKsvTgd3/jsks (bs is a reference
density, cp is the speci¢c heat under a constant
pressure, vT is the temperature drop over the
mantle, g is the gravity acceleration, d is the man-
tle thickness and js represents a reference dynam-
ic viscosity) and by the internal heating number
R = Qd2/ksvT (Q denotes volumetric heat sour-
ces). A value of R = 12^15 corresponds to the
magnitude of chondritic heating. The last control-
ling parameters are the dissipation number
D =Ksgd/cp and the forms of k and K. The Ray-
leigh number Ra = 106 and the dissipation number
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D = 0.5 [13] were chosen as ¢xed parameters in
this study.

The stream function formulation vx = Di/Dz,
vz =3Di/Dx was employed to satisfy automatically
the condition in Eq. 1. The spatial derivatives in
Eqs. 2 and 3 were performed by an eighth-order
di¡erence scheme [16] employing 512U128 grid
points for the heat equation (Eq. 3) and a coarser
grid (by a factor of four along each direction) to
discretize the momentum (Eq. 2). Time-stepping
was carried out with a second-order explicit
Runge^Kutta scheme.

To test the in£uence of variable thermal con-
ductivity on the mantle geotherm, we have per-
formed numerical experiments with constant ther-
mal conductivity (k = 1) as well as thermal
expansivity (K= 1) and, following Hofmeister
[14], we compared them with those for:

k�z;T� � �1:0� 2:5z� T0

T0 � T

� �
0:3 exp�30:447T��

1:03�T0 � T�3 �4�

where znG0, 1f is the dimensionless depth. The
¢rst term yields the estimate of pressure and tem-
perature dependence of the lattice thermal con-
ductivity, whereas the second term corresponds
to radiative transfer of heat. As T = 0 at the sur-
face z = 0, Eq. 4 means that the reference thermal
conductivity ks coincides with the surface lattice
contribution. This dimensionless formula was de-
rived from that by Hofmeister [14] by assuming
the values Ks = 3U1035 K31, vT = 3725 K, the
Gru«neisen parameter of 1 and the bulk modulus
and its pressure derivative, which are character-
istic for perovskite [14]. We used the expression
for radiative thermal conductivity, where it is de-
pendent on the cube of temperature. The conse-
quence is that only for temperatures close to the
CMB temperature, radiative transfer of heat can
play an important role. We are aware of the fact,
pointed out by Hofmeister [14], that for low tem-
peratures, lower than 2500 K, the dependence of
radiative conductivity on temperature may be
more complex, due to the presence of iron in
the mantle mineral assemblages.

Finally, we also tested the in£uence of variable

thermal expansivity K(z). Following Chopelas and
Boehler [17] and Hansen et al. [13] we have per-
formed the simulations with k = 1 and:

K �z� � 8
�2� z�3 �5�

which yields a decrease of K across the layer to
30% of its surface value.

To evaluate the Bullen parameter R, we follow
Poirier ([18], pp. 197^199). We start o¡ with the
extended Adams^Williamson equation:

db
dz0
� bg

x
3K 0�z�b dT 0

dz0
3
K 0�z�gT 0

cp

� �
�6�

where the prime is used to distinguish dimensional
quantities and x � v2

P3
4
3v

2
S is the seismic param-

eter (vP and vS are the P and S wave velocities).
We recall that KP(z)gTP/cp is the adiabatic gradient
and thus the extended Adams^Williamson equa-
tion takes into account density variations due to
thermal expansion. The Bullen parameter repre-
sents the ratio between db/dzP and the adiabatic
density gradient bg/x, i.e. :

R � 13
K 0�z�x

g
dT 0

dz0
3
K 0�z�gT 0

cp

� �
�7�

Returning to dimensionless quantities, we can
rewrite this expression as:

R � 13
K sK �z�xvT

gd
dT
dz

3DK �z��T0 � T�
� �

�8�

We have used the constant values, surface value
of thermal expansivity Ks = 3U1035 K31, vT =
3725 K, g = 10 m s32, d = 2890 km and x= 90
km2/s2, which corresponds to the PREM value
in the midmantle at a depth of around 1500 km
[19]. For estimating dT/dz and T, we have ¢rst
averaged over the horizontal coordinate the 2-D
temperature ¢elds obtained from the numerical
modelling. The geotherm provided by this averag-
ing is denoted by GTf(z). Since seismic models
have ¢nite resolution in the lower mantle of the
order of several hundred kilometers in depth [20^
22], we then averaged dGTf/dz and GTf over a
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depth interval Gz30.05, z+0.05f (this corresponds
to a layer of thickness about 300 km) to evaluate
R in depth z. The e¡ect of the spatial averaging is
to reduce the £uctuations of R. This approach to
evaluating R(z) makes it possible, in principle, to
compare convection models with seismic models
without requirement of a high resolution. A sub-
adiabatic state is denoted by Rs 1 and a super-
adiabatic state by R6 1. Boundary layers are
characterized by values of R substantially smaller
than 0.9, i.e. very superadiabatic.

3. Results

In Fig. 1 we show the pro¢les for the horizon-
tally averaged temperature GTf(z) and for the
Bullen parameter R(z) for constant conductivity
and purely basal heating mode. The pro¢les are
displayed at three time instants with su¤ciently
long intervals of time di¡erence vt around 0.01,
i.e. of the order of 109 years. We can thus get a
good estimate of possible £uctuations of consid-
ered quantities due to the non-stationarity of the
non-linear convective system being studied. We
note that R is more sensitive to the time depen-
dence of mantle convection than GTf because of
the composite nature of Eq. 8, which represents a
local balance between two dynamically varying
quantities GTf and dGTf/dz.

Near the surface and the CMB, R, being less
than 1, displays a strongly superadiabatic charac-
ter, as expected because of the presence of the
boundary layers at these two depths. In the upper
part of the layer R hovers around the adiabatic
value, i.e. Ri1. The £uctuations are smaller in the
upper part than in the deep mantle, where values
of R higher than 1.15^1.2 can be attained. Such
high values may be detectable with current high-
resolution tomographic models [22]. The physical
reason why there is a remarkable di¡erence be-
tween upper and lower parts of the model is the
presence of viscous dissipation and adiabatic heat-
ing/cooling, which acts di¡erently in cold down-
wellings and hot upwellings. The classical Boussi-
nesq approximation (D = 0) cannot yield such a
systematic asymmetry in the vertical boundary

layers because of the full symmetry between hot
and cold vertical £ows.

Fig. 2 shows GTf and R for bimodal heating
with an internal heating rate of R = 8. One can
clearly recognize that smaller excursions into sub-
adiabaticity in the deep mantle are found for this
bimodal heating model. On the other hand, a
slightly subadiabatic pro¢le is also typical for
depths below the upper boundary layer.

Three-dimensional convection calculations [23]
have found that the interior of the mantle is hot-
ter with variable thermal conductivity for both
Boussinesq and the extended-Boussinesq approx-

Fig. 1. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the constant thermal con-
ductivity k = 1, constant thermal expansivity K= 1 and purely
basal heating R = 0. To obtain R(z) we averaged dT/dz and T
over the interval Gz30.05, z+0.05f, which corresponds to 300
km in the Earth's mantle.
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imations. This increase in temperature in turn
would boost the adiabatic temperature gradient.
Fig. 3 displays the corresponding pro¢les of GTf
and R for variable thermal conductivity and R = 0,
whereas Fig. 4 corresponds to the case with R = 8.
Temperatures are greater for the variable conduc-
tivity cases also in this 2-D study. Again a stron-
ger subadiabatic character is found for the basal
heating case near the lower boundary layer. The
di¡erences in R between constant and variable
thermal conductivity are minor but one can rec-
ognize that the span of depths, where R hovers
around 1, is smaller in Fig. 3 than in Fig. 1.
Moreover, a slightly superadiabatic geotherm
can be obtained for variable k and internal heat-

ing even below the upper boundary layer. This
e¡ect is caused by a low thermal conductivity at
the base of the upper boundary layer due to its
strong thermal dependence.

The results for the depth-dependent thermal ex-
pansivity K(z) and constant thermal conductivity
k = 1 are in Figs. 5 and 6. These con¢gurations
thus re£ect a decrease of buoyancy as well as of
adiabatic heating/cooling with depth. Surpris-
ingly, no internal heating mode R = 0 results in
subadiabatic geotherms below the upper bound-
ary layer. The geotherms of the con¢guration
with R = 8 are much closer to an adiabat. These
results demonstrate that the local character of a
geotherm may be very sensitive to changes of the

Fig. 3. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the variable thermal con-
ductivity k, see Eq. 4, constant thermal expansivity K= 1 and
purely basal heating R = 0. Otherwise, same as in Fig. 1.

Fig. 2. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the constant thermal con-
ductivity k = 1, constant thermal expansivity K= 1 and
internal heating R = 8. Otherwise, same as in Fig. 1.
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mantle physical parameters. Notice also the de-
crease of the interior temperature from depth-de-
pendent thermal expansivity [13].

In all cases the subadiabatic and the superadia-
batic regions alternate with much bigger subadia-
batic excursions mainly for the purely basal heat-
ing case. In short, we did not ¢nd a situation in
which R remains close to 1 within a margin of a
few percent. An interesting question arises as to
the degree of accuracy of R current seismic models
[24] can provide, since such information concern-
ing R in the deep mantle was not provided in the
PREM model [19]. Issues of resolution of R have
not been provided in the recent models (e.g.
[22,25]). More work in seismology would be

needed to shed more light on these intriguing
questions.

4. Concluding remarks

We have demonstrated with simple 2-D thermal
convection models within the extended-Boussi-
nesq framework that reasonable Bullen parameter
pro¢les can be derived and that £uctuations of R,
of the order of up to 10%, can be detected by an
averaging depth scale of several hundred kilo-
meters. Although our geotherms are more or
less subadiabatic (Rs 1) outside the boundary
layers, there are also studies pointing to R6 1 in

Fig. 5. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the constant thermal con-
ductivity k = 1, depth-dependent thermal expansivity K(z), see
Eq. 5, and purely basal heating R = 0. Otherwise, same as in
Fig. 1.

Fig. 4. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the variable thermal con-
ductivity k, see Eq. 4, constant thermal expansivity K= 1 and
internal heating R = 8. Otherwise, same as in Fig. 1.
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the deep mantle. For example, van den Berg and
Yuen [26] showed that the bottom third of the
lower mantle appears to be superadiabatic in the
models with sti¡ lower mantle rheology. Simi-
larly, a newly developed parameterization of the
equation of state used in conjunction with exper-
imental data on MgSiO3 perovskite yields adia-
batic lower mantle geotherms up to 1500 km
depth and superadiabatic thereafter [27]. Such a
con£ict of ideas should be a stimulating challenge
for further intensive research. We have just
opened the door for R pro¢les to be employed
in the future for constraining geodynamic scenar-
ios. More work is needed to understand the role
played by depth-dependent viscosity and phase

transitions, as the models presented here show
the potential of this approach, in that £uctuations
of around 10% can be expected outside the
boundary layers.

The issue of whether adiabaticity prevails in the
bottom 1000 km of the lower mantle has also
been raised by two recent developments. The ¢rst
is the proposal by Kellogg et al. [15] that the low-
er mantle should be chemically strati¢ed with en-
hanced radioactive heating. This proposed model
would produce values of R greater than 1.1, be-
cause of its subadiabatic nature, due to a stagnant
£ow and rather strong internal heating (R around
20). Hansen and Yuen [28] found from thermal^
chemical convection with moving heat sources
whose strength is as strong as that used by Kel-
logg et al. [15] that the vertical temperature gra-
dient can become zero and that there exists a zone
with a negative temperature gradient. From Eq. 8
we can see that this situation would produce val-
ues of R much greater than 1.1. This is a substan-
tial di¡erence from the simple models presented in
this study, which points to the potentially impor-
tant role played by subadiabaticity of the lower
mantle above DQ in discriminating between realis-
tic and unrealistic convection models. The second
is the ¢nding by Ishii and Tromp [24] from free
oscillation splitting data that the deep mantle is
chemically heterogeneous. Such a situation in the
vicinity of the DQ layer would produce signi¢cant
superadiabatic deviations from adiabaticity,
which can be assessed with thermal^chemical con-
vection models using the extended-Boussinesq ap-
proximation [28,29].
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Fig. 6. Three snapshots of dimensionless horizontally aver-
aged temperature GTf and the Bullen parameter R as a func-
tion of dimensionless depth z for the constant thermal con-
ductivity k = 1, depth-dependent thermal expansivity K(z), see
Eq. 5, and internal heating R = 8. Otherwise, same as in
Fig. 1.
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