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Motivation

 The icy moons harbor a subsurface ocean

 Tidal dissipation due the obliquity tides and the eccentricity tides

 How does the tidal dissipation contribute to the total heat budget 

for a subsurface ocean?

 How does the ocean flow look like? 

 Does the 2D models of tidal dissipation approximate the reality 

accurately?



A small survey on previous models

 Laplace Tidal equations(Matsuyama et al. 2018)

 The parameters for linear and non-linear drag coefficients

 More advanced models with 3D domain and with the effect of the 

ice shell



A small survey on previous models

Rovira-Navarro et al. 2019Matsuyama et al. 2018
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Mathematical model: Domain

Core

Ice Ω𝑖

Ω𝑜

Ω𝑐

𝜌𝑜, 𝜂𝑜, 𝜇𝑜

𝜌𝑐 , 𝜂𝑐 , 𝜇𝑐

𝑅𝑡

𝑅𝑜𝑖

𝑅𝑐𝑜

𝑅𝑏

➢ Incompressible

➢ 3D domain

➢ Time integrated

➢ Self gravitating

➢ Coupled boundaries

➢ Maxwell rheology

At the boundaries, 𝑅𝑜𝑖
and 𝑅𝑐𝑜, the velocity 

field and the traction are 
continuous



Mathematical Model: Governing 

Equations

 ∇ ⋅ 𝒗𝑘 = 0

 𝜌𝑘
𝜕𝒗𝑘

𝜕𝑡
= ∇ ⋅ 𝝈𝑘 + 𝜌𝑘𝒇 − 2𝜌𝑘𝝎× 𝒗𝑘
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where 𝒗 is the velocity field, 𝝈 is the stress field(𝝈𝑑 is the deviatoric 
part of the stress tensor), 𝜌 is the density, and the 𝝎 is the angular 
velocity. The indices 𝑘 = 𝑖, 𝑜, 𝑐 represent the ice shell, the ocean 
and the core, respectively. The term 𝒇 includes the time-varying 
tidal potential and self-gravitation of the body. 



Mathematical Model: Boundary 

Conditions

 At the ocean/ice interface, 𝑟 = 𝑅𝑜𝑖
𝒗𝑖 = 𝒗𝑜

𝝈𝑖𝒆𝑟 = 𝝈𝑜𝒆𝑟 + 𝜌𝑜 − 𝜌𝑖 𝑢𝑟𝑔𝒆𝑟
 At the core/ocean interface , 𝑟 = 𝑅𝑐𝑜

𝒗𝒐 = 𝒗𝑐 ,
𝝈𝑜𝒆𝑟 = 𝝈𝑐𝒆𝑟 + 𝜌𝑐 − 𝜌𝑜 𝑢𝑟𝑔𝒆𝑟

 At the surface of the ice, 𝑟 = 𝑅𝑡
𝝈𝑖𝒆𝑟 = −𝜌𝑖𝑢𝑟𝑔𝒆𝑟

 At the bottom of the core

𝒗𝑐 = 𝟎



Mathematical Model: Numerical 

Scheme

 The spherical harmonics expansion in lateral variables

 The finite difference on an uneven staggered grid on radial variable

 The 2nd order explicit time Adams-Bashworth for the Coriolis term

 The implicit Euler method for the rest of the terms in momentum 

equation



Results: The cases

a) A stiff core
b) A weakly deformable elastic core
c) A highly deformable viscoelastic core.

At the current model we are mainly concerned about the 

effect of the core to the ocean dissipation. Hence, the 

following three cases are investigated and compared:
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period:



Results: Model Parameters for Enceladus

Outer radius 252.1 𝑘𝑚

Radius of the ocean/ice interface 194.11 − 244.1 𝑘𝑚

Radius of the core/ocean interface 194.1 𝑘𝑚

Density of the ice 925 𝑘𝑔/𝑚3

Density of the ocean 1000 𝑘𝑔/𝑚3

Density of the core *

Shear modulus of the ice shell 3.3 109 𝑃𝑎

Viscosity of the ocean 10 − 106 𝑃𝑎 𝑠

Shear modulus of the weakly deformable core (case b) 109 𝑃𝑎

Shear modulus of the highly deformable core (case c) 2 107 𝑃𝑎

Viscosity of the highly deformable core (case c) 6 1011 𝑃𝑎 𝑠

* Density of the core is computed from the total mass of the body for each thickness.



Results: Comparison with paper from 

Rekier et. al.

In the paper from

Rekier et. al. the tidal

dissipation in the

ocean is computed

separately from the

ice shell deformation.

The ice shell

deformation is

imposed as a

boundary condition.

Rekier et. al. 2019



Results: Tidal Dissipation vs. The 

thickness of the ocean
a)Dissipation in the ocean for a  stiff core b)Dissipation in the ocean for a weakly deformable 

elastic core



Results: Tidal Dissipation vs. The 

thickness of the ocean
c1)Dissipation in the ocean for a highly 

deformable viscoelastic core

c2) Dissipation in the core for a highly 

deformable viscoelastic core



Results: Tidal dissipation patterns

d) Radially averaged dissipation over one period. 



Results: The spectrum with respect to radius
For 47 km ocean with resonance For 1 km ocean
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Results: The velocity field

47 km ocean with viscosity of 103 𝑃𝑎 𝑠 47 km ocean with viscosity of 105 𝑃𝑎 𝑠



Results: The velocity field

We obtain similar wave structures (inertial waves) to the ones from the Rovira-Navarro 

et al. 2019. 

Rovira-Navarro et al. 2019

47 km ocean with viscosity of 103 𝑃𝑎 𝑠



Results: The velocity fields
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Results: Effect of the coupling; The delay

There will be the picture of the delay and comparison with the 2-layer model dissipation
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Conclusion

❖Both the dissipation in the ocean and the core strongly 

depends on the ocean thickness

❖The mechanical  coupling reduces the resonance peaks

❖The tidal dissipation is negligible for the present day ocean 

in Enceladus

❖If the ocean is thin, the tidal dissipation can prevent the 

ocean from freezing



❑Application to the other moons or planetary bodies

❑Including the non-linear term, 𝒗 ∙ ∇𝒗
❑Adding compressible effects

❑Couple it with the thermal evolution of the ocean

Future Remarks


